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This book aims to present a course suitable for students in 
the first year of our colleges, universities, and technical schools. 
It presupposes on the part of the student only the usual mini- 
mum entrance requirements m elementary algebix and plane 
geometry. 

The book has been written with the hope of contributing 
something toward the solution of the problem of increasing 
the value and significance of our freshman courses. The 
recent widespread discussion of this problem has led to the 
general acceptance on the pait of many teachers of certain 
principles governing the selection and arrangement of mate- 
rial and the point of view from which it is to be presented. 
Among such principles, which have guided us m the prepara- 
tion of this text, are the fr 1 lowing. 

1. More emphasis should be placed on insight and under- 
standing of fundamental conceptions and modes of thought, 
less emphasis on algebraic technique and facility of manipula- 
tion. The development of proficiency m algebraic manipulation 
as such we believe has little general educational value. It is 
valuable only as a means to an end, not as an end m itself. A 
certain amount of skill in algebraic reduction is, of course, 
essential uv. any effective understanding of mathematical j/ro- 
cesses, and this minimum of skill the student must secure. 
But it seemc undesirable m the first year to emphasize the 
formal aspects of mathematics beyond what is necessary for 
the understanding of mathematical thought This is espc* 
'lally true for that g~eat maiority of students who do not 
continue their study of mathematics beyond their fjeshman 

v 
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year and who study mathenufcics for general cultural and dis- 
ciplinaiy jiurpose#. It seems to us altogether probable, how- 
ever, that even m the case of students who expect to use 
mathematidk m their later life work (as scientists, engineers, 
etc.) greater power will be gained in the same length of time, 
tf their hist year in college is devoted primarily to the gain- 
ing of insight and appieciation, rather than technical facility. 
Experience lias shown only too conclusivefy that in many cases 
the emphasis usually placed on formal manipulation effectually 
prevents the development of a^v qflpmiflfo *nrt nf independent 
power. 

2. The reference above to the general cultural and disciplin- 
ary aims of mathematical study at once raises the question as 
to the selection of the material* that is to form the content of 
the course. The cultural motustf for the study of mathematics 
is found in the fact that mathematics has played and contin- 
ues to play in increasing measure an impe taut role in human 
pi ogress. An educated man or woman should have some con- 
ception of what mathematics has dona and is doing for mah- 
kind and some appreciation of its power and beauty. To this 
end our introductory courses should cover as broad a range -of 
mathematical concepts and processes as possible. In particu- 
lar, they must not confine themselves to ancient and medieval 
mathematics, but must give aue consideration to more modern 
mathematical disciplines. The fundamental conceptions of 
the calculus must be introduced as early as is feasi^e in view 
of the essential role they have played m the progress of 
civilization. 

If this broad cultural aim is accepted as one of the funda- 
mental principles m the selection of material, we shall readily 
agree that mqch that is now generally considered necessary 
can and should oe eliminated froip 4 our general courses in 
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mathematics. Almost all of thereon ventional couise in solid 
geometry would fall m tins category, as well as much of what 
is now taught as college algebra, all of the more specialized 
portions of analytic geometry, etc. The time thus gamed could 
then be used for topics that are culturally more significant. 

3. The disciplinary motive for the study of mathematics 
is the one most often emphasized and need not be elaborated 
here. In spite of much recent triticism of the doctrine of 
formal discipline m education and in spite of the fact that 
some of this criticism as applied to mathematics seems to us 
justified, we firmly beHeve that faith in the disciplinary value 
of mathematics is fundamentally sound. Teachers of mathe- 
matics need, however, to formulate with precision their aims 
and purposes m tins direction and make their practice conform 
to this formulation. The disciplinary value of mathematics 
is to be sought primarily in the domain of thinking, reasoning, 
reflection, analysis ; not m the field of memory, nor of skill 
in a highly specialized form of activity. We come back here 
to the conflict between insight and technique discussed earlier 
m this preface. Suffice it to remark here that the purpose 
of technical facility is to economize thought, ratiler than to 
stimulate it. If our primary purpose is to stimulate thought, 
w^ must place the major emphasis on the mathematical formu- 
lation of a problem and on the interpretation of the final re* 
suit, rather than on the formal manipulation winch forms the 
necessary intermediate step ; on the derivation of a formica 
rather than merely on its formal application ; on the general 
significance of a concept rather than on its specialized function 
in a purely mathematical relation. 

If we desire to enhance the general disciplinary val~e of 
mathematics, we will seek out an^ emphasize -specially those* 
conceptions and those modes of thought of our subject which 
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are most general m their application to the problems of oui 
everyday life. It is fortunate for our purpose — and it it 
probably tnore than a mere coincidence — that the conceptions 
and processes of mathematics which most readily suggesl 
themselves m this connection are the same that are suggested 
by the cultural motive discussed earlier. The concept of funo 
tionality and the mathematical prodlsses developed for the 
study of functions are precisely the tlftng^ in mathematics 
that have most effectively contributed to human progress ic 
more modern timel ; and the thinking stimulated by this 
concept and these processes is fundamentally ^similar to the 
thought which we are continually applying to our daily prob- 
lems. “Functional thinking/’ to use Klein’s famous phrase, 
is universal. It comes into pl§/y when we make the simplest 
purchase,* as well as when vje .attempt to analyze the most 
complicated mjberplay of causeg and effects. 

In the preparation of this text, we have sought to give an 
introduction to the ^elementary mathematical functions, the 
concepts connected' thgrewith, the processes necessary to thmr 
study, and dtieir applications. By making the concept of a 
function fundamental throughout we believe we have ganjpd 
a measure of unity impossible when the }§ear is split up among 
several different sub]ects. The arrangement of this material 
is exnibited in the table of contents and the text proper, and 
need not be discussed here. We would merely call attention 
briefly to some features which seem to require emphasis or 
explanation. 

Thfe change in the value of a function due to a change* in 
the Value of a variable is emphasized from the very beginning. 
The ahange ratio A y/A is introduced m Chapter III for the 
linear function, find the derivative is introduced as the slo^e 
of the graph ct a* quadratic function iif Chapter IV, although* 
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the word “ derivative ” is not introduced until Chapter XIX. 
Derivatives are used m Chapters IV, V, X, XII, XIII, and XIX. 

We have discussed rather more fully than is customary 
those topics which involve new and important cohcepts, and 
have been correspondingly bne f where we felt the student 
ought to be able to supply the argument himself. We have* 
tried throughout to place the emphasis on an understanding 
of the general bearing of the principles, and have consistently 
tried to minimize difficulties of mere algebraic technique. It 
seems quite likely that customary classroom procedure will, 
therefore, nee^ to be modified m the direction of lessening the 
time given to formal recitations and increasing the opportuni- 
ties for informal discussion A number of questions have 
been inserted among the exercises which it is hoped will 
stimulate such discussion ; this is the purpose also of a num- 
ber of the “ Why’s ” scatteied throughout the text. 

The lists of " Miscellaneous Exercises” found' at the end 
of chapters beginning with Chapter XI contain some exercises 
tuo difficult for assignment m an average class. These may 
be used to advantage, we hope, in so-called “ honor sections ” 
consisting of men who have shown exceptional ability m 
mathematics. 

A word regarding our conception as to how the text may 
be applied to meet the varying mathematical preparation ^f 
students will not be out of place. At Dartmouth Collegowe 
propose to distinguish m this connection only two kinds* of 
freshmen : those who enter without trigonometry, and those 
who have passed a course m trigonometry in their secondary 
school. The formpr will cover the first fifteen chapters of 
this text m a course meeting three hours per week throtighoiy; 
the year (about qinet^ assignments). These' pien will havS 
all the necessary preliminary training for the usual t courses 
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in the calculus. Those students who enter with trigonometry 
will cover the first nineteen chapters m a course meeting three 
hours per # week throughout the year, covering the material of 
Chapters ¥1, VII, VIII, and IX (which* for them is largely 
review) in about three weeks^ 

~n a course meeting five times per week throughout the 
year, there should be ample time alSo for a thorough study 
of the important topics of ^Chapter X 3? (determinants) and 
Chapters XXI-XXII (Functions of two independent variables ; 
analytic geometry oi space). 

So much has been said m recant years m fagor of a unified 
course in mathematics for freshmen that it seems desirable 
actually to try it out in practice. For this purpose a text- 
book is necessary. We do ngt believe tl^t this text will 
solve the* problem; the most jva can hope for is that we have 
secured a first approximation. # litis for \his reason that vte 
urgently request users of this text f to con^mupicate to us any 
criticisms or suggestions that occur to them looking to the 
improvement of possible later ecftti^is. In particular, We 
should like rdvice and counsel as to the possible desirability 
of increasing the amount of calculus included in the first yewr. 
This could be done b;, devoting less spate to the purely geo- 
metric aspects of analytic geometry. On theoretical grounds 
vye believe this to be desirable. We felt, however, that we 
ought to be conservative m case of an innovation of this sort, 
wi|h a view of seeing how the introduction to t^s limited 
extent of the notion of the derivative in tfce first year fares. 
If the results are satisfactory, wfe cguld then take the next*&1!fep 
witb confidence. 

Tl. W. YOUNG 

t F. M. MORGAN. 

Hanover, N. 

April, 1917. 
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PART I. INTRODUCTORY CONCEPTIONS 

CHAPTER I 

FUNCTIONS AND THEIR REPRESENTATION 

1. The General Idea of a Function. Our daily activities 
continually furnish us with examples of things that are related 
to one another, of quantities which depend on certain other 
quantities, which change when certain other quantities change. 
Thus, a man’s health is related to the food he eats, the exer- 
cise he takes, and to many other things. The price 
manufactured article depends on the^ost of production 
the latter cost m turn depends on the cost of the raw ma- 
terial, the cost of labor, etc. The weather depends on a 
variety of conditions. These are complicated examples of 
dependence. There are very simple examples. Thus the 
price paid for a certain quantity of sugar depends on the num- 
ber of pounds bought and the price per pound ; the area of a 
square depends on the length of one of its sides ; and so forth. 

In all such cases, where some quantity depends on some 
other quantity or quantities, we say that the former is a func- 
tion of the latter. Thus the price of a~ article is a functicn of 
the cost of production, the area of a square is a function of the 
length of one of its sideu, etc. 
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2. General Law*. Many problems of science consist in 
expressing as accurately as possible one quantity m terms of 
another quantity* on which the fi/*st depends. The statements, 
“ Th$ are% of a square is equal to the square of the length of 
one side,” and “ The speed of a body falling from rest is pro- 
portional to the time it has fallen ” are simple examples. 

At the basis of this idea of dependence or functionality is 
the notion of a general lauk which the quantities m question 
obey. MoSt of the problems of civilized life are concerned, 
directly or indirectly, with the investigation of such laws. 
Thus medical science seeks to # disco\^r the laws governing 
health, economics investigates the laws governing the produc- 
tion andcdistribution of wealth, the business man studies the 
conditions which influence his business and his profits. In 
every case the investigation of the law in question involves 
finding out how something i*s related tof depends on, changes 
with, something else , i e the study of a function of some kind. 

The ability to think clearly about such. relationships is of 
the highest importance to every dae. This couise in mathe- 
m|(jes is primarily concerned with the study of certain of the 
simpler kmds of functions and their applications. 

3. Numbers and t Quantities. We rhall confine ourselves 
in general to the study of relations between things which <,an 
be measured . We can them always speak of the amount of one 
of them. Such an amount is expressed, in terms of a suitable 
unit of measure , by means of a number. Anything that can be 
represented by means of a number we shall call a quantity . 

A function expressing the relation of one such quantity to 
another gives rise to a relation between numbers. * A very powcr- 
ful Uid in studying functions is their geometric representation , 
wh;ch we shah discuss pissently. We must consider first, 
however, the geometim represlntatioif of a single quantity. 
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The Arithmetic Scale. The distinction between two of 
the simplest kinds of quantities can be illustrated by reference 
to their geometric or graphic representation. Eve^y one is 
familiar with the so-called arithmetic scale (Fig. 1), oj which the 



yard stick and tape measure are examples. The divisions of 
the scale m these cases represent lengths. Another example 
is the beam on a certain kind of balance ; here the divisions of 
the scale represent weights. 

A characteristic feature of an arithmetic scale is that it 
begins at some point 0 and extends from 0 m one >hreetipn. 
The quantities represented by such a scale are expressed by 
means of the numoers of arithmetic. These in turn represent 
simply the magnitude, or the size, or the amount , of something 
(as 12 yd. of cloth, 96 lb. if sugar, etc.) 


6. The Algebraic Scale. Hardly less familiar nowadays' is 
the so-called algebraic scale (Fig. 2). The most famili^^x* 


; iamili^^x* 


ample is probably the scale on an ordinary thermometer. 
Every one knows the meaning of -f 10° or — 5°. 

Such an algebraic scale extends in two opposite direct thus 
from some arbitrary point (marked 0) of the scale. The qu<£n- 
tities represented by the points of such a scale are expressed 
by means of the so-called rjal numbers of algebra, such a^: 

- 4, - Vl2, 0. +1, + ff, .... 

Such a number represents not merely a magnitude, but? 
rather a magnitude end one of two opposite J directions or 
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senses . These two opposite “ senses ” are of various kinds 
according to the quantities considered. They are often ex- 
pressed by such phrases as “ to the right of ” and “ to the 
left of,” “ above ” and “ below,” “ greater than ” and “ less 
than,” “ before ” and “ after,” etc. Thus -f- 10° of temperature 
means a temperature 10° greftter than the arbitrary temperature 
which we have agreed to indicate by t0° ; whereas — 5° means 
a temperature 5° less than ^he temperature indicated by 0°. 
It should be noted that 0° of temperature does not mean the 
absence of temperature. 

6. Magnitudes and Directed f Quantities. We have seen 
in the last two sections that a ntmiber may represent simply a 
magnitude; or, that a number may represent a magnitude and 
one of two opposite directions. The numbers of arithmetic serve 
the former purpose, the positive and negative numbers of 
algebra serve the latter. Thus the n imber 5 represents 
simply a magnitude, such as a distance of five miles between 
two stations or a peuod of time of five hours. The numbers 
-f 5 and — 5 also represent magiLtudes of five units ; but 
tlfl^epresent more than this. They may tell us, for example, 
that a station is fk^e miles east of a certain place denoted by O 
and that another station is five miles west of the place denoted 
by 0, respectively ; or that an event took place five hours aft^r 
™ fife hours before a certain c e vent. 

We may then distinguish two kinds of quantities (1) mag- 
nitude s, and (2) so-called directed quantities. m Examples of th a 
former are : the length of a board, the weight of u- barrel of 
flour, the duration of a period of time, the price of a loaf 
of bread, etc. Examples of the latter are . the temperature (a 
certa^i number of degrees above or below zero), the distance 
fcnd direction o* some point A on a line from some other 
point B on the line, the tnre at ivhich a certain event 
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occurred (a certain number of hours before or after a given 
instant) ; etc * 

Geometrically, the distinction between directed* quantities 
and mere magnitudes corresponds to the fact that,^on the one 
hand, we may think of the line segment AB as drawn from A to 
B or from B to A , and, on the other hand, we 
may choose to consider only the length of ' ' ^ 1 '* 

such a segment, irrespective of its direction. 1 * " ' * 

Figure 3 exhibits the geometric representation ' ' * 4 

of 5, + 5, and — 5. A segment whose direc- 
tion is definitely take \ account of is called a directed segment . 
The magnitude of a directed quantity is called its absolute 
value . Thus the absolute value of — 5 (and also of -f 5) is 5. 


7. Further Remarks concerning Scales. Scales, both anth- 
metic and algebraic, occur in practice in a variety of forms. tVe have 
hitherto consideied or’y the simplest form, in winch the scale is con- 
structed on a straight line and in which the subdivisions corresponding 
to the numbers 1, n , 3 • • (and in case of the algebraic scale also those 
corresponding to the numbeis — 1, — 2, — 3, •• ) are at equal intervals. 
Neither of these two condition* is essential A scale may be constructed 
on a curved line (a circle, for example, in which case it is sometimes 
called a dial) Scales are also used in which the intervals between the 
punts representing the whole numbers are not equal. Such a scale is 
called a non-uniform scale The scales on so t le forms of thermometers, 
cn a slide rule (see p. 252), on certain types of ammeters and pressure 
gauges, etc , may serve as examples of non-uniform scales The , scales 
discussed m §§ 4, 5 are then to be described more fully as rectilinear end 
uniform. In the future, unless specifically stated otherwise, a scalp will 
always mean a uniform scale 

* We are here considering only magnitudes in one of two opposite directions. 
It is also possible to consider as quantities magnitudes taken in any direction 
Li a plane or in space Thus a force has a certain magnitude 
and is exerted m a certain direction, it could be completely 
represented by a line segmer* whose length represents the 
magnitude of the force and whose direction (shown by arrow- 
head) represents the ^direction in whic.. it acts Such quantities are called 
vectors. We shall have ocUision to ~efer to them again (Uhap XVIII). 
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8. Use of Line Segments to Represent Quantities. Statis- 
tical Data A common use of line segments to represent 
quantities m connection with the graphic representation of 
statistical (kta. The table below, for example, gives the areas 
of the New England States; the adjacent figure represents 
these areas by means of line 8 segments. 


Area o* New England States 


States 

Maine 

Vermont 

• 

New 

Hampshire 

Massa- 

chusetts 

Connec- 

ticut 

Rhode 

Island 

Square Miles 

33,040 

j 9,665 

9,305 

• 

*#,316 

4,1)90 

_i 

1,250 



The method of constructing such a gr&phic representation 
should be clear without further comment 

tTh<_ >ve areas could also be represented by areas, as m the following 
figur^ 



Fig 5 


In general, this vnethod of representation is t )t so serviceable. Why 
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EXERCISES 

1 From the following table represent graphically by means of line 
segments the enrolment in Dartmouth College duungthe yean* 1901-1910 . 
*01-*02 *02-*03 ’03— ’04 ’04- 05 ’05- ’00 ’ 06-07 ’07 -’08 *0b-*09 

686 709 802* 867 927 1068 lftl 1136 


*09— *10 *10-’ll *11-*12 *12 -’13 *13-’ 14 *14-*15 *15-’16 

1197 1165 1242 1246 1284 1336 1422« 

Use a convenient unit to represent 100 students (say J m ) Can you 
then represent the data with complete accuracy ? Why ? 


2 . Repiesent graphically the size of the libraries of the following 


institutions 

Harvard 

Yale 

Dartmouth 
Brown . 


No of Volumes 

1,180,000 Williams 
1,000,000 Amherst 

130.000 Wesleyan 

115.000 Umv. of Vermont 


No of Volumes 
80,000 
110,000 
100,000 
0 91,000 


3 Take the edge of a sheet of paoer and mark on it a point A. Place 
this edge along the segment representing the area of Vt. in Fig. 4, the 
point A coinciding with the left-hand extremity of the segment. Mark 
the right-hand extremity by a point B on the paper Do the same with 
the segment representing N, H , placing the point B at *the left-hand 
extremity, however, and obtaining a new point C, corresponding to the 
right-hand extremity Continue this process for the states Mass , Conn., 
and R I The total segment represents the suln of the areas Show that 
Me. has an area almost as gieat as that of the other N E states com- 
bined The process just described in the above exercise is known as 
graphic addition 

4 Describe a similar process for graphic subtraction. 

5 Show that the distance between two points of an arithmetic' scale 
can always be found by subtraction Is the same true for the points df 
an algebraic scale ? What is the meaning of the sign of the difference ? 

6 Two algebraic scales intersect at right angles, the point of interjec- 
tion being the point 0 of each scale, and the units on both scales being 
the s^me. Show how to find the distance from any point on one scale to 
any point on the other Would your method still be applicable, U the 
units on the two scale were different ? Exptain your answer 

7 . In constructing Fig 6 what theorem of plane geometry regarding 
the areas of similar figures is used 9 Could the result of Ex. 3 have been 
readily obtained from the lepresentation in Fig 5 ? 
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9. The Investigation of functions We are now ready 
to consider in some detail a few special examples of func- 
tions, m «order to familial lze .ourselves with certain gen- 
eral characteristics a t unction may ppssess, with certain 
methods for the ^presentation and study of functions, and 
vith the terminology This Is desnable before taking up the 
more systematic study of geneial types of functions. 

t 

10. Example I. The temperature as a? function of the time. 
The temperature at a given place is a function of the time of 
day. At any given lime we can deteriryine the temperature by 



simply reading an ordinary thermpmeter. For the meteorolo- 
gist, however, the actual temperature at anv instant is of less 
impoftance than the changes in the temperature that take place 
during a period* of time (such as a day, a month, etc.). TJp 
trace these changes ho must lftiow the temperature at ever^ 
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instant. For this purpose he makes use of a self-recording 
thermometer. A portion of a record of such a thermometer is 
gfven in Fig. 6. 

The way in which such an instrument works is briefly as follows. 
The pivoted lever shown in the figure ( Fig. 7) carries a pencil point. The 
mechanism of the instrument causes tlm pencil end of the lever to rise or 
fall as the temperature rises or falls, so that if a vertical thermometer 
scale* were adjusted behiiiU the pencil point we could read off the 



temperature on this scale. The pencil point rests against a strip oi paper, 
ruled as in Fig. (>, which is mounted on a drum. Clockwork causes this 
drum to rotate uniformly at the proper speed. The rulings on the strip 
of paper now explain themselves. The distance between two successive 
horizontal lines corresponds to 2° of temperature. The distance between 
two successive vertical arcs corresponds to two hours, The temperature 
at anv instant can then be read from the record on the strip of pap^r. 

The way in which such a record may be used is illustrated 
by the following questions, which refer to the record of Fig. 6. 

* Since the pencil moves on an arc o. a circle, this ' ertical scale is con- 
veniently constructed on sum an arc, rather than on a straight line. 
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I. What was the temperature at noon on each of the three days given ? 

2 What was the temperatur# at midnight between Wednesday and 
Thursday ? At 6 p m on Friday 9 

3 What was the maximum and the minimum temperature on each of 
the three days, and at what times did it occur 9 

4. When was the temperature 50° 9 During what periods was it above 
60° ? 

6 How would a stationary temperature be recorded ? A rapidly 
rising temperature ? A rapidly falling temperature ? 

6. By how many degrees did ^he temperaturg change oif Wednesday 
from noon to*2 p m ? Was this change a rise or a fill 9 

7 During what two hours on these three days did the greatest rise in 
temperature occui ? 

8 When did the most rapid rise m tempdfrature occur 9 When the 
most rapid fall ? 

1) What was the average rate of increase (in degrees per hour) in the 
temperatuft from the minimum on Thursday to the maximum on Thurs- 
day ? The average rate of decrease from the maximum on Wednesday to 
the following minimum ? 

II. Graphic Representation. T n the preceding example re 
exhibited the temperature as a iunction of the time by means 
of a curve drawn wifh reference to a time scale and a tempera- 
ture scale. 8uch a curve is called a < yraph of the function m 
question, ^pch a graphic representation gives a vivid picture 
of the funcHon , Hut it is limited in accuracy. Why ? Can a 
change in temperature of 0 1° be distinguished on this graph? 

12^ Example 2. Speed m terms of the time. Readings of 
t^ie speedometer of an automobile taken every five seconds 
fro®i a standing start are given m the following table 

dumber of seconds after start 5 10 15 20 30 35 

Speed m miles per hour 2 6 7 15 21 28 36 

We proceed to construct a grapn of the function thus otp 
tame<J, as follows. We 1 Jake a piece of square-ruled paper and 
$n one of the horizontal lines^ (which for convenience we draw 
more heavily) construct a unifc^m sea 1 ? to represent the tim<$ 
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(Fig. 8). On the vertical lines through the* points representing 
5, 10, 15, 20, . . . seconds we lay off segments to represent the 
speeds at the respective instants. This is nfost conveniently 
done by constructing^ on the vertical line through # 0 a scale 
representing speed m miles per hour. Thus, by reference to 
the scale indicated in the figure, ^the point A represents th~ 



Fig 8 

corresponding values . 15 seconds and 7 miles per hour. The 
o f her points indicated m the figure are now readily located, or 
“ plotted,” _n similar fashion. The final step m constructing tfie 
figure consists m drawing a “ smooth curve ” through the points. 

The curve thus obtained may be used as was the tempera- 
ture curve discussed in the previous example. We might, for 
example, conclude from this figure that the sp?ed of the car at. 
tne end of 23 seconds fas probably about 18 lhiles per hour. 
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The necessity of «aymg “ probably ”, however, exhibits an 
essential difference between this example and the former one. 
In case gf the temperature record the temperature at every 
instant was automatically recorded ; any point of the curve m 
that example was as significant as any other point. In the 
present example the only speeds actually measured are those 
specifically listed m the above table. And yet the conclusion 
stated above regarding the speed of the # car at thi end of 23 
seconds is justified. Why ? 

1. What was the probable speed of the caj at the end of 27 seconds? 

2. How long did it take the car to £ick up ftom 0 to go miles per hour ? 

3 The driver probably shifted gears between the 10th and 16th seconds. 

What caiybe said of the reliability of the curve during this interval ? 

4. How is the steepness of the curve related to the rate at which the 
speed is increasing ? 

6. Is it possible to calculate, bj the use of this figure, approximately 
how far the car tiaveled during the firH 36 secoxids ? 

13. Variables. It is desirable to introduce at this point a 
certain terminology. In the prc 3edmg examples we have 
considered temperature and speed as functions of (i.e. de- 
pendent oij the/ume. We have considered several different 
instants of time and the corresponding values of the tem- 
perature and the speed. Whenever, m a given discussipn, 
we ^consider a number of different values of a quantity, 
Such as time, or temperature, or distance, or weight, etc., 
wd call such a quantity a variable. In the above examplqg, 
the time and the temperature and the speed ar/ all varia- 
bles ; and, since in the first example we have thought of 
th^ temperature as depending oh the time, we may spe%k 
of the temperature as the dependent variable , of the time 
Jas the independent variable. It is often more convenient, 
however, to oall the dependent variable tSmply the functidk 
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and the independent variable the variable. Thus, in the 
second example, the speed was the function and the time 
was the variable. 

14. Tabular Representation. Interpolation In *he second 
example we secured data concerning a function by measurement 
and exhibited the corresponding values of variable and function 
by means of a table of vaiues. Such a table is called a tabular 
representation of the ^unction. The accuracy of such a repre- 
sentation is limited only by the precision of measurement. 
Such a table, however, gives an incomplete description of the 
function. Why? The) process of obtaining values of the 
function for values of the variable that lie between the re- 
corded values stated in the table is called interpolation. 
When the interpolated values are read from a graph of the 
function, the process is known as graphic interpolation . The 
answers to the first two questions at the end "f § 12 were 
obtained by graphic interpolation. 

15. Example 3 . Volume of water as a function of the tem- 
perature. When 1000 cc of water at 0° centigrade is heated, 
it is found that the volume of the water changes according to 
the following table. 


Degrees Centigrade 
Cubic Centimeteis 

0 

1000 00 

2 

099 90 

4 

999.87 

6 

999.90 

8 

999,98 

Degrees Centigrade 
Cubic Centimeters 

10 

1000 12 

12 

1000 32 

14 

1000 57 

10 

1000 86 

20 

1001.01 | 


It requires a rather careful examination of this table to learn 
that as the temperature (the variable) is increased frora 0° 
the volume of the water (the function) decreases and then*in- 
creases. A graphic representation of this function, analogous 
to the examples already considered in §§ 10, 12, would have 
\ .elded this result, at , elan ce. It is our neit concern to 
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see how such a representation can be constructed, in this 
case. 

To this* end w S a take a piece, of square-ruled paper and on 
one of tln^hoiizontal lines construct a miiform scale to repre- 
sent temperatures At the points representing 0°, 2°, 4°, 6°, 
•••, we would then lay off on fhe vertical lines distances that are 



Fig 9 


?0 Degrees Centigrade t 


to represent the volumes in which we are interested 
itowever, at this point a difficulty presents uself. The 
numbers representing the volume 0 m question are so large, and 
the differences between the volumes for the various tempero- 
ture% so small, that, if we choose the unit on the vertical 
scale small enqugh to represent these volumes on a sheet of 
paper of convenient s?ze, it womld be a practical impossibility 
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to represent the volumes with suflhnent accuracy to make the 
differences 111 the volumes distinguishable. It is precisely 
these variations 111 volume, however, 111 which ^e are primarily 
interested. 

To overcome this difficulty, we adopt the expedient of ex- 
hibiting merely that portion of tHfe graphic representation 111 
which we are primarily interested, and are then able to use a 
largely magnified sca^e. That is,> we observe that all the 
volumes in which we are interested lie between 999.W) ce. and 
1001.00 cc We may then assume that the points on the line 
on which we constructed the temperature scale are at a height 
representing 999.00 cc. (Fig 9). In other words we suppose 
the zero point of the vertical volume scale to be a g^eat dis- 
tance below the point at which we are working We construct 
a portion of the volume scale on the vertical line through O, 
marking the latter pc mt 999 0 and choosing the unit on this 
scale sufficiently large to neet our requirements* In the 
figure, as drawn, each of the vertical divisions represents 
0.1 cc. The construction of the points P, Q> R, ••• is then 
readily made. A smooth curve drawn through the points thus 
plotted then gives the graph of the function. 

Here, again, the points in the curve between the points 
given by the table are uncertain ; but the regularity with 
which the given points are arranged together with the natAre 
of the phenomenon we are considering leaves little room for 
doubt that, if the volumes for 1°, 3°, 5°, ••• should be measured 
and the res Jting volumes plotted, the resulting points wouli 
be located upon (or at least very near to) the curve drawn. 

1. What is the voluir3 of water at 7° 9 at 19° ? 

2 What is the minimum volume, and at what temperature does it 
occur? 

3. At what temperature besides 0* is the voir me 1000 00 cc.? 
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EXERCISES 

1 The following temperatures were observed at Hanover, N.H., on a 
certain day in FeWhiary, 1914 


Midnigfft 

1am. 

- 12° F 

- 13° 

9am 

- 12° F 

5 P.M 

+ 18° F. 

2 A.M 

- 14° 

10 AM 

- 2° 

8pm 

+ 11° 

3 A.M 

- 15° 

11am 

+ 4» 

7pm 

4- G° 

4 am. 

- 17° 

Noon 

4- 10° 

8pI 

4- 2° 

5 A M 9 

1 

o 

o 

1 P.M. 

4- 12° 

9pm 

4- 1° 

0 AM 

-21° 

2 pm. 

4- 14° 

10 P M 

0° 

7 am. 

- 22° 

3pm 

4- 19° 

11 P M 

- 2° 

8 am. 

- 19° 

4pm 

+ 22° 

Midnight 

- 4° 


1’lot the corresponding points on square-ruled paper, and draw an 
approximate graph of the function Assuming this graph to be correct, 
what was the temperature at 6 30 a m ? At 0 30 p m ? What was the 
total range (the difference between the maximiim and the minimum) 
of temperature dunng the day? How long did it take the temperature 
to rise from its minimum to its maximum 9 At what average ra& in 
degrees per hour did the temperature rise during this period ? 

2 A stiff wire sprn% under tension is found experimentally to stretch an 
amount d under a tension T as follows 


* 

T in lb & . • . 

10 

15 

20 

25 

30 

d in thousandths of 5n. 

8 

12 1 

10 3 

20 

23 5 


Plot the above data. What would the stretch be when the tension is 
1C lb ? 27 lb ? 23 lb ? 

3. The intercollegiate track records are as follows, whc^e d is the dis- 
tance run and t is the time 


Hr 








E 
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Plot these records by points in a plane, and draw % smooth curve through 
them. Are the points of this curve significant? Why? What would 
you expect the record for 600 yd. to be ? For 1600 yd ? For 1000 yd ? 
Compare the results of these interpolations with the* actual records for 
these distances. 

4 The following table shows the distance at which objects at sea- 
level are visible from certain elevations 


Elevation 

Ffet 

Distancf 

MlLKf^ 

Elevation 
* Feet 

D^tance 

Miies 

Elevation 

Feet 

Distance 
( Miies 

1 

1.3 

40 

84 

200 

18 7 

6 

30 

50 

9 3 

300 

22 9 

10 

4 2 

100 

13 2 

600 

29 6 

20 

6 9 

160 

16 2 

1000 

33 4 

30 

7 2 




> 


Plot the graph of this function. Us'' a different scale for elevation for 
values from 100 to 1000 fo from tl at used from 1 to 60 ft.. Why ? 

5 The following r an extract of the mortality table prescribed by 
statute in most states as the basis on which the reserves of life insurance 
companies shall be computed: 


Age 

Number 

Living 

Age 

Number 

Living 

Age 

Number 

Living 

10 

100,000 

40 

78,106 

70 

38,569 

15 

96,286 

45 


75 

26,237 } 

20 

92,637 

50 


80 

14,474 

26 

89,032 

55 

64,663 

86 

6,486 

30 

86,441 

60 

57,917 

90 

847 j 

36 

81,822 

65 

49,341 

95 

8 


Draw the mortality curve Of 100,000 living at the age of 10 years 
approximately how many would be alivd at 32 years ? At 67 ye&rs ? 
How would you represent on the graph the number (’ying during any 
gi^n period of five yea s ? 


o 
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16. Empirical Functions and Arbitrary Functions. The 

examples of functions we hlive hitherto considered have been 
taken from observed measurements of relations existing in 
nature and life about us. Such functions aie called empirical 
Another £ype of functions may now engage our attention. 
They may be called arbitral' j or artificial. The following will 
serve as an example. 

17. Example 4 . Letter postage According to # the postal 
regulations, the postage on letters is fixed at two cents per 



Fio 10 

ounce or fraction thereof. The graph showing the relation 
between the amount of postage and the weight of the letter 
is then given by Figure 10. 

Ifi. Constant Functions. Continuous and Discontinuous 
Functions. The graph just referred to exhibits two peculiar- 
ities that we have not yet had occasion to observe in connection 
TMth a function. 

(1) The value of the function may make a sudden jump as 
th§ variable passes through certain values (m tins case when 
the weight passes through the values 1 oz% 2 oz., etc ) without 
taking on the intermediate values. I 11 the present case, as the 
weight is increased from exactly 1 oz. to the slightest amoiftt 
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above 1 oz. the postage jumps from 2 c^nts to 4 cents. A 
function with such breaks, or changes of a definite amount 
for no matter how slight a change in the variable, is said to be 
discontinuous for those values of the variable at which the 
break or jump occur£ 

A function, on the other hand* whose graph is a continuous 
line or curve without su(jji sudden breaks or changes is said to f 
be a contin mus function.* 

(2) Portions ofHhis graph are horizontal straight lines , which 
means that certain changes m the variable produce no corre- 
sponding change m the value of the function. Thus, the 
postage does not change as die weight of the letter is in- 
creased from slightly more than 1 oz. to 2 oz. In such a case 
we say that the function is constant (or stationary) for the 
interval of the vaiiable in question 

We should observe, further, that the graph of the 8 function 
as drawn does not furnish a un.que value for the function at 
the points of dis ?"tinuity, t e. when the weight is 1, 2, 3, •*• 
oz., since there is nothing to indicate whether we should take 
the lower or the higher value. As a matter of fact the arbi- 
trary definition of the function specifies that the loWer value is 
to be taken. 

19. More about Arbitrary Functions. We must not assume, 
of course, from the preceding eyample that every arbitrary 
function is discontinuous. 

) 

In fact, we should note that if we take any square-ruled 
paper, con^ cruet on it a horizontal scale, any number of which 
we will designate by x, and a vertical scale, any number of 

* The word continuo s is used in mathematics in a highly technical sense, 
the full discussion of which is beyond the scope of an elementary course. 
The definition of the term given above is sufficiently pi ,cise for our present 
. urposes Later we stall have more co say of it 
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which we will call jf, and then draw an arbitrary curve across 
the paper, as m Fig. 11, we thereby define a relation between 
the numbers x of the horizontal scale and the numbers y of 
the vertical scale, such that to every value of x corresponds a 
certain value (or possibly a set of values^ of y ; i.e. we define 
y as a function of x .* The rreason for the phrase in paren- 




theses in the last sentence is as follows. If the curve we draw 
is such that for any value of x the corresponding vertical 
line cuts the curve in more than one point, there will be 
associated with such a value of x mo.e than one value of y 
(Fig. 12). yhe variable y is m such a case still a function of 
x , since the values of y are determined by the values of x. 
The distinction between functions of theTatter type and those 
pre^ously considered is made by the following definitions : 

If to every value of the variable under consideration there 
coif esponds a single value of the function, the function is said 
to be single-valued or one-valued . If to any value the vari- 
able corresponds more than one value of the function, the 
latter is said to be multiple-valued . 

f *Tlfe accuracy with which a function is defined by its graph depends on 
Ihe accuracy with wMeh it is possible to read the two scales of reference and 
the “ fineness ” of the curve. 
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We shall for the present be concerned primarily with one- 
valued functions only, although one example of a two-valued 
function will occur soon. Multiple-valued* functions will be 
considered later (Chapter X). 


EXERCISES 

1. From the following data construct a graph showing the cost of 
domestic mmiey orders m the United States 


Amount op Order 

Rate 

4 

Amount of Order 

Rate 

Not over $ 2 60 

3 cents 

Over $ 30.00 to $ 40 00 

16 cents 

Over $ 2 60 to $5 00 

6 cents 

Over 40 00 to 60 00 

18 cents 

Over 6.00 to 10.00 

8 cents 

Over 60.00 to 00.00 

20 cents 

Over 10 00 to 20 00 

10 cents 

Over 60.00 to 76 00 

} 26 cents 

Over 20 00 to 30 00 

12 cents 

Over 76.00 to 100.00 

30 cents 


2 . Draw a figure shewing the rates for parcel-post packages for zone 
1 , for zone 2 , for zone 3 Compare these graphs. 

3. Draw a figure t' represent the cost of ga* in your own city. Is 
there a different rate for large consumers ? If so, will this show clearly 
O" the graph ? How ? 

4 Ou a piece of square-ruled paper draw graphs of continuous func- 
tions which are rapidly increasing , rapidly decreasing , Uowly increas- 
ing , slowly decreasing 

5 Draw the graph ot an arbitrary function which is increasing and in 
which the rate at which it increases is increasing. Also that of "n in- 
creasing function m which the rate of increase is decreasing. 

20. Analytic Representation of Functions. We have 
hitherto considered two methods of representing a function, &te 
graphic and the tabular. There is a third method, called the 
analytic , which in its simplest form consists of the expression 
of the function in .erms of the variable by means of a formula, 
from which the corresponding values of the variable and thi 
^unction can be coi iputed. The following will serve as examples. 
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21. Example $. Capital and interest . The amount A\nt years 
of $ 1000 drawing simple interest of 5 % is given by the formula 



(1) A = 1000 -f 50 £ 

By substituting for t a suc- 
cession of values and com- 
puting the corresponding 
values of A , we obtain from 
this formula a tabular rep- 
resentation of #he function 
Tlfis l# turn can be repre- 
sented graphically The 


t (years) 

0 

1 1 

2 

3 

4 

5 

6 

A (dollars) 

1000 

1050 1 

1100 

1150 

1200 

1250 

1300 


table above and Fig. 13 are the 
result.* The points plotted ap- 
pear to be on a straight line 
Prove that they dre. 

22. Example 6* The 

area of a square . The area 
(in square inches) of a square 
whose side x inches long is 
given by the formula 

y = r 2 . 

Fron| this equation, we readily 
compute the following table 



• 

* (m ) 

0 

05 

1 o 

1 5 

2 0 

2 5 

30 

35 

4 0 

y (sq. in.) 

• 

0 

0.25 

1 00 

2 25 

4 00 

1 

6 25 

9 00 

12.25 

10 00 


*Tn practice bankers do npt take account of fractions of a day in comput- 
ing interest Strictly speakirg, therefore, the graph of the function A , as 
( used tn practice , is discontinuous. This practice of bankers is, however, dic- 
tated by conveniepite. It does not «*lter,the fact that $e function, as such, c is 
continuous. 
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Using these values, it is now easy toj draw the graph, which is shown 
m Fig 14 * 



Fro 15 


23. Example 7 . The function de- 
fined by a circle It often desirable 
to obtain an analytic representation of a 
function, originally given graphically *or 
by means of a table Such an analytic 
representation is sometimes easy to obtain 
Suppose, for example, th^t on square-rulM 
paper an z-scale and a y-scale have been 
constructed with the units on the two 
scales equal , and suppose that with the 
common 0-pomt of the scales as a center 
a circle is drawn with a radius of 2 units (Fig 15) The functional rela- 
tion between the variables x and y defined by this curve is to expressed 
by means of a formula 

If P is any point on the circle, the absolute values of the x and the y of 
this point form the legs of a right-angled triangle of which the Hypotenuse 
measures 2 units. By a well-known theorem of geometry we have then 

y‘2 _ 4 _ x 2 or 

y - i Vd — x z 

This is the analytic representation sought 
ha' T e here to do with a two- valued function 


It may be noted that we 


24. Range of a Variable. We had occasion some time ago 
(§ 13) to introduce the term variable. In the future such a 
quantity will generally be represented by a symbol, such as x, 
or y, or t, etc. Indeed this was done in some of the preceding 
examples. The various values attached to such a symbol 
throughout the discussion are numbers. These numbers con- 
stitute the range of the variable in question. > 

The range of a variable is usually determined by the nature 
of the problem under consideration. Often it is very definitely 
restricted. Thus m the case discussed m the last article the 

* When, as here, the only fractional parts of a unit wh.di occur are halves,^ 
c iarters, etc , it is con emeu* to use a Tuled paper on which the larger units 
are subdivided into four or eight parts instead of ten 


24 


MATHEMATICAL ANALYSIS 


[I, §24 


range of x (as well as that ob y) consists of all (real) numbers 
from — 2 to 4- 2, and no others. For numbers outside this 
range, the function in question is not defined. Again, in the 
case of the f mortality table considered in Ex. 5, p. IT, the range 
of the dependent variable (the number of persons living at a 
^iven age) is restricted to whole numbers less than 100,000 ; 
fractional values of the variable are here meaningl 

25. Increasing and Decreasing Functions. A function 
which increases when the variable increases is called an in- 
creasing function ; if, on the other hand y *the function decreases 
as the variable increases, the function is called decreasing. 
Thus the#mount A of capital and interest recently considered 
is an increasing function of the time t , throughout the range of 
the latter. Also, the area of a square is an increasing function 
of the length of one of its sides. On the (*ther hand, the num- 
ber of peopje living at a given age is a decreasing function of 
the age. A function may be increasing for*certam values of 
the variable and decreasing for certain other values. Thus, 
the temperature is during certain p'ortions of the day an 
increasing Junction, during other portions a decreasing func- 
tion. The volume considered m § 15 is a decreasing function 
of the temperature T, from T = 0 to T = 4, and an increasing 
funAion for values of T greater than 4. 

I£ the two scales with reference to which the graph of a function is 
constructed are placed in the more usual way, so that the numbers on the 
sclles increase to the right and upward, respectively, what distinguishes 
the graph of an increasing function from that of a decreasing one ? 

the case of the circle discussed in § the function has two “ branches ” 
in the interval from x — — 2 to £=+2, the one cqjisisting of the positive 
^alues # of y, the other of the negative values of y The function may be con- 
sidered as consistingjof two one-valijed functions, one of which increases from 
ce = — 2 to z = 0 and decreases from 0 to while the other de- 

creases f jom x =— 2 to x = 0 and increases from Xj=0 to x ==-f 2. 
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EXERCIgES 

1 If a body falls from rest, its speed v in feet per second at the end 
of t seconds is given by the relation v = 32 t. Constrict the graph of v as 
a function of t. 

2 The charge for printing n hundred circulars of a ceftain kind is 
p = 2 n + 10 dollars. Represent the function graphically 

3. The express rate r on a package is computed from the following, 

formula . r =-^-(p — 30) 4- 30, where to is the weight of the package in 
100 

pounds andp is the ^haxge per hundred pounds. Draw the graph of r as 
a function of to, for each of the values p = 40, 60, 80, 100 * What com- 
ment would you make on this rule for p = 30, or for values of p less than 
30 ? This is an example in which the range of the vanable is arbitrarily 
limited to be not less than a certain amount The formula in this exer- 
cise really gives r as a function of the two variables w and p 

4. When a body is dropped from a height of 200 ft., itsMistance 8 
from the ground at the end of t sec. is given by s = 200 — 10.1 1 2 . Draw 
the graph of s as a function of t in how many seconds will the body 
reach the ground? At what time r the speed of the bod}' greatest 9 
L^ast ? What relation has the deepness of the graph, to the speed of 
the body ? Why ? What are t.ie natural limitations on the, range of the 
variable ? 

5. In Fig. 13, the beginning of the A-scale does not appear on the 
gr M ph. Why ? 

6. Rate of increase. In the function of § 21, when „>= 2, we have 

A = 1100 Starting with this initial value of £, let t oe increased by 1, by 
2, Dy 3, • • The coiresponding values of A ( i.e . the values of A when 
£=2 + 1 = 3, 2 + 2=4, etc ) are respectively 1160, 1200, 1260, •••, an<J 
the corresponding increases in A over the initial value 1100, are 60 ,100, 
150, . We see then that for these va’ues the increase m A is always 

equal to 60 times the corresponding increase in t * Show that the same is 
true if we stait with a different initial value of £, say t = 3. Prove, in 
general , tha* starting with any particular value, say t = £ 1? of £, and ahy 
increase m £, say an increase equal to A, that the resulting increase in A 
is equal to 60 h , i.e . that the ratio 


increase in A 

co*. responding increase in t 


= 60 . 


* When a change in the value of the variable produces.^ certain change ini 
tl 3 value of the function, these two changes correspond J £o each other. We 
may then speak of either change as corresponding* to the other. 



26 MATHEMATICAL ANALYSIS [I, § 25 

7. From the result ot Ex 6, sljpw that the graph of the function there 
considered is a straight line 

8 Make an investigation similar to^that in Ex. 8 for the function y—x 2 
considered in § 22 , i e calculate the increase m y due to an increase 
in x, under & variety of conditions For examine, let x = 2 initially, and 
calculate the increases in y resulting fiom increases of 0 5, 1.0, 1 5, 2 0 m 
For each case calculate the rafio 

in crease in y • 
corresponding increase in ^ 

Is this ratio •onstant ? Is the increase in y due to an increase m x of 1 0 
the same when the initial value of x is 3 as it is when the initial value of x 
is 2 ? How is the change in the steepness of the graph related to your 
result ? 

9 A car begins to move and gradually increases its speed in such a 
way that x sec it has traveled y = x 2 ft Interpret in this new setting 
the ‘‘increase in y due to a certain increase m x,” as computed in the 
preceding exercise Show in particular that the “increase m y” is the 
distance traveled by the car duimg the interval of time represented by 
the corresponding “ increase in x,” and that the ratio 

_ij i crease my 

(^responding increase m x: - 

is the average speed of the car during t is interval Does this suggest 
a method for computing approximately the^speed of the car at a gi$en 
instant ? • 

10 A cerfiiin function y has the value 0, when the variable x is 0, and 
has the value 4, when x = 2 The graph of the Junction is a straight line 
Draw the graph and tabnlate, from the graph, the values of y when x=l, 
3, 4*5, 8 What is the algebraic relation between y and x 9 

11 The graph of a certain function is a straight line Draw this 
gr^ph, knowing that y = 0, when x = — 1, and that y = 4, when x = 3 
Discover the equation connecting y and x 

26 . Statistical Graphs. One of the most geneicmy familiar 
uses'of the graph is m connection with the representation of 
statistical data. The hgure below lepieseijfs the enrolment in 
^Dartfciouth College dunhg the years 1905-1915. The method 
*of its construction shoulcb bg clear without further ex- 
planation. 
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An essential difference betweer^this sor? of graph and those 
previously considered must, however, be noted. Strictly speak- 
ing, the graph consists only of the points forming the corners 



1905 1906 15.7 l'HXi 1WJ 191u 1911 19U 1UJ 19U 1915 Yeara 


Enrolment of Dartrnoiun College, 1905-1915 
Fig 16 

of the broken line in the figure. The date^, 1905, 1906, ••• refer 
to the beginning of the college year in September of the years 
given, and the points plotted give the enrolment ^t the begin- 
ning of each such yeai. The straight lines joining jhese points 
are drawn merely for convenience , as an aid to the eye in follow- 
ing the changes in the enrolment from year to year. The points 
of these lines between the end points have no significance . The 
range of the variable here consists of the finite number of dates, 
1905, 1906, • , 1915; and the function considered is discontin- 
uous. In . uch a graph interpolation is obviously impossible. 

Questions 

(1) During what periods did the enrolment increase ? decrease ? 

(2) What was the percentage of increase during the 11 years ? 

(3) What was the average rate of increase (in students per year) fro 
1905 to 1915? 
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(4) If the first poiift of the gjaph (1905) be joined to the last point 
(1916) by a straight line (see figure), how is the steepness of this line re- 
lated to the average rate of increase ? 


EXERCISES 

1 The maximum temperatures (m degrees Fahrenheit) at Hanover, 
J.H , on successive days from Oct 1 to Oct 16, 1914, were respectively as 

10II0W8 

69 6, 74 8, 79 7, 82 1, 78.9, 66,6, 61.4, 78.7, 82 6, 73.2, 78^, 66.8, 56 0, 
67 0, 63 5. ( 

Construct a graph representing these data by a broken line Is inter- 
polation possible ? Why ? 

2 American shipping statistics give the t^tal iron and steel tonnage 
built 111 the U.S. for the years 1900-1914 as follows 


Year 

Tonnage 

Year 

Tonnage 

Year 

Tonnage 




\ — 

, , 182,640 

1910 

250,624 

■ 

262,699 


B 

1911 


■ 

280,362 



1912 

135,881 

B 

258,219 

1908 

MglanmlrfB 

*913 

201,666 




136,923 

1914 



Draw the graph Is interpolation possible ? Why ? 

• • 

27. Summary. As has already been sufficiently indicated, 
the object of our work thus far has been to make clear the con- 
cejA of a function. To this end we have considered a variety 
o imperial functions. Confining ourselves at present to the con- 
ception of what we have had occasion to define as a sing 1 7- 
valued function of one variable y we have seen that t&e essential 
chaiactenstic of such a function may be defined as follows : 

A variable y is said to be a function of anothef variable x y ^i 
vhen a value of x is gi^en, the value of y is determined. 

A variable isju quantity which throughout a given discussion 
assumes a ntfmber of different valuer. The values which 
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variable may assume constitute Itfie range of the variable m 
question. 

The range of a variable may be limited or not according tc 
circumstances. 

We have become acquainted with three methods of repre 
senting a function : the analytic , tiie tabular , and the graphic . 

We have made a beginning in the classification of functions 
single-valued and ulkple-valued functions ; continuous and dis 
continuous functions, increasing and decreasing functions; 
functions of one vanablg and of more than one variable. 

We have had occasioif to not# some of the questions that nia^ 
arise in the consideration of a function . To determine tin 
value of the function when the value of the variable h given ; 
the converse problem, to determine the value (or values) of tin 
variable, corresponding to a given value of the function. Botl 
of these problems may mvcVe the process of .interpolation 
The maximum or minimum value of a function »(and the 
value of the variable for which this maximum or minimum 
occurs) is often of importance. Bo also is the rate at whicl 
a function changes its values. This, we have %een, is in 
timately connected with the steepness of the gritph of the 
function. 

28 . Algebra as a Tool. The methods to be used in the 
future for the study of functions and their applications gro^I 
themselves naturally under three headings corresponding bj 
the methods of representing a function : graphs , analysis 
tables . 

The first of these we have already considered. It has tin 
advantage of presenting the variation of the function vi\idh 
to the eye ; in this respect it is the superiox of either tin 
taoular or the analytic method of representation. It lacki 
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precision, however, since anjj graph drawn on a piece of paper 
is in the nature of the case an approximation 

The analytic representation by means of a formula we have 
touched only very briefly. One of its chief advantages is that 
of the utmost precision and conciseness. This very conciseness, 
lowever, tends to obscure the properties of the function. The 
tools which enable a sufficiently skilfful operator to bring out 
the hidden properties inherent in a formul%are comprised m 
what is known as mathematical analysis , of which the processes 
of elementary algebra form the foundation. 

The more important function^ have been tabulated. Such 
tables are used primarily to facilitate numeiical computations 
We shall have occasion to use tables frequently. 

The next chapter is devoted to a brief discussion of certain 
algebraip processes and of they’ relation to the graphic rep- 
resentation already discussed. 

QUESTIONS FOR REVIEW AND T^CUSSION 

1. Give examples from your own oerience of quantities that are 
functionally related In each case, state as m uiy properties of the function 
as you can (tontinuous or discontinuous, increasing or decreasing, etc ) 

2 State Anne general laws and discuss the functional relations they 

illustrate. 0 

3 Would it be desinfole to define a function as follows . y is a function 
of if y changes its value whenever the value of x changes ? Why ? 

4 Give, from your experience, concrete examples of the use of an 
arithmetic scale. Of an algebraic scale What are the distinguishing 
characteristics of these two scales ? 

• 5 Describe the three methods of representing a functiqp and discuss 
the advantages and disadvantages of each. 

6.* If the graph of a function y of x is a straight line, and the value of 
th^ function is known for x = 4 and for x = 5 (say th^e values are ^20 
and 26, respectively), hovf can the value of the function for x = 4 5 be 

calculated (not read from tke graph) ? For x = 4 2 ? For x = 5 7 ? 

c 

♦On the othei^hftnd, we can conceive, theoretically^. of a graph which iscjn- 
tirely accurate. 
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MISCELLANEOUS EXERCISES 

1. The following table gives the pressure of wind m pounds per square 
feet m terras of the velocity of the >yind in miles pei hour 


Miles pei hour 

5 

10 

15 

20 

30 

40 

50 

00 

w 

70 

80 

Lb per sq ft 

0 1 

0.5 

1 1 

> 

20 

4.4 

7 9 

12 3 

17 7 

24.1 

81 6 


Represent the function graphically > Determine approximately the 
velocity which will pioduce a pressure of JO lb. per square<eet. What 
does the increasing steepness of the curve signify ? 

2 The following table, prepared by the U S Weather Bureau, gives 
the average monthly values of relati , e humidity at the stations given 




SS 

M 

as 

◄ 

*9 

5 

s- 

< 

w 

Sr. 

j* 

a 

to 

0 

to 

E 

H 

O 

1 > 

o 

o 

H 



Ui 

S3 


S3 

T> 

•-?> 

< 


C 

fc 

Q 

New York 

75 

n 

71 

08 

72 

72 

74 

75 

76 

74 

75 

74 

Chicago . 

82 

81 

77 

72 


73 

70 

71 

70 

72 

V7 

80 

Nv.w Orleans 

79 

80 

77 

75 

73 

77 

78 

79 

77 

74 

79 

79 

San Francisco 

80 

78 

78 

78 

79 

80 

84 

86 j 

81 

79 

77 

80 


Plot on the same sheet of paper Is interpolation possible ? Why ? 

3 The following table gives the aveiage weight of men a"'! women for 
various heights 


Height 

Weight 

in Lb 

Height 

Weight in Ln 

Men 

Women 

Men 

Women 

6 ft 

128 

115 

5 8 in 

164 

00 

6 ft 2 m 

131 

125 

5 ft 10 in 

164 

160 

5 ft 4 m 

138 

135 

6 ft 

175 

170 ' 

5 ft 6 in 

145 

143 

6 ft 2 in 

188 



Represent the two sets of data on the same paper and draw any conclu- 
sions that seem reasonable Is interpolation possible ? Why 9 > 

4 The attendance at a base ball park on successive days was as follows 
1002, 1800, 1875, 1375, 1500, 2750, 3520. Represent these data by points 
in a plane Is a curve drawn through t^ese points of any significance ? 
Explain your answer 
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5 . The London Economist gives the following table showing the net 
tonnage of steamships and sailing vessels on the register of Great Britain 
and Ireland from 1$40 to 1912 


Year 

•Steamship 

Sailing 

Vessel 

Year 

# Steamship 

Sailing 

Vessel 

1840 

87,930 

2,680,330 

1909 

10,284,810 

1,301,060 

1860 

464,880 

4,204,360 

1910 

10,442,719 

1,112,944 

1880 

2,728,470 

3,851,040 

191 f 

10,717,611 ! 

980,997 

1900 

7,207,610 

2,096,4^)0 

1912 

^0,992,073 ‘ 

* 902,718 


Represent these data graphically on the same sheet of paper What 
fact does this graph vividly portray ? 

6 . The temperature drop t below 2i2° at which water will boil at differ- 
ent elevations and the elevation h in feet above sea level are connected by 
the relatf^n h = t 2 + 617 1 Construct a table of values of h for t = 0, 6, 
10, 16, 20, 26, 80, and draw the graph of h as a function of t. At what 
temperature will water boil on Pike’s Peak, 14,000 feet above sea level ? 
About hftw high is it necessary to go 5 in order that water will boil at 200° ? 


CHAPTER II 


ALGEBRAIC PRINCIPLES AND THEIR CONNECTION 
WITH GEOMETRY 


29 Numbers and Measurement. We have already had 
occasion to distinguish between two kinds of numbers 

(а) Numbers each of vhich represents a magnitude only ; 

(б) Numbers each of which represents a magnitude and one 
of two opposite senses, i.e. the so-called signed numbers. ) 

It seems desirable at this point to recall the familiar classifi- 
cation of these numbers and the way in which they ^erve to 
give the measures of magnitudes. We confine ourselves first 
to the numbers of Type (a) above. 

Integers. The Uist numbers used were the so-called whole 
numbers or integers , 

I, 2, 3, 4, 

which represent the results of counting and ahswer* the ques- 
tion : How many ? They also represent the results of measure- 
ments, when the magnitudes measured are exact multiples of 
the unit. 


The Rational Numbers. When the magnitude measure^ 
is not an exact multiple of the unit of measure, other num^ 


bers called fractions must be used. 
These numbers are intimately asso- 
ciated with tne idea of a ratio. 
Thus, in geometry, two line seg- 
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ments AB and CD are called commensurable , ! f there exists 
a third segment PQ, of which each of the other two is an 


D 


83 



& 


MATHEMATICAL ANALYSIS 


[II, § 29 


exact multiple (Fig?. 17). PQ is then called a common measure 
of AB and CD. If AB is exactly m times PQ and CD is 
exactly n times *PQ, m and n being integers, we say that the 
ratio of AJ3 to CD is m/n , and we write 

AB __ m 
&D~' n ‘ 

If CD is the unit of length, we have 

the measure of AB = — • 
n 

A number which can be written as t a fraction m which the 
numerator and denominator are both integers is called a 

rational number. 

Such lumbers suffice to represent the measure of any magni- 
tude which is commensurable with the unit of measure. 

The (Irrational Numbers. If two magnitudes have no 
common measure, they are called incomfnensurable Thus we 
know from our study of geometry that 
* the diagonal of a square (Fig. 18) is not 
comihensurable with one of its sid^s.f 
Hence, the length of the diagonal of a 
square whose side is 1 unit canno£ be 
c expressed exactly by any rational num- 
ber To aneet this deficiency the so-called 
irrational numbers , such as the V2, were 
introduced. 

It is beyond the scope of this book to treat irrational nuci- 
oers fully. But we may note that they serve to -express the 

bserve that according to this definition the rational numbers include 
me integers. The number^ ** zero ” is also classed among the rational ni^pa- 
bers ( See § 30 c 

t If AB and AC had a common measure l , such that AB — mX l and 
AC = n X l, where hn and n are irtegeis, it would follow that n 2 = 2m 2 ; but 
this relation cadnot hold ty>r any mte^eis m aL 1 n Why ? 



Fig 18 
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ratio of pairs of incommensurable magnitude and, in particular, 
to express the measure of any magnitude which is incommensur- 
able with the unit. 

Moreover, any irrational number may be represented approxi- 
mately by a rational number with an error which is as 
small as we please. Tins follows from the following con- 
siderations. 

It is important to note that the residt of any actual direct 
measurement is always a rational number. For example, in 
measuring a distance, we use a foot rule marked into fourths, 
or eighths, or thirty-seconds of an inch, or else some more 
accurate instrument divided into hundredths or thousandths of 
a unit, and we always observe how many of these divisions are 
contained m the length to be measured. The result is, tkerefoie, 
always a rational number m/n where n represents the number 
of parts into which the unit was d* voided. Any such actual meas- 
urement is, of course, an approximation. The greater the ac- 
curacy of the meas ^emerit (and this accuracy depends among 
other things on the number if divisions of the unit) the closer is 
the approximation. Since we may think of the unit as divided 
into as many divisions as we please, we may conclude that any 
magnitude can be expressed by a rational number to as high a de- 
gree of accuracy as may be desired . Thus, the length of the 
diagonal of a square whose side measures 1 m. is expre^ed 
approximately (m inches) by the toll owing rational numbers : 
1.4, 1.41, 1.414, 1.4142. These decimals are all rational .ap- 
proximations, increasing m accuracy as the number of decimal 
places increases, to the irrational number V2 

* Surds, i e . indicated roots of rational numbers, are not the only irrational 
numbers The familiar v = 3 14159 •• is an example of an irrational ndmbe 
which is not expiessible by means of any combination 5>f radicals affectin 
l itional numbers 
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30. The Number System of Arithmetic. The (unsigned) 
rational and irrational numbers, together with the number zero 
(which is counted among the rational numbers), constitute the 
number system of arithmetic. 

31. The Number System of Algebra. Corresponding to 

'any unsigned number a (except 0) # there exist two signed 
numbers -f a and — a . The magnitude represented by a 
signed number is called the absolute value of tl^e number, and 
is indicated by placing a vertical line on each side of the 
number Thus the absolute value of 5 and of — 5 is 5 j m 
symbols, | -J- 5 1 = | — 5 1 = 5. • 

The signed numbers are called rational or irrational accord- 
ing as tneir absolute values are rational or irrational The 
entire system of positive and negative, rational and irrational, 
numbers* and zero * is called the real number system and any 
number of this system is n all§d a real number. These 
numbers 5re contained m the so-called* number system of 
algebra, f 


* Note that«zero is neither positive nor negative It has no sign 

t The number systjin of algebra contains also the so-called imaginary or 
complex numbers, which will be discussed later It may be noted that the 
woids rational, irrationa#, real, imaginary, are here used in a technical 
sense The popular meanings of the terms have no significance. V‘2 is no 
more ** irrational ” {i e absurd or crazy) than the number ‘2 , and the im- 
aginary numbers are just as “ real ” in the popular use of the term as are the 
(technically) real numbers Historically, the reason for the use of these 
words is, however, connected with their customary meaning For, while the 
integers and rational numbers are of great antiquity, the irrational numbers 
were not introduced until about the fifteenth century a d , although incom- 
mensurable ratios were discussed by the ancient Greeks At that time their 
nature was not thoroughly understood, ind it was not unnatural then to 
designate them as irrational Similar remarks co$ld be made about the 
mtroc^iction of the imaginary numbers toward the end of the eighteenth 
■*entury We may add that what we now call “ negative ” numbers wer* 
the fifteenth century often referred! 1 to aj “ fictitious lumbers.” 
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32. Geometric Representation Coordinates on a Line. 

It follows from § 29 that the rational and irrational numbers 
are just sufficient to express the length of any line segment. 
Every segment on ^ line having one extremity ^it a given 
point or origin O can be represented by such a number; 
and every such number will determine a definite one of tliese^ 
segments, the unit of nffeasure having been previously chosen. 

This leads at^onae to the idea of an arithmetic scale } if we 
confine ourselves to the numbers of arithmetic, and to the idea 
of an algebraic scale , if we choose one of the directions on the 
line to be positive, alid use,, the real numbers of algebra to 
represent the (now) directed segments. In the future we shall 
generally confine our discussion to the algebraic nase. No 
confusion need arise from regarding an arithmetic scale as the 
positive half of an algebraic scale, nor from regarding the 
numbers of arithmetic as equivalent to the positive numbers 
(and zero) of the real number systen 

It is often convenient to regard the number x which origi- 
nally represented the length and the direction from 0 to a 
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point P of the line as representing the point P itself, in which 
case we call x the coordinate of P (Fig. 19). When we have 
chosen a point 0 as origin, selected a unit of length, and 
specified which of the two directions on the line is positive^we 
say that have established a system of coordinates on #ie 
line. When this has been done, every point P of the line is 
represented by a number, and every real number represents a 
definite point of the line. 

* For this reason we shall often omit the -f sign in writing a positive 
number , eg write simply 5 for -f J|. "Hie context will always tell whether 
the number in question is signed or n^t. J 
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33. Coordinates in a Plane. We may now give the precise 
mathematical foimulation of the process already used (in con- 
nection with the construction of the graphs of functions) for 
“ plotting ” points in a plane. The essential features of this 
process are as follows (Fig. 20). We locate arbitrarily in the 
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plane two aigebmc scales, a horizontal one called the x-axis 7 
and a vertical one called the y-axis. These two scales, called 
the axes of reference , intersect m the zero point of each scale ; 
this*point is called the origin c The position of any point P m 
the plane is then completely determined if its distance and 
direction from each of these axes is known. The units on the 
two scales are arbitrary ; they may or may not be! equal to 
each other. The distance from either axis must, however, be 
measured in terms of the unit of the other axis, iJe of the axis 
parallel to which the measurement takes place. Thus, in Fig. 
20, where the mrts on the axes are different, the point P x is 
determined by the distance x =3 units -from the y-axis (meas* 
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ured m terms of the aMimt) and tfce distance y = 2 units from 
the ir-axis (measured in terms of the y-umt). Similarly, the 
points P 2 , A, A are determined respectively by the directed 
segments OM 2 and M*P 2y OM s and M 3 P S7 QM± and tM a P k ; the 
numbers representing these directed segments are 
numbers , so that the number gives both the magnitude and the 
direction of the segment. In such a system of rectangular 
coordinates m a p 1 an o, unless specifically agreed on otherwise, 
the positive direction on the &-axis is always to the right; on 
the y-axis, always upward. 

We see, then, that e^ery p'unt in the plane is determined 
uniquely by a pair of numbers, and, conversely, that every 
pair of (real) numbers determines uniquely a point in the 
plane. The two numbers thus associated with any point m 
the plane are called the coordinates of the point ; the jiumber 
x (giving the distance and direction from the?/-axis) is called the 
x-coordinate or the abscissa of the point, the number y (giving 
the distance and direction from the a>axis) is called the 
y-roordinate or the ordinate of the point. Any point P in 
the plane may then be represented by a symbol ( x , y) y where the 
abscissa of P is written first in the symbol and the ordinate of 
P is written last. Thus we may write (Fig. 20) A = (3, 2) 
A = (- 1, 4), A = (- V2, - 3J), A = (?, ?). 

The two axes divide the plai e into four regions called 
quadrants , numbered as in the figure. The quadrant in wh^;h 
a point lies is completely determined by the signs of th? 
coordinates of the point. Thus, the first quadrant is charac- 
terized by coordinates (-{-, -h), the second quadrant by 
( -, -f), the third by (— , — ), and the fourth by (-f , — ). 

34. Relations between Numbers. If two numbers a and 
b represent two points A and B respectively on an algebraic 
scale, we say that a m less than b (in symbols, a < b) 7 if a is to 
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the left of by the scale being horizontal and the positive 
direction being to the right.* The following obvious relations 
are fundamental : 

(1) If by then either a < by or b <&. 

(2) If a < b and 6<c, then a<c. 

EXERCISES* 

1. Is the date 1916 a signed number ? (Dyes it reprefbnt simply a 
duration of Vme or does it represent a time after some arbitrary fixed 
time ?) Would it be proper to represent the year 60 a d. by + 50 and 
the year 60 n.c by — 60 ? 

2 When we designate the time of day as * two o’clock,” is “ two” a 
signed number ? 

S. Ar^ the (unsigned) integers used for any other purposes than to 
express the result of counting or measuring ? ( House numbers, catalog 
numbers, . ) 

4. State some theorems of geoyietry concerning ratios. 

5. Find a rational approximation ol \/8 accurate to within 0 001. # 

ft. Why is any actual measurement necessarily an approximation ? 

7. Why is it incorrect to define a rational number as one “ which does 
not contain radicals ? ” 

8 Why should irrational numbers be used at all, if it is possibll to 
represent an f such number by a rational number to as high a degree of 
approximation as m!ty be desired ? 

ft. Explain from the definition of ratio why $ in and $ in represent 
the same magnitude. Why m/n in. and pm/pn in represent the same 
ma^utude 

10 . Two segments measure { in. and $ in., respectively Show that 
thr ratio of the first to the second according to the definition is -fo, (Ob- 
serve that J in. is a common measure of the two segments.) 

11 . Two segments measure m/n and p/q in. respectively! Prove that 
the xatio of the first to the second is mq/np. (Find a common measure 
of the two segments.) 

12 . Given that |a|<jh|, can we conclude that a<b ? Why? 
Given that | a | > | b |, can we conclude that a > b ? Why ? 

* Likewise, a lp*greater than b vin symbols, a > M, if A is to the righlof 
B. Obviously, if a < 6, then b > a 
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13 Which is the greater, — S or — ^ ? — 3 l # or — w ? v 

14. Locate on a hue the points whose coordinates are 2, — J, }, — 2, 
6. What is the distance between the last two ? What signed number 
represents the directed segment from the point 4* 5 to the point — 2 ? 

15. Locate in a plane the points (2, 3), ( — 2, 3), (2, — 8)t (-2,-3), 
referred to a system of rectangular coordinates, the units on the two axes 
being equal 

16. If the abscissa of a point is positive and its ordinate is negative, 
in what quudrant is the point? If abscissa and ordinate are both 
negative ? 

17 If the abscissa of a point in a plane is -f 2, where is the point ? 
If the ordinate is zero ? What characterizes the coordinates of a point 
on the y-axis ? On the ar-a^is ? What are the coordinates of the origin ? 

18 The units on the two scales being equal, what is the distance of 
the point (3, 4) from the origin ? Of the point ( — 1, 7) ? O^ the point 
(2, — 1) ? Of the point (a, b ) ? 

36. The Fundamental Operations. We shall now, take up 
brefly the fundamental operations of addition, multiplication, 
subtraction, and division, and develop certain geometric inter- 
pretations and applications connected with these operations, 
which are of importance in what follows. 

Addition. We note first that the operation of addition for 
signed numbers has an essentially different meaning from that 
for unsigned numbers The addition of two unsigned numbers 
expresses simply the addition of magnitudes. Thus, any two 
magnitudes may be represented geometrically by the lengths 
of two line segments. The segment, whose length represents 
their sum, is obtained by simply placing the segments end tp 
end to form a single segment. (Compare the process of graphic 
addition described in Ex. 3, p. 7.) 

A signed number, on the other hand represents a direction 
as well as a magnitude ; it is represented geometrically oy a 
directed segment. Consider two signed numbers a and 6. 
Tney will be represented by two directed segments whose 
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lengths are | a\ and | b |, respectively, and whose directions are the 
same or opposite according as the numbers have the same or 
opposite signs. Figure 21 represents the four possible cases. 

The sum a + b is represented by a directed segment which 
expresses the net result of mooing m the direction represented 



Fig 21 

by a through a distance equal to | a |, and then moving m the 
direction of b through a distance equal to [ b |. The segment 
representing a + b is the segment from the initial point of 
these motions to the terminal pcuit. (See Fig. 21.) 

The difference in the meaning of addition in the case of unsigned and 
signed numbers is cleaily brought out 1/ considering a simple concrete 
example Suppose you walk to a place five lades distant and back again . 
The total distance you have walked is 5 + 5 = 10 miles These are un- 
signed numb&’s Ofc the other hand, if you represent the trip out by + 6 
and the trip back by — 5, which is entuely proper, the sum ( -h 5) -j- ( — 5), 
which is equal to 0, does not represent the distance walked at all, but does 
rep^sent the net result of your walk measured from your starting point 
The total distance walked is rep. 3sented by | + 5 1 + | — 6 1. 

<It should be noted that the absolute value of the sum of 
two numbers is not , in general, equal to the sujn of thefr 
absolute values. In fact all we can say m general on this 
point is that 

(1) \a + b\<,\a\ + \b\. 

The equality siga holds only when a and b have the same sign. 
The symbol < is read is equal to or less than ” 
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The geometric interpretations oi. the algebraic scale of add- 
ing a number x to all the numbers of the scale consists of 
sliding the whole scale to the right or left, according as x is 
positive or negative, through a distance equal to | x\. • Figure 22 
illustrates this operation for the value x = — 2. 

Every number in the upper scale is the result of adding — 2 


— I 1 1 1 1 1 1 1 1 5+ 

-7 -0 -5 -4 -3 -2 -1 0 + 2 + 2 *3 

— , , 1 1 1 1 1 1 i 1 h 

-4 -3 -1 0 + 2 +2 + 3 +4 

Fig 22 


to the number below it in the lower scale Two important 
consequences folloysr from this interpretation . 

(1) If a < b and x is any (real) number , then a -f x < b + x. 

\2) If a point P whose coordinate on a line is x is moved on 
the line through a d^tance and tn a direction given by the number 
h, the coordinate x ' of its nev' position is given by the relation 

(2) x' = jc + ft. 

An immediate consequence of the meaning of^addition m 
the case of directed egments is as follows. If A , jB, C are 
any three points on a line, then 

(3) AB + BC = AC. 

This relation holds no matter what the order of the poin^ 
on the line may be. In fact it is obvious that to move on a 
line from A to B and then to move from B to C is equivalent to 
moving directly from A to (7, no matter how the points are 
situated on the line. As a special case of this relation we 
have 

AB 4- BA = 0. «ir A 7? =u — « /a 
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Multiplication! The jyoduct ab of two signed numbers 
a and b is defined as follows . 

(1) | a6 1 = | ct J * 1 6 j. 

(2) Th% sign of ab is positive or negative according as the 
signs of a and b are the same or opposite. 

The statement (2) involve* the familiar law of signs : 

(+)(+)=(+), (+)(-)=(-)(+)=(-), (-^(-)=(+). 

Geometfically, multiplication by a positive number x is 
equivalent to a uniform expansion or contraction of the scale 
away from or toward the origin in the ratio |a?| • 1, according 
as | a? | is greater than or less than 1. 

This statement will become clear on inspection of the follow- 
ing figure (Fig. 23) which gives the construction for the multi- 


Fio 23 

plication or every number on the scale by x. In the first figure 
x has been taken eq^al to + 2, m the second equal to + 

The geometric interpretation of multiplication by a negative 
numbei x consists of a similar expansion or contraction m the 
ratio | x | : 1 combined with a rotation of the whole scale about 
tfie origin through an angle of 180°. For such a rotatien 
wiir change each positive number into the corresponding nega- 
tive number, and vice versa, which the law of signs requires. 
Here again we may t note two consequences of importance :• 
Is* If a < b and x is um/ (real) number , ax is less than, equal 
to, or greater thfn bx, according as x is positive , zero, or negative. 
2. If a scate is uniformly stretched (or contracted), the origin 
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remaining fixed , in such a way that Xhe point l moves to the point 
whose coordinate is a, then the point whose coordinate is x will 
move to the point whose coordinate is 
(4) x' = ax. 

Subtraction. To subtract a iiumber h from a number a 
means to find a number ;osuoh that x -f- b = a. We then write 
x = a — 6. 


Such a number # can always be iound. Representing a and 
b by directed segments having the same initial point, the 


meaning of addition telih us at once that 
the segment from the terminal point ot 
b to the terminal point of a represents 
the number x sought. (See Fig. 24.) 



Fig ii 


This shows, moreover, that to subtract a number b is equivalent 


to adding the number — b.* 

Division. To divide a number a by a number b means to 
find a number x such that bx = a. We then write x = a/b. 

It is always possible to fi^d such a number x , except when the 
divisor b is zero For we need merely reverse the construction 



Fig 25 


given for multiplication^(Fig. 23) as 
indicated m Fig. 25, first drawing 
the line joining b on the original 
scale to the point a on the multi- 
plied scale and locating the required 
point x on the multiplied scale by 


a line through 1 on the original scale, parallel to the line ab. 


In particular, we can always find a number x such } that 


* It may be of interest to recall nere tbe fact that historically the negative 
numbers were introduce m order to make the operation of subtraction 
always possible (i e even in the case when the subtrahend is greater than 
the minuend) But from what has just been said it appears that the device 
a ’opted for rendering t u e operation of subtraction more useful and convenient 
had the additional effect of making this operation unnecessary 
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bx = 1, ifb =£ 0. This number 1/b is called the reciprocal of b. 
Hence, to divide by b (&=£ 0) is equivalent to multiplying by 1/b . 

The Case 6 = 0 . This case demands careful attention. Since 
0 . x = 0 f<rr every number x , it follows that the i elation 0 • x = a 
cannot be satisfied by any value of x, unless a is also 0 , and will 
be satisfied by every value of x, if a is 0 Hence, by the definition 
of division, the indicated quotient 



has no meaning whatever when a =£ 0, and no definite mean- 
ing even when a = 0. Hence, we conclude that division by 
zero, being either impossible or useless , is excluded from the 
legitimate operations of arithmetic and algebra. 

36. The Function a/x. Thfc Symbol oo Whereas we have 
just seefi that division by zero is not a legitimate operation, it 
is highly important for us to note what happens to the fraction 
a/x when x assumes values approaching nearer and nearer to 
zero; as long as x does not equal sero, the indicated division 
is possible. We wish then to consider the function a/x — y for 
values of x jiear 0. A table of corresponding values of x and y 
is as follows . 


* 

4 

a 

2 

1 

i 


-4 

-3 1 

-2 -1 

-*l 

-i 

c X 

\a 


la 

a 

2 a 

4 a 

-\a 

-i a 

— 1 a — a 

-I 

- 4 a 

X. 


Plotting the pomts ( x , a/x ) with reference to two Rectangular 
axe£ we obtain Fig. 26, where we have assumed a to be posi- 
tive and have chosen the unit on the a^axis to &e a times the 
unit on the y- axis. 

An inspection of the table and the graph shows us that a^a? 
decreases in absolute value, a / x increases m absolute value; 
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more precisely, by choosing x sufficiently* small in absolute 
value , a/x can be made as large in absolute value as we please . 

Further, when x = 0 the expression a/x has no meaning. 
We say the function is not defined for the value x =^0 ; or, the 
range of the variable of this function does not include the value 
x =s 0. 



Fig 2t> 


The sentence expressed in black-faced italics above is some- 
times written in a species of shorthand . 



This looks like an equality involving a division by 0. jmi,, 
it does not vean any such thing. The expression a/0 as indi- 
cating a division by 0 has already been pronounced illegiti- 
mate. For this very reason we are at liberty to use the 
symbol to mean something else without danger of confus*on. 
We accordingly use it as a short way of expressing the values 
of die variable a/x as x i*, supposed to approach 0. Similarly, 
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the symbol oo, read “ infinity,” does not represent a number at 
all, but a variable which increases without limit. The above 
equality is, therefore, an equality between variables, and is 
simply a r short way of writing the phrase “ as the denomina- 
tor of a fraction, whose numerator is constant and different 
from zero, approaches zero, the value of the fraction increases 
without limit m absolute value.” Lnder these circumstances, 
we also say “ the fraction becomes infinite ” *The phrase 
“ equals infinity,” which is sometimes heard, is very mislead- 
ing and its use should be strictly avoided. 

Returning to our table an^ grappa, we note also that by 
assigning to x a value sufficiently large in absolute value , the 
value oj^a/x can be made in absolute value as small as we please y 
but not zero. The shorthand expression of this fact is 


or “as J;he denominator becomes infinite the fraction ap- 
proaches 0.” 

37. The Directed Segment PiP 2 * As an application of f the 
foregoing principles we will now derive a formula which will 
often be xAed in the future. Let P x and P 2 be any two points 
t on an algebraic scale, and let their 

~ x — ~ — *1 coordinates be Xi and a^, respectively. 

Fio ^ We desire to find the number repre- 

senting the directed segment P X P 2 
in direction and magnitude. By definition x x = OP X) a^ = dP 2 
(Fig. 27). Now, by § 35, Eq. 3, we have 

P 1 P 2 = PiO -f- OP 2 = - OP x + OP 2 

= -x 1 + x 2i 

or, Anally, 

P 1 P 2 ==x 2 -Xi. 

Thus, if = 2 a^d x 2 = 5 x% — 3, and we conclude 
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that the length of the segment P X P 2 18 3« units and that its 
direction is positive (i.e. from left to right in the ordinary 
setting). On the other hand, if x x = 3 and x 2 = — 4, we have 
x 2 — x x = — 7, and we conclude that the length of the segment 
is 7 and its direction is negative (i.e. P 2 is to the left of P x ). 

38 . Concrete Illustrat J on of the Law of Signs. The law of 

signs, as indeed many of the fundamental laws of algebra, is essentially 
a definition , arbitrary from a logical point of view and dictated largely 
on the grounds of convenience The following concrete example will 
show how m one instance the conventions adopted in the law of signs 
for multiplication correspond to the concrete facts to be described. 

If a tram moves at a constant Speed of v miles per hour, then in t 
hours it will travel a distance s = vt miles. Here v , £, 8 are unsigned num- 
bers. Now, let us change the formulation somewhat, so as to introduce 
the direction. At a given instant let the tram be at a certain station 0; 
let us count time from this instant ( 4 = 0) so that any positive t desig- 
nates an instant a certain number of hours after the install t = 0, 
and a negative t designates an instant a certain number of hours before 
t — 0. Further, let the position o'* the train be determined by the signed 
number 8 representing the distance and the fH 

direction of the tram fiom 0, 8 being positive j. * » 

if t^e tram is to the right of 0 (Fig 28) 

Finally, let the speed and the direction in p IG ^ 

which the train is moving be given by the 

signed number v, v being positive if the train is moving to the right 
(i? = — 30, for example, w uld mean that the tram is moving to the left 
at the rate of 30 miles per hour) 

Now consider the four cases (1)1? and t both positive , (2) v positive 
and t negative ; (3) v negative and t positive , (4) v and t both negative 
Verify that the law of signs in the relation 8 = vt gives the sign to s 
fo* which the actual position of the train in each case calls [For 
example (1 If v and t are both positive, 8 = vt will be positive, 
which is as it should be. For if the train is moving to the right , tjien 
a certain numbe r of hours after t = 0, when the train was at 8 = 0, it 
wnl be a certain number of miles to the right o' O (2) If v is positive 
and t negative, 8 = vt is negative. This als^ is correct For a Jrain 
moving to the right and arriving at O when t = 0, wrs to the left of O 
at .My time before t =■ E*c ] 
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EXERCISES 


1. Under what conditions is | a + b | = | a | 4- | b | ? 

2. Prove that if A , I?, C, D , ,*L, are any points on a line (m 

any order ) f then AJ3 -f i?C + CD -f • + Zilf = Ai¥ 


3 Graphic Addition. Given the directed segments, a, h, c, d, e on 
parallel lines (or on the same lirfe), their sum a + H c+d-f « may be 
found graphically as follows On the straight edge of a piece of paper 
mark a point O ; lay the strip along the segment a, the p^nt 0 coincid- 
ing with the initial 'pon t of a , mark the ter- 
minal point of a on the paper. Then slide the 
paper parallel to itself so as to make it he 
along b and bring the mark just made into 
coincide xe with the initial point of b , mark 
the eud-point of b Then proceed similarly 
for the segments c, d, e. The directed seg- 
ment from 0 to the final mark will then represent the sum sought Why ? 



4 . Draw directed segments representing the numbers — 3 , + 5 , +2, 
— 6, and find their sum graph icaPy 

5 Show how to construct a drecied segment representing the prod- 
uct of the numbeis represented by segments a and b 

[Hint Use the adjoined figure to determine the 
magnitude of the product , then detei.nme the direc- 
tion Observe that for the construction of a product 
we need to know the length of the unit segment, which 
was not nectssary vor a sum ] 

6. Show how to construct a segment repressing a/b 

7. Determine the numbers representing the directed segments from 
the first point of each of the following pairs of points to the second . + 8 
and + 6, -f 8 and -6,-2 and — 4, — J and + f, + 1.4 and — 21,—$ 
and — J, 4* V* an< ^ + 3 14. 

8. By computing the numbers representing the segments, verify tSie 
relation AB 4* BC = AC, when the coordinates of A, B , L/ are, respec- 
tively . 

00 2,3,4, (b) 2, -3,4, (c) - 2, 3, - 4 , (d) -2, -3,4. 

9V Find the coordinate of the mid-point of the segment joining the 
points whose coordinates on a line are 4 and 8,-3 and 5,-2 and 
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39. Insight and Technique. Most of our activities involve 
two more or less distinct aspects insight and technique. On 
the one hand, we need to understand the nature of the thing 
we are trying to do, on the other we need skill m 9 doing it. 
Theory and practice, planning and carrying out the plans, etc., 
are other ways of pointing the sanle distinction. 

In your previous study of arithmetic and algebra the major 
emphasis w<ts on the side of technique. You learned at that 
time how to carry out certain manipulations with nunlbers ; and 
you gained more or less skill m using the processes. In the 
present course, the emphasis is to be placed on the side of in- 
sight, understanding, appreciation , the technique of algebra is 
to be used merely as a tool, not as an end m itself.* 

40. Definitions We propose now to recall very briefly a 
few of the more important conceptions and processes of 
algebraic technique. We shall begin with the definitions of a 
few terms. 

When two or more numbers are added to form a sum, each 
of the numbers is called a term of the sum. 

When two or more numbers are multiplied to form a product 
each of the numbers is called a factor of the product. 

Any combination o* figures, letters, 'Mid other symbols, 
which represents a number , is called an expression . If the 
equality sign (=) is placed between two expressions, the result 
is called an equality , and the two expressions are called tH 
members or the sides of the equality. 

An equal ty states that the two expressions represent the 
same number. f 

♦However, we must m .intain a certain amount of proficiency in the u<fe of 
algebraic processes Hence “ drill exercises ” will not be wholly lacking in 
what follows * 

, Such a statement may or i iay not bi a true statement See § 47 
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Thus, suppose a,'b, c, d, p* %, y represent numbers. Then 
a — bx - 1-7 cdy = a (12 y 2 — p) 

is an equality. The left-hand nfember is a sum of three terms ; 
the right?nand member consists of onfy one term, which is 
a product of two factors T^e second term of the left-hand side 
is a product of two factors, while the^econd factor of the right- 
hand side is a sum of two terms. 

41 . General Laws of Addition and Multiplication. The 

following general laws we take for granted 

I. Concerning Addition 

1. Any two numbers may be added and their sum is a definite 
number, i 

2. The terms of any sum may be rearranged and grouped in 
any wag without changing the sum. 

Thus, if a, b y c, p , q represent any numbers whatever, we 
have, for example, a 4- (b + c -t- p, 4- q = (b 4- q) 4- (c + a) 4- p. 

II. Concerning Multiplication 

1. Any two numbers may be miuuplied arid their product is a 
definite number . 

2. The fiictorS'Of any product may be rearranged and grouped 
in any way without changing the pi'oduct. 

Thus, if a, b y c, x y y represent any numbers whatever, we 
ha$e, for example, (a6c) («#?/)= a 2 bcxy = (yx)(cba 2 ). 

III. The Distributive Law . To multiply any sum by any 
niimber m, we may multiply each term of the sum by m and add 
\he resulting products . 

Thus, (a 4- b 4- cd 4- ••• -i- x)m = am -f- bm 4- cdm 4- ••• 4- %m. 

TV. The Law of Factoring • If every tern* of a sum con- 
tain ' the same number m as a factor , the sum contains m as a 
Victor. 

Thus am +bm 4* cdm -f ••• f xm =• m (e* 5 4* b 4- cd 4- ••• 4-'^). 



8 *o\ 


ALGEBRAIC PRINCIPLES 


oo 


Observe that IV is obtained from III by simply interchang- 
ing the sides of the equality. 

42. Raising to Powers. Integral Exponents. We recall 
also at this point the meaning and use of integral Exponents. 
The symbol x n , where x represents any number and n is any 
positive integer, is an abbreviation for the product of n factors 
each equal to x , i.e. 

x n = x • x • x ••• to n factors. 


From this definition and Principle II (§ 41) it follows at 
once that 

x m x n = (x • x • x ••• to m factors) (x • x • x ••• to n factors) 

= x • x • x ••• to m 4* .1 factors, 

and therefore 

Va x w x» = 

Similarly 

Vttl 

V6 — = x mn , if m > n, 

x“ 


and 

Also 

and therefore 
VI 
Also 
Vila 

VII6 


1 

— = , if n > m. 

jfn x n ~ m 

(x m ) n — x m • x m • x m ••• t3 n fa^uuio 

— - /j»m+m+m+ to n term*, 


(x m ) n = x mrt . 


(afc) n = 



a" 


43. Axioms. Closely connected with Prmciples I, 1 and 
II, 1 are the familiar axioms 

VIII a If a = 6 and c =• d, dien a 4- e = 6 + d. 

VIII b If a = b and l — d, the i ac = bd. 
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EtERCISES 

1 Distinguish between insight and technique m the various professions 
(surgery, dentistry, engineering, etc.} 

2 Complete the following propositions 

(а) The sum of any two integers is • • 

(б) The product of any two integers is 

3 What is the familiar expression in wA*ds for Principle VIII ? 

4 Find the results of the following ind icated operations • 


(1) x^x™ 

(6) x 14 - x«. 

(11) (at> 2 ) 6 

(2) aW 

(7) a 8 - a 10 

(12) (-oV) 

(8) b n b 2 . 

n 2n 

(S) n 
a n 

(13) (-<)* 

(4) y^y 8 *. 

(0) (6«)» 

(14) (r"s") n 

(6) £ n ttr 2 

(10) (c*)» 

(16) (-*»)• 


5 Multiply x-° + x°y b + y % by x la — x a y h + y 2h 

6 Divide x 6 " -|- y 6 " by x n -f y n 1 

7 Perform the following operations 

(1) 2 6 • 2 4 = (2) 2 G 4 4 = (8) 3 2 2» = (4) 7 lB - 7“ = 

44. Discussion of Principles. In the preceding article 
Principles Y-VII were derived Lam I and II, while IV is a 
consequence of III. We might now ask “ How do we know 

that Principles I. II, and III are true for all numbeis ° ” 

On these three principles the whole subject ot algebraic 
technique rests. They are so simple that they may appear at 
firffc sight to be trivial. As a matter of fact their truth is by 
no means obvious; our unquestioned belief m them b the re- 
sult of experience m using numbers. Were we to attempt a 
general proof, we should find it a long and difficult process 
wh^ch is out of place in an introductory course. Hence we 
simply take them for granted. 

AiMttle reflection will shew that these principles are not obvious Take 
for example the fact implied by Principle II, 2 a tunes b is equal to b 
times a ; and let us suppose that a and b are positive integers N<**v, 
2x3 means 3 + 3 and 3x2 means 2 + 2 + 2. By addition we observe 
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that the result is in both cases 0 But that simpiy verifies the general 
law when a = 2 and 6 = 3 We can thus verify the law in question for 
any two special integral values of a and 6. Not only would this be ex- 
tremely laborious for large values , it would still be only a verification (or 
a special case ; it would net be a general proof. Moreover, w^ have con- 
fined ourselves to the simplest of all numbers, the positive integers , while 
II, 2 asserts among other things that ab = 6a, no matter what numbers 
a and 6 represent (rational or irrational, real or imaginaiy). As has been 
indicated m the preceding paragraph, we are not concerned in this course 
with proving these pr nciples. Of great interest to us, however, are the 
relations existing between numbers and geometry Accordingly we have 
suggested in the exercises below some geometrical interpretations of these 
principles which furnish intuitive proofs of certain lestncted cases 

EXERCISES 

1 An intuitive proof that ab = 6a, in case a and 6 are pos»\ive inte- 
gers Let the integer a be represented by a group of a equal squares 
placed side by side so as to form a row (see the figure, where a = 8). 



The product 6 • a is then represented by th e number of squares in 6 such 
rows Show that, if these rows be placed under each other (as in the 
figure, where 6 = 0), it is seen that the total number of squares is also' 
equal to the number of squares in a columns each containing 6 squares. > 
Observe that while the figure is drawn for special values of a and 6, the 
argument is general. 

%. From a consideration of the adjacent figure 
give an intuitive proof that 6 (3 . 4) = 3 (b • 4) 

Then by using the fact that ab = ba show 'that 
(3 4) -5 = 3 (4*6) Can this argument be made 
general to show (a • 6) • c = a (6 c), when a, 6, c are positive integers ? 


4 

4 

A. 

4 

4 

4 

4 

4 

£ 

\L 

4 

7 J 

£ 

0 

£ 
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3 From the adjacent figure, ^how how to use the idea of a rectangu- 
lar pile of blocks to prove that (a b) • c = a (b • c) when a, 6, c are 
positive integers 


■Mi! 

■■■■ISM 


4 Assuming that the area of a rectangle is equal to the product of its 
base by its altitude, show that ab = ba , when a, b are any positive real 
numbers 

5 By considering the adjacent figure, interpret 
1 geometrically the relation (a + b)c ~ ac + be 

o b 

6. I- terpret geometrically the equalities 

(а) (a 4- by = a 2 + 2 + 

(б) (a -f 6)(c 4- d) = ac + be -f ad 4- bd 



a 


7 . Derive the equalities in Ex 0 from Principles I-V. 

[For 0 (6), we first consider c 4- d as a single number. Ill then gives 
(o 4- 6)(c 4* d) = a(c 4* d) 4- b (c 4- d) Applying II and f l to each of 
the terms of the right-hand member of this equality, we get the desired 
result ] 

8 Show in detail how the carrying out of the product (ax+b)(cx-fd) 
Involves Principles I-V 

9 Show how Jiese principles apply m the addition of 2 x 2 4- 7, 3 x + 2. 
and 4x* 4- x 4- 8 
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45. Review of Algebraic Techjiique. We propose now to 
take up a few of the most elementary portions of the tech- 
nique of algebra. These are .all that will be needed in the 
immediate future. Other topics relating to technique will 
be recalled when they are needed. 

The technique of algebra is cdhcerned altogether with the 
transforming of expressions into other equivalent expressions 
which serve better the purpose in hand. The principal pro- 
cesses used are the following . 

(a) Performing indicated operations and collecting terms For ex- 
ample, collect the terms m x y, and z in the following 

2x + 7y-3* + y--4x--8y + 5* + 3x 
The result is x -f 2 z. This involves Principles I and IV 

Perform the indicated operation and collect terms in 

(x 2 -Sx+ l)(x — 2). 

The result is x H — 6 x 2 -f 10 x — 8 "'lus involves Principles I- f 

( b ) The use of special produces The following equalities should be 
memorized 

(1) (a -f- 6) (a — b) = a 2 — b 2 . 

(2) (a + 6) 2 = o 2 + 2ab+b 2 . 

(3) (a-b) 2 = a 2 -2ab + b 2 . 

(4) (x + a)(x + b)= x 2 + (a + b) x + ab 

(c) Factoring The following cases may be specially mentioned . 

i The difference of two squares Use special product (1). Thus 

49 x°- ly 2 x* + 2y){l x* -2y). 

li Trinomials of the form x 2 4- px -f r 

Try to find two numbers whose sum isp and whose product is q s in 
accordance with special product (4). Thus to factor 

x 2 — 6 x — 27 

we notice that 3 and — 9 are two numbers which satisfy the requirements. 
Hence, 

x 2 ~ ox - 27 = (x + 3)(x - 9). 

Again, to factor r 2 — 10 x -f 25, we notice that — 5 and — 6 are two 
numbers satisfying the required conditions. Hence 

x 2 — 10 + 2C = (x — 5) (x — 5) ■= (x-5, 2 . 
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EXERCISES 

1. Perform the following operations 


(а) (x-4)(2x + 3). 

(б) (x 4 a)(x + b)(x + c) 

(c) (x + M 2 -* 2 - 


2 Factor 

(a) ac 4 — 16. 

(b) (2a-&) 2 -9(x-l) 2 

(c) ax — 5x + ay —by 
(<*) x 4 — 3 x 2 + 9. 

3 . Factor 

(a) 4 a 2 — 5a 4- 1 

(5) a 2 4 2a5 + & 2 _z2 

((?) a 9 — 64 a 8 — a 6 *f 04 

(d) 1 V x 2 -f x 4 


(d) (m 4- n) n — (m — n)m. 

(e) (a + b)*-(a-b) 2 
(/) (a 4 6) 8 - (a -6) 8 


(e) 2 + 6x45. 

(/) P 2 -4p~ 21 
(flO * 2 ~0 + y)t + xy 
(h) 25 x 4 + 10 X 8 + x 2 . 


(?) x 8 — 3 x 2 + 2 x 
(/; 2 + 7 x — 15 x 2 
( 0 ) x 8 4 1. 

(ft) xV - 17 x 2 y - 110 


46, Operations with Fractions. These depend chiefly on 
the simple principle that the numerator and the denominator 
of a fraction may be multiplie i by the same numbei (not zero) 
without changing the value of the fraction, and the reverse of 
this principle, viz. that any common factor (not zero) of the 
numerator and the denominator of a fraction may be rennfved 
without changing the value of the fraction. 

By means of this rule any two or more fractions can be re- 
duced to the same denominator. The rules for adding and 
multiplying fractional expressions are stated symbolically as 
follows : 

a . c ___ a 4* c 
b^b~ b 
a c_ac 
b d bd' 


a ___ na 
b nb 


(n *-0) 


♦This principle is a direct consequence of the definition of division Can 
you explain it? 
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a c ad + be • 
b + d = ' bd 


a d ad 


c be 


— a — l 


The following exercises will furnish applications of these 
principles 

EXERCISES 


1 Express as a single fraction 

(a) rfh + FTi + rb 

(&) - + - + - 

x y z x + y + z 

(,) i+i+i. 

st tr rs 


(d) — - 

' c 2 y a 2 z b‘ 2 x 

(e) (5 + 2)fli-2V 

\n v/\m uj 


Simplify the following expressions, assuming that no canceled factors 
have the value zero. 

2 4 4 a a 2 

x — a (x — g ) 2 (x — g ) 8 

o a — c b + c . a -f- 6 


(a — 6)(c — 6) (a — c)(a— b) (& — c)(c— g) 


g — 6 a -f b 
a + b a — b 


{6 2 -g 2 }. 


2 g * 

(a-b){c-b)$ 
Ans 4 gfc. 


5 ^ V K . g 2 4- a b -f b 2 
a s —b 8 x 2 4- 2/ 2 


6 s ^g 6 

a 6 6 s 
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7 . 


8 . 


9. 


10 . 


x 2 — 2 xy , x 2 -j 


xy + 4 j/ 2 « 2 -f 4 xy 


/ a ft 

e 2\ 

/ 

1 \ 

\bc ac 

qft q/ 

(i-_ 


i 


\ a 

4* ft 4- C/ 

[a? — 6 J \ 

ia»+6V 

/q 2 + ft 2 

l b 

•Hi 

a 

a 2 + 6 2 

a s -6« 



q 2 — ft 2 

q 2 -f ft 2 



q -f*ft 

q — ft 



q — ft 

q 4- ft 




-+1M M- 

^ 2^-*/ * + W 




19. 


18 . 


14 . 


h + - 

I « 


c 2 


4” ft (q 4" ft) 2 


1 - 


c 2 


(q 4- ft) 2 ; 




(q + ft) 8 


(q + q) 8 


- + y;4-- 
a b c 

c . a , ft 

- + 7 + ~ 

a b c 


a 8 4- ft 3 / x . ft \ q 8 — ft 8 
a 2 + aft 4- ft 2 \ q — ft / q 2 — qft 4- 


qft + ft 2 


A ns. 


x 2 

y(x + 2 y) 


Ans q. 


Ans 1 


* a+ ^74 {x!,+t '’ } 

x , y 

x + y x — y 


Ans x 4 — x*y 2 4- y 4 . 


16 If q, ft, and x are positive, which is the greater, 

2 or («+ . * >, 

b (6 + x) 

Distinguish two cases a > ft, q < ft. 

17 . If qd < eft, then is it true for all values of the letters involved that 
a/b < c/d ? W^? 
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47. Identities and Equations, j We must recall here a vital 
distinction between two kinds of equalities. An equality 
which is true for all values of the letters (or other symbols) 
involved, for which both members of the equality hare a mean- 
ing, is called an unconditional equality or an identity. An 
equality which may be true for certain values of the letters 
involved, but is not true for all, is called a conditional equality 
or an equation. Tor example, the equality a 2 — b 2 = (a — b ) (a 4* b) 
is an identity since the two members of the equality represent 
the same number for all values of a and b . Also the equality 

a 2 -6 2 

~a~b = a+b 

is an identity, even though it becomes meaningless when a = b. 
Why ? On the other hand 2 x — 8 = 0 is an equation since 
it is true only for x - 4 vV -fii = -— 1 is also an equation, but 
it is not true for any value A x. Why? 

To solve an equation is to find the values of the letters for 
which it is true. Thus m tue first example above, x = 4 is the 
solution or root of the equation 2 x — 8 = 0. The second equa- 
tion above has no root. 

48. The Relation A-B = 0. In the rolution of equations 
the following principle is of frequent application. If a prpd- 
uct of expressions each representing a number is zero, we may 
conclude that some one of the factors is zero. In the simplest 
case this means that if A and B represent expressions and i/ 
A • B = 0, we conclude that either A = 0 or B = O.f 

♦ By Va is me**nt the positive square root of a 

t We must, of course, be careful to assure ours< Ives that each of the expres- 
sions involved represents a number for the valu s under consideration 'Thus 
we cannot conclude from the relation x • (1/a;) = C, that either x = 0 or 1/ar *= 0, 
fo* when x = 0, \fx is meaningless. In fa^t the given relation is impossible; 
the equality is not true for any value ol x 
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We may apply this principle to show the absurdity of some 
mistakes that are often made by the careless student. For 
example, a favorite mistake is to “ cancel ” the x in the expres- 
sion 

a + x 

+ x 


This would be justified if the equality 


a-\- x __a 
b + x b 


were an identity. If we clear this equality of fractions by 
multiplying both members by ( b + x) b , we obtain 


or 

or, finally, 


ba + bx = ab -f ax , 


bx = ax , 
(b — a) x = 0. 


Hence we conclude that equality (4) cannot be true, unless 
either b = a, or x = 0. The “ canceling operation ” mentioned 
above is therefore unjustified. 


EXERCISES 


1. Treat similarly the following equalities to determine under what 
conditions they are true Each one is related to an error that is some- 
times made. 


(a) Is Va 2 + b 2 = a 4- b ? (Square both sides.) 

(b> Is «+« = « + «♦ 
v 6 d b+d 

( c ) Is ia + h - “ + * ?' 

1 2 c + d c + d 

(d) Is (x + y) 2 — a; 2 4- y 2 ? 

(e) Given x 2 — 2x. Are we justih’ed in co-idud.ng that x = 2 ? 
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2 In each of the following equalities, assuming that the letters repre- 
sent real numbers, determine which are identities and which are equations 
Among the latter, distinguish those that are not true for any (real) values 
of the letters involved , and for the others determine in their simplest 
form the conditions which *hey imply on the letters involved 

(a) x* - y 4 =(x + y)(x — y)(x 2 + y 2 ) 

(b) x 2 — 3 x + 2 = 0. 

(c) x + - — 0. 

x 

( d ) ac — be + ad — bd = 0. 

3. Find and discuss the error in the following reasoning 

Let x = 2 Then x 2 = 2 x 1 and x 2 — 4 = 2 x — 4. This is equivalent tc 

(x + 2)(x — 2) =2(3-2). 

Dividing both sides by x — 2, we get 
x + 2=2 

But 3 = 2, hence 

2 + 2 = 2 
or 

4 = 2. 

4 . Find and discuss the error i the following reasoning . Let a and l 
repicsent two numbers Then 

a 2 — 2 ab + b 2 = b 2 — 2 ab + a 2 , 
or 

(a -6) 2 = (6 -a) 2 , 
or 

a - b = b — a , 


hence 


a = b. 



PART II. ELEMENTARY FUNCTIONS 


CHAPTER III 

THE LINEAR FUNCTION. THE STRAIGHT LINE 

49. A Linear Function. Distance *raversed at uniform speed . 

JExample. A lailroad tram starts 10 miles east of Buffalo 
and travels east at the rate of 30 miles per hour. How far 
from Buffalo is the tram at the end of x hours 9 

In x hours the tram travel 0 30 x miles. If its distance from 
Buffalo is denoted by y, we h~ ve y == 30 x -f 10. Pairs of values 
of x and y obtained from this equation are shown in the fol- 
lowing table. 


X 

0 

i 

2 

3 

4 

etd. 

y 

10 

40 

70 

100 

130 

etc. 


Geometric Representation. Let us plot as pomts in a 
piane these corresponding values of x and y . We then obtain 
the first of the following figures (Fig. 29). It will be noticed 
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that the five points appear to lie on a straight line. We have, 
for intermediate values of x , the values of y shown in the fol- 
lowing table. 


X 



21 


y 

25 

, 55 

85 

115 


Plotting these points we obtain the second of the above figures, 
m which the nine points appear to lie on a straight line. Let 
us calculate the value of y for some more intermediate values 
of x thus 






In the third figure we see thao these new points still appear to 
lie on the same straight line. 

These considerations suggest that if we could calculate the 
values of y corresponding to all the values of x between x = 0 
and x = 4, the points whose coordinates 
are (x, y) would all lie on a straight 
line joining the points (0, 10) and 
(4, 130), and would constitute the 
whole of this line-segment. A proof 
that this is the case is as follows In 
Fig. 30 we have drawn the straight 
line joining the points A (0, 10) and Fiq ^ 

B (4, 130). Lot fa, y i )(x 1 > 0) be any 

pair of corresponding values of x and y for the function 
y = 30 x + 10 ; we then have 

(1) y x == 30 -t- ±\} 
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We now wish w prove that the point P (x ly y x ) is on this 
line AB.* To do this we construct the triangles APQ and 
ABC by drawing lines through A, P, and B parallel to the 
axes. li»P is on the line AB y then the^e triangles are similar, 
and if P is not on the line AB y then the triangles are not similar. 
Why v If the triangles are similar, QP/CB = AQ/ AC; and 
conversely, if QP/CB = AQ/AC , the two triangles are similar. 
Expressed in terms of the coordinates of A, JB y amf P, this pro- 
portion bt&omes (see figure) 

VjLTi IP — ** 

120 4 ’ 

or 

yi — iO -^o^3 0 
x x 4 

But from (1) we have — 10 = 30 x x and hence 

^ = 30. 


This pryves that every point whose coordinates (x ly y x ) satisfy 
the relation y = 20 x + 10 is on the straight line AB. 

Conveisely, every point on the straight line A B has coordinates 
(ajp y x ) which satisfy the relation y = 30 x -f- 10. 

For, from the figure, we have 

y x - 10 = 120 
x x 4 

whence 

y x =30 x. -f- 10. 


•^Extended beyond B t if > 4 

** Observe that QP and CB are measured in different units from AQ and 
AC But the rat ’ 3 ot two line-segments is independent of the umt m which 
they are measured 
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The straight line AB (extended ^definitely beyond B) then 
gives a complete representation of the function 30 x 4- 10, at 
least for positive values of x. (negative values of x have no 
meaning m this problegi) Eve) if pair of corresponding values 
of x and y gives rise to a point on AB , and every point of AB 
has coordinates which are corresponding values of x and y l>y 
virtue of this fact the line AB is called the graph of the function 
30# + 10, oi the l(MCus*of the equation y = 30 x 4- 10 interred to 
rectangular eooidinates ; whereas the equation ?/ = 3Cf# + 10 is 
called the equation of the hue AB 

Uses of the Graph* The* graph just discussed exhibits 
vividly to the eye several propel ties of the function 30 jj-f-^O. 

(1) The function steadily increases as x increases') This 
corresponds to the fact that the longei the tram moves east- 
ward, the greatei is its distance fioin Buffalo. 

(2) Corresponding to every positive value of x, there is a 
unique value of y. From the giaph find y when x is 4* 

(3) Corresponding to eveiy positive value of y (greater than 
10) theie is a unique value oi x. What is the value of x when 
y is 100 4> 

(4) The last consideiation means that x is also a function of 
y Explicitly we have 

y = 30 x -F 10, 

whence 

y- 10 = 30 z 

and 

.so 

It is left as an exercise to diaw the graph of the function* 

y — 10 

30 

by assigning values to y and computing the; corresponding 
vaiues of x. Compare the result with the, graph lh Fig. 30. 
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Rate of Change of a Faction. Before leaving this special 
case to consider a more general problem, we shall use it to illus- 
trate a very important conception connected with a function. 
We have noted that when x = 0, y = JO. Starting from this 
initial value, as x increases from the value 0, the value of the 
function, i e. y , changes (in this case increases). It is often of 
the greatest importance to know how the increase m the func- 
tion y is related to the increase m x. \s x increases from 0 
to 1, y increases from 10 to 40 ; Le. a change in x of one unit 
produces a change m y of 40 — 10 or 30 units. The relative 
change is then or 30. As x increases from x = 0 to x = 2, y 
changes from y — 10 to y = 70, or by 60 units, and the relative 
change is again 30. 

Let us see what the situation is m general. Let be any 
particular value of x and y l the corresponding value of y , then 
suppose that x 2 is any other (subsequent) value of x and y 2 the 
corresponding value of y. Tne change in x is evidently x 2 — x l 
and the corresponding change in y is y 2 — y v We seek the 
value of the ratio 

V 2 ~ Vi . 
x 2 - x t * 

We have trom tne data of the problem 


and 

Subtracting we get 


y 2 = 30 x 2 4- 10 


yi = 30 Xi -f- 10. 


apd hence 


S/2— 2/1 = 30(a?2 — a^i) 


U i r zh — 30 . 
•#2 — 


We see then that the ratio of a change in the function 30 x -f 10 
to the corresponding change m x is constant and is equal to 
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the speed of the tram. We shall f see presently that in any 
function of the first degree in x , the ratio of a change in the 
function to the corresponding change 
m x is constant. 

Geometrically this result expresses 
the familiar proportionality of homol- 
ogous sides of similar triangles. By 
reference to Fig. ,31 t we may readily 
verify that the terms y 2 — y i and x 2 — x 1 
represent the vertical and the hori- 
zontal sides of a right triangle whose 
hypotenuse is on the line AB. The fact that the latio 
( y 2 — Vi)/(x 2 — x{) is constant, i e always equal to .30^ simply 
corresponds to the obvious fact that any two such triangles, 
no matter at what place they are drawn, or how long their 
sides are taken, are similar 

50. Change Ratio. The ratio 

U - Vi 
x 2 — x x 

is called the change ratio (or sometimes the difference ratio) ot 
the function. The difference x 2 — x x is often denoted by Ax y and 
the corresponding difference y 2 — y x by Ay.* The change 
ratio may then be written Ay /A®. Explicitly, by definition, 
we have the following equalities : 

change ratio = ^ = «■-—*& = change in j, 

Ax x 2 — x x corresponding change in x 

The preceding considerations suggest the theorem • 

* A is a Greek capital .etter corresponding to our D and called delta , is 
used because d is the initial of the word “ difference ” “ Ax,’ 1 is then merely 
an abbreviation for “ difference of the x’a ” or “ change in^a; ” and “ Av ” for 
M Uifference of the y*s ” ( r “ ch ange in y.” 
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If the change ratio of a function is constant , the graph of the 
function is a straight line , and conversely. 

The truth of this theorem is already sufficiently indicated in 
case y 2 — V\ and x 2 — x { are both positive numbers In formu- 
lating a general proof we must keep in mind that y 2 — yi and 
x 2 — Xi may be either positive or negative and that these dif- 
ferences represent directed segments. ' The proof of the theorem 
in general will appear presently. 

EXERCISES 

1 Discuss fully the graph of the function y = 2 x 4- 3 Piove that the 
graph is a straight line Express r an a function of y Find the change 
ratio and show that it is constant 

2 Proceed as in Ex 1 for each of the functions 

(a) 5x4-2, (6)x+12, (c) 32x48 4 

3 Prove that the change ratio ior the function y = »ix -f b is m 

4 A steamer 160 miles east of Toledo starts to tiavel west at a uniform 
rate of 16 miles per hour Express its distance y east of Toledo at the end 
of x hours Draw the graph of the function and piove that it is a straight 
line Does the distance y increase as x increases ? Calculate the change 
ratio and show that *t is constant What is the significance of the 
negative sign ? At what time is the steamer 10 miles east of Toledo ? 
When does , : t reach Toledo ? How are the last two results shown in the 
graph ? Whut is the significance of the graph that extends below the x-axis ? 

5 Give examples, drawn from your experience, of functions which 

(a) increase as the variable increases , 

decrease as the variable decreases 

6 Consider the function y — x 2 Calculate the corresponding values 
pf y when x = 0, 1, 2, 3, 4, 6. Plot the corresponding points and observe 
^that they are not on a straight line Calculate the change ratio of this 
function for x = 0 and Ax = 1, 2, 3, and observe that it is r%t constant 

1. The cost of printing certain circulars is computed according to the 
following rule The cost for the first one hundred circulars is 8 2 and 
for each succeeding one hundred 8 0.50 Exprer* the cost y in dollars of 
x hundred circulars Draw the graph of the function and determine 
from the graph thv cost of printing 475 circulars. What does the change 
ratio the function y express in this case ? Ans. y = J x 4 f . 
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61. The General Linear Functicn mx + S. The change ratio 
of every function of the form mx -f b is constant 

Proof. Let (x ly y x ) and y 2 ) be any two pairs of cor- 
responding values. Then 

y { = mx i -f b and jfc = mx 2 + b ; 

hence , N 

2/2 - ]h = w (x 2 - ajj), 

t.e. 

*2~*i 


Conversely, if the change ratio of the function y of x is con- 
stant and equal to m, the function has the form y = mx -f b . 
Let (x u y x ) be a particular pair of corresponding values ^ind 
( x, y) any other pair of corresponding values. By hy 2>othesis 
the change ratio is equal to m ; i,e 

y = m 

x — x x 

or y = mx — mx x 4- yi ; 

but — mx i -f y x is a constat % say 6. Hence 

y = mx -f 

Hooke's law affords an excellent illustration of the abdve theorem. 
This law states that the length y of a piece of wire under tension is equal 
to its original length 6, plus the stretch, which is proportional to the force 
x causing it Thus, y = b + mx 

This law may also be stated simply by saying that the change ratio of 
the length y, with respect to the pull ar, is constant 

The preceding considerations lead to the following theorem.. 

Theorem. If a function y of a variable x is such that any 
change in the value of the function is always equal to m times the 
corresponding change in the variable , the function y is given by 
a relation of the form y = mx -f b, and, conversely , in any junc- 
tion of this form any change in y >s always m J tjmes the corre- 
sponding change in x. 
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52. The Graph* of a Linear Function. Let P\(xi , y x ) be any 

point on the graph of a linear function (Eig. 32). From P x draw 
to the right a positive horizontal segment PiQ 2 equal m length 
to x 2 — ar x , i.e. Ax. Through Q 2 draw a vertical segment and let 
it meet the graph m the point P 2 . The segment Q 2 P 2 is equal 
to V 2 — Vi ) Ay, and is positive if P 2 is above P i (Fig. 32 a) 



and negative if P 2 is below P l (Fig. 32 b). Now let us take 
another positive change Ax = x 3 — , represented by Pj Q 3 and 

the corresponding change Ay = y 3 — y x represented by Q*P 3 . 
If the change ratio is constant, then (1) either P 2 and P 3 are 
both above P x oi they are both below P { , according as the given 
constant is positive or negative; and (2) the triangles PiQ 2 P 2 
apd PiQzPz are similar. Therefore the points P X P 2 P 3 are on a 
straight line, if and only if the change ratio is constant 

Theorem. The graph of any function of the form y = mx -f b 
is a straight line . 

To draw the graph of such a function we need, therefore, 
merely to plot two points of the graph and draw the straight 
linq through them* 

* While two points are sufficient to determine the line completely, it is 
desirable to findta third point as a check on the other two Moreover, i( is 
advisable to take the points as far apart as convenient Why ? 
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Example Draw the graph y = 3 x + 2. We ftotice that (0, 2) and 
(4, 14) are two points on the graph. Th? line joining these two points is 
the required line. Check by plotting a third point. 

63. The Slope of a Straight* Line. The graph of the func- 
tion y = mx + b may *be obtained by observing that x = 0, 
y -= b and x =1, y = m + b are 
two pairs of corresponding values 
of x and y In the adjoining 
figure (Fig. 33) we have plotted 
the two points B (0, b) and 
(7(1, m + b) on the assumption 
that both of the quantities b and 

Fig 33 ^ 

m are positive numbers. The 

change ratio, as we have seen, is m. In the figure this ratio 
is DG/BD. 

Now suppose that b remains constant and that m takes on 
successively different values. T Jnder the hypothesis that b 
and BD remain fixed, the points B and D would remain fixed 
and the point C would mor up or down on the vertical lme 
through D y according as m increases or decreases. The line 
BC would then rotate about the point B, becoming i steeper if 
m is increased and less steep if m is decreased. The change 
ratio m then measures the steepness of the line. The term 
change ratio applies to the function mx 4- b ; when applied to 
the straight line y = mx + 6, it is called the slope of the 
straight line. 

64. Remarks Concerning the Slope of a Line. We as- 
sumed in the last section that both b and m were positive 
numbers. Let us now suppose that b is still positive, but that 
m is negative. Observe that in the preceding figure MO 
= MD + DC = b + m. Recalling that the relation MC= MD 
+ DC holds univerrallyjfor any three points D, (7, on a 
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line (Art. 35), the interpretation of a negative m, i e. DC> is 
that the point C is below the point D. (Cf. also § 52.) A 
negative value of m then merely causes the line to slope 
downward in going from left to right, while, as we have seen, a 
line with a positive m slopes upward. When m = 0, the line 
is parallel to the ar-axis. Ifideed the equation y = mx + b be- 
comes, for the value m = 0, the equation y = 6. This equation, 
when interpreted as a function of x, means that fot every value 
of x , the Tr alue of y is b , the graph of such a function is ob- 
viously a straight line parallel to the aj-axis. Since a change 
in x in this case produces no change in //, the change ratio is 
zero. Finally, if b is negative, nothing is changed except that 
the pomt B is below the origin 0 A positive m still indicates 
an upward slope and a negative m a downward slope, m pass- 
ing from left to right. 

The number 6, we have seen, represents the segment from 
the origin to the point m which the line cuts the y-axis This 
segment is called the y-mtercept of the line Similarly, the 
segment from the origin to the pomt in which the line cuts the 
#-axis is called the x-intercept of the line. 

i 

We have then the following results 

The straight line represented by the equation y = nix + b has a 
slope equal to m and a y-intercept equal to b In passing from left 
to right , the straight l hie slopes downward if m is negative and up- 
ward if m is positive , if m is zero , the line is parallel to the x-axis. 

In the terminology of functions we have # 

fhe linear function mx + b is an increasing function of x (t.e. 
the function increases as x increases) if the change* ratio m is pos- 
itivfy and a decreasing function of x (i.e. the function decreases 
as x increases ) if m is negative . It is a constant function if m 
is zero . 
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66. Examples of Linear Functions. Example 1 On a Fah- 
renheit thermometer the freezing point (ft water is placed at 32°, the boil- 
ing point at 212° On a Centigrade theimometer the freezing point is 
at 0°, the boiling point at 100 J . Express the temperature of y° Fahren- 
heit as a function of x° Centigrade 

t 

Solution y = 32 when x = 0 Also the range of temperature from 
the freezing point to the boiling point of water is 212 -32' or 180° F. while 
it is 100° C Therefore it follows that an increase of 1° C. is equivalent 
to an increase of § of a degree F Now as the temperature increases from 
0° to a° C the change in the number of degrees is x This change in 
temperature is equivalent to an increase from 32° to y° F *The change 
in the number of degrees is then 

y — 32 = | x, or y =$ x -f 32. 

As a check we may observe that, when r = 100, the formula gives y = 212, 
as it should Are negative values of r admissible ? Figure 34 Represents 
the graph of this function It was drawn by using the points A (-30, -22), 
B (100, 212) [Why is it desirable to choose points so far apart?] 
This’graph may be used to read off witnout computation the approximate 
temperature in F for a given temn^r^ture in C For example, to x = 22 
corresponds y = 72, approximately. Therefore 22° C is equivalent to 
about 72° F. By computation we find that y = 71.0. 



Fio. 34 
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Example 2. A bar of iron 3 ft long at 60° F will expand or con- 
tract if the temperature increases or decreases The increase in length is 
proportional to the increase in temperature (physical law) More pre- 
cisely, an increase of 1° F. produces an increase of 0 0000027 ft In this 
case we haye m = 0.0000027. If y represents the length at x° F , we have 

y = 3 + m(x — 60). 

Does this relation hold also when x < 60 ? Why ? Can you draw the 
graph ? 

We shall now give an example in which m is regaHve. 

Example 3 An aeroplane starts 200 miles east of Chicago and travels 
towards Chicago Express its distance y from Chicago m miles at the 
end of t hours, if the aeroplane moves at the ate of 82 miles per hour 

Solution According to the data the distance from Chicago is de- 
creasing at the rate of 82 miles per hour, i e. m = — 82 Therefore, 

y — 200=— 82 t, or y — — 82 £ 4- 200. 

Draw the graph What is the significance of a negative y (e g when 
t - 6)? When does the aeroplane reach Chicago ? When is it at a point 
63 miles east of Chicago ? When is it 62 miles west of Chicago ? How 
could these questions be answered fiom the graph alone ? 

EXERCISES 

1. On a Reaumur thermometer the freezing point of water is at 0°, 
the boiling point at 80°. Express the temperature in degrees Fahrenheit 
in terms of the temperature in degrees Reaumur Draw the graph and 
show how it may be used 

^2* Is there any temperature whose measures in the Fahrenheit and in 
the Centigrade scales are equal ? Answer by computation. How could 
the result be found graphically ? 

3 . A cistern that already contains 300 gallons of water is filled at the 
rate of 60 gallons per hour Show that the amount of watery m this cis- 
tern at the end of x hours is y = 60 x + 300 Draw the graph*and discuss 
Hoi* would the function be changed, if the cistern were being emptied 
at the rate of 60 gallons per hour ? 

^ A tank contains 16 gallons of water A **iucet is opened whicti 
admits 4 gallons per minute. Express the amount, to, of water in the 
tank at the end of t minutes D^aw the graph. Do negative valu°° * 
have any significance ? When will the tank ^ontarfi 37 gallons ? 
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5. A tank containing 37 gallons of gasolene emptied at the rate of 
6 gallons per minute. Express the amount of gasolene in the tank at the 
end of t minutes. Draw the graph When will the tank be emptied ? 
For what range of values of t has th5 function any significance ? 

6 On a certain date a*man has $5 m the bank At the eftd of every 
week he deposits $ 3 How much money has he m the bank at the end 
of x weeks 9 Draw the graph of this function. How is the rate of in- 
crease shown m the graph ? 

7. On a certain day a man has $ 100 in the bank At the end of 
every week he draws out $ 6 How much money has he m the bank at 
the end of x weeks ? Draw the graph of this function How is the rate 
of decrease shown in the graph 9 

8 In experiments with t. pulley the pull P m pounds required to lift 
a load L in pounds, was found to be P = 0 16 L -f 2 Plot this relation. 
How much is P when L is zero How much is P when L is 10 lbs ? ) 

9 If h represents the height in meters above sea level, and b the 
reading of a barometer in millimeters, it is known that b = k *f Am, where 
k and m are constants At a height of 1 10 meters above sea level the 
barometer leads 760 , at a height of 770 meters it reads 696 What 
equation gives the relation betwer ; j and h ? Draw the graph of this 
equation and from the graph determine h when b = 680 

66. Linear Interpolation. The fact that the change A y m a 
linear function y is proportional to the change A# m the variable 
x makes it possible to interpolate leadily. For example, if we 
know that y is a linear function of x, and that y = 432.60 when 
x = 32 0 and that y = 436.90 when x = 33.0, we can calculate 
mentally the value of y when x = 32 3 For we know that 4n 
this case A y = 4.40 when Ax = 1.0 ; hence A y = 4.4 x 0.3 = 1.32 
when Ax = 0.3. Hence y is 433 82 when x = 32.3. This pro 
cess is known as linear interpolation. Why would this process 
not apply directly to functions that are not linear ? 

EXERCISES 

Assuming that y is a linear function in each of the following iases 
compute the values of y indicated. ' 

1. When x = 10, y = 60, when x = lx, y = 90, when x = 11, y = ? 

2 When x =f 2.4, y 1*9 8 ; when x 2.5, y = 3 6 , when x = 2 42, y = ? 
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67. Graphic Solution of Problems. Whenever we know 
at the outset that the solution of a problem is going to depend 
on the consideration of one or* more linear functions, we can 
often sol re the problem graphically wi f hout determining these 
linear functions analytically. Such a method is advantageous 
whenever the computation is difficult or tedious and when 
great accuracy is unnecessary. In order to decide whether 
the functions involved are linear or not, we usually have re- 
course to the theorem (§ 51) that, whenever the change in 
the function is proportional to the change m the variable, the 
function is linear. This is tr'e, for example, in all cases of 
mo f ion at a constant speed on either a straight or curved 
path ; the distance is then a linear function of the time. 

The following example will serve to illustrate the graphic 
method of solution. 


Example. At 7 a m. a man to go up the 7-nule carriage road 

of Mt. Washington. At 9 o’clock he passes a party of ladies coming 
down. He reaches the top at 10 o’clock and, finding no view, he immedi- 
ately sets out on the return trip, which „akes 1 f hrs As he reaches the 
hotel from which he staited he notices the party of ladies just arnving. 
At about w v at time did the ladies leave the top, assuming that the man 
kept up an approximately constant rate of speed on the way up and the 
ladies on the way down ? 

To solve the problem, we represent on a horizontal axis the time, mark- 
in w the hours 7, 8, 9, 10, 11, 12 and on the vertical axis the distances 
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from the hotel at the foot of the 
mountain. The graph of the man 
going up the mountain is a straight 
line starting at O (ats7 am he was 
at the hotel) and ending at a point 
A representing 10 o’clock and 7 
miles from the hotel Regarding 
the ladies, we know that the graph 
of their descent is also a straight 
line At 9 o’clock they were £he 
same distance from the hotel as 


the man. The pomt B on the line OA, corresponding to $ •’clock, 
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is then one point of the ladies’ graph. ^ Another *point is the point C 
at 0 distance from the hotel at 11 45 The line BG is then drawn 
and extended to Z), representing 7 miles distance from the hotel. It is 
seen that the ladies started at about 7 30. How far was the man 
from the top when he met the ladies ? 

68, Sum of Two or More Functions. Let m x x + b x , 


b 2 , 


k x -f b k be any k linear functions of x The sum 


of these functions is ( m x x -f- 5]) -h(m 2 # -f & 2 ) + •• + 0 ^*® -f b h ) 
and this is equal to 

(rrii + + ••• + Mb) x ”f“(5i -h 62 + ••• 4* 

which is again of the form mx -r b The result may be stated 
as follows The sum of any number of linear functions of £ is 
itself a linear function of x. 

Example. An empty tank is being filled by a faucet supplying 2 
gallons of water per minute After tins faucet has been running 5 
minutes a second faucet is turned o r *~hich supplies water at the rate of 
S gallons per minute. When the two faucets have been running to- 
gether for 6 minutes, an outlet is opened, but both faucets continue to 
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run If the tank is enmty at the end of 32 minutes, counted from the 
start, draw a graph representing the amount of water 111 the tank at any 
Instant. Find approximately the rate of flow from the cutlet, which may 
here be considered constant. 
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We shall represent f mmutes oj the horizontal scale and gallons of water 
in the tank on the vertical scale. The increase of water due to each 
faucet is at a constant rate, and the decrease when the outlet is opened is 
also at % constant rate. The amount of water in the tank due to each 
cause separately is, therefore, a linear function of the time, and their 
algebraic sum is also a linear function of the time The first faucet begins 
at t = 0 (when the amount of water in tank, is 0) to supply water at 
a uniform rate which would supply 40 gallons m 20 minutes. The 
amount of water in the tank due to the first faucet alone ^vould then be 
represented at any instant by the straight line QA joining the points 
0 (0, 0) *to A (20, 40) The second faucet begins when t — 5 to 
supply water at the rate of 30 gallons m 10 minutes. If this second 
faucet were operating alone, the water supplied by it at a given instant 
would be represented by the straight line joining B (5, 0) to C (15, 
30)^. In the actual problem from the instant t = 5, the two faucets are 
running, simultaneously. The sum of the two functions is then rep- 
resented by the line-segment DE , where D = ( 6, 10) and E = ( 10, 20 + 15) 
= ( 10, 36). This line may be obtained graphically from the figure When 
£ = II, a new factor enters, which reduces the amount of water in the 
tank to zero at t = 82 You may'now finish ttr discussion. The required 
graph is the broken line ODHT ' nrr * at would be the effect on the graph 
if one or both faucets were turned off at t = 20, the outlet remaining open ? 

EXERCISES 

1. A than on horseback rides from a place A to a place £, 15 miles 
distant, m i hours* When he is 4 miles from A ) he passes a lady walk- 
ing in the same direction. The man remp’ns at B \ hour and then 
returns to A on foot. After walking 1 hour, he meets the lady on her 
\tay to B. If the man walks at the rate of 3 miles per hour, find the 
rate at which the lady is walking and at what time she left A. 

2. A man starts at A to walk through B to a place C. At the same 
time a second man starts to walk from B to C. The first man reaches 
B in 1J hours, while the second man has only walked }Jas far m this 
time. In how many hours will the first man overtake the second ? 

3 . Represent graphically on the same drawing the motion of the hour 
an<| the minute hand of a clock and use the d •awing to determine Ap- 
proximately at what time die two hands are m the same position 

[Hint: The ffands are together at twelve. Lay off the hours from 12 
(or, 0) to 12 oA the horizontal axis and the anglefe m degrees that either 
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hand makes with the 12 o’clock positional the vertical axis. Each hand 
moves at a constant angular speed The graph of the hour hand is then 
a straight line joining the points 
(0, 0), (12, 360) * The minute hand 
goes from 0 to 360 in 1 fyour The 
graph during the first hour is then a 
straight line joining (0, 0) to (1, 360). 

At 1 o’clock the graph begins at 
(1,0) and goes to (2, 360) and so on.] 

4 At what time between five and 
six o’clock are the hands of a watch 
together ? 

5 . At what time between two and three o’clock are the hands of a 
watch opposite to each other ? At light angles ? 

6. At what time between foui and five o’clock are the hands %f a 
clock at right angles ? (Two solutions ) 

7 . A and B start to walk towards each other from two towns 16 
miles apart A walks at the rate of 3 miles per hour but rests one hour 
at the end of the first 6 lpiles B walAs 4 miles per hour but rests two 
hours at the end of the first 4 miles fn how many hours do the two men 
meet ? 

8 Two men can do a certain piece of woik in 12 and 16 days re- 

spectively After the first man nas worked 3 days alone, the two men 
finish the work. How long do they work together? Am, 6 days. 

9 A messenger boy riding a bicycle at the rate of 9 rmjes per hour 
is sent to overtake a man on horseback riding 6 miles per hour. How 
long will it take the boy to overtake the man if the man had a start of 
4 miles ? 

69. Explicit and Implicit Functions. We have hitherto 
considered functions which were defined explicitly by an 
expression involving the variable. Thus the relation between 
y° Fahrenheit and x° Centigrade was expressed by the relation 

y = + 32. 

Now let us consider the equation 2# — 3y»f7 = 0. This 
equation also defines a functional relation between two vari- 
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ables. To every value of $ corresponds a definite value of y, 
and, conversely, to eveiy value of y corresponds a definite 
value of x . But, the equation does not express one of the 
variables explicitly as a function of the othei In fact the 
form of the equation gives no indication which of the variables 
is to be considered as the Independent variable and which as 
the function. Such a relation is said to define a function 
implicitly. 

From such an implicit relation we can derive the expression 
of either variable as an explicit function of the other Thus 
from 2 x — 3y + 7 = 0 follows at oncj 

y=\x + l and x=\y-\. 

The first of these equations expresses y as an explicit function 
of x y and the second expresses x as an explicit function of y. 

60. The General Equation Ax + By + C = 0 An\ linear 
relation between two vanables x and y can be written in the 
form 

(1) Ax+By+C** 0 

For example, the relation just, discussed in the preceding arti- 
cle is obtained from this general relation by placing A = 2, 
B = — 3, 0=7. Equation (1) always defines y as a linear 
function of x , except when B = 0 In this case the term in- 
volving y drops out and the equation reduces to Ax -f 0=0, 
and we cannot speak of y as a function of x. 

But, if B ^ 0, we have By = — Ax — O, or 


which is of the form y = mx + b. Hence we conclude : 

Any equation of the form -f By -f O = 0 defines y as a 

linear function of x for all valves of A, B, 0 except B = 0. 
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61 . The General Equation of th# Straight Line. It follows 
fiom the result of the last section, that the locus of the equa- 
tion • 

Ax + By+C = 0, 

when interpreted geometrically m rectangular coordinates, is 
a stiaight line, except pci haps when B = 0, when the equa- 
tion Likes the foim * la* -f* C = 0. In this case, if A = 0 also, the 
equation reduces to (>= 0, and it completely disappears. If A 
is not zero, we mav solve the equation for x and obtain, 



or 

x = a constant. 

Now, the locus of a point whose abscissa is constant is a line 
parallel to the y-a\is and at a d. stance equal to the constant 
from it Thus the locus of .*• - — is a line parallel to the 
y-axis, and thiee units to the left ot it. 

The case B = 0 is not tin u an exception, and we have the 
following theorem. 

Every equation of the form Ax -f By -f (J = 0, v'hen repre- 
sented geometrically by menus of rectangular coordinates , repre- 
sents a straight line . If B = 0, the line is }jarallel to the y-axis ; 
if A = 0, the line is parallel to the x-axis, if C = 0, the line passes 
through the origin . 

Piove the last two statements of this theorem. 

We may also state the following theorems. 

Ecenf straight line in the plane may be represented by an equa- 
tion of the form Ax 4- By 4- C = 0. 

The loci of Ax + By+C~§ and k(Ax -f By 4- C) 

(k =£ 0) are identical. 

The proofs of the^e theorems are left as exercises. 
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62. Analytic Geopietry. We have thus far used the notion 
of coordinates to give a geometric interpretation to algebraic 
relations. It is possible to reverse the process and use the 
connection established between algebra and geometry, for the 
study of geometry. This method of studying geometry by 
algebraic means is called analytic geometry . In the following 
sections we proceed to develop certain analytic methods 
applicable to the straight line. The results are* in a large 
measure, merely a restatement from a different point of view 
of the results already obtained. 

63. Straight Lines. We have already seen that the graphs 
of equations Ax + By + C = 0 and y = rax b (§ 52), when 
represented by means of rectangular coordinates, are straight 
lines. In § 60 we saw that the first of these equations could 
be put in the form of the second, provided Bj=0. Thus when 
an equation of the form Ax -x Ay -f- C = 0 is solved for y , the 
coefficient of x is the slope , and the constant term is the y-intercept. 

The slope of the line connecting the two points P L (x l} yj, 
-P, («*,&) is (§§51-53) 

m = HizzJh. 

*1 

We see geometrically that a line is determined when we 
know its slope and a point on the line. To determine the 
equation of this line, if (a? b y x ) is the given point and m the 
given slope, we proceed as follows. Let (a?, y) be any variable 
point on the line. Then, equating slopes, we have 1 

VAZll = 
x — x x 

that is 

y-yi=m(x-x l ) 
is the required equation. 
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It is left as an exercise to prov$ that tBe equation of the 
straight line through the two given points (a? x , y,), (a^, y 2 ) is 

if X x =£ a? 2 . 

64. Parallel Lines. In Fig. 37 let (1) and (2) be two 
parallel lines with slopes m x and m 2 . Construct the positive 
segments P X Q X and P 2 Q 2 from the points P x and P 2 on lines (1) 



and (2) respectively, and complete the right triangles PiQ x R x 
and P 2 Q 2 R 2 . We then have 

m > = %77 mA 

PiQi PiQi 

If the lines are parallel, Q X R X and QR 2 are either both positive 
or both negative ; m x and m 2 have then the same sign. They 
have the same magnitude since the triangles and 

P 2 Q 2 R 2 are similar. Hence, 

If two lines are parallel , thHr slopes are equal , i.e. m x = m 2 . 
Conversely, if the s! opes of two lines are equal , the lines fire 
parallel . 

The proof of this statement is left as an exercise. 
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vertical line R X R 2 . We 


65. Perpendicular Lines. In 

Fig. 38 let (1) and (2) be two 
perpendicular lines with slopes 
m x and m 2 and let the units on the 
two axes be equal . From the 
intersection P of the two lines 
construct the positive horizontal 
segment PQ of any* convenient 
length. Through Q draw the 
have 


m x 


__ QR\ 
PQ 


and m 2 = 


QR2 

PQ' 


Therefore the slopes have opposite signs. Why ? Also from 


the right triangle R X R 2 P we have PQ 2 = | QR X | • | QR 2 j. 
fore * m 1 m 2 = — 1 and 


mi 


m 2 


There- 


That is, if the units on the coordinate axes are equal , perpendicu- 
lar lines have slopes which are negative reciprocals of each other. 
Conversely, if th ? slopes of two lines are negative reciprocals of 
each other , the lines are perpendicular , provided the units on the 
coordinate axes are equal. The proof of this statement is left 
as an exercise. Why is it accessary to assume the units equal ? 


66. Illustrative Examples. Example 1. Find the equa- 
tion of the straight line through the point (4, 7) }md having 
the slope — 2. 

• 

* This proof presupposc3 that neither m x nor m 2 ,?8 zero, i.e. the lines a»re 
not parallel to the coordinate axes, and the result obtained does not apply to 
such lines. 'However, two lines parallel to the %- and y - axes have equa- 
tions of the form ** = a constant nd * = a constant, respectively, and hence 
can be recognized at once. 
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We have at once from § 63, y — 1*= — 2 ^ ^ 4) 
or 

2 a; -f y — 15 = 0. 

Example 2. Find tfie equation of the straight line through 
the points Pi (2, 4), P 2 (— 5, 6). 

mi i 6-4 2 

The slope m = — = — ~ • 

1 — 5—2 7 

From § 63 the equation of the line is y — 4= — \ (x — 2) or 
7 2/ + 2a-32 = 0. 

Example 3 Express the temperature measured by y° Fah- 
renheit as a function of x° Centigrade. 

We know that when y = 32, x = 0 i.e. Pi(0, 32) is a point 
on the graph. In the same way we have P 2 (100, 212) a point 
of the graph. Therefore the equation of the line connecting 
these points is 

212 — 32 _y — 32 
100-0 ~ z-0 
or 

y — | x ~h 32 (See § 55, Example 1.) 

, > 

Example 4. Find the equation of the straight line 
through the point (2,-5) and parallel to tUe line 2 y -f- 4 x — 5 
= 0 J 

The slope of the given line is — 2 (§ 63). Therefore 
the equation of the required line is y 5 = — 2 (x — 2) op 
2 £ -f- y -f- 1 ~ 0. 

Example 5. Find the equation of the st?pght lnjp through 
the point (1, — 2) and perpendicular to th^ line 3x — y + 2 = 0. 

The slope of the given line is 3. Therefore the slope of 
the required line is — | (§ 65). ^ T] e equation J qf the required 
line is v -f 2 = — l (x>- ll or x -F 3 V 4- 5 0. 
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EXERCISES 

1. What is the meaning of the constants m and b in the equation 
y = mx + b? 

2 . WCat is the effect on the line y = mz b if b is changed while m 
remains fixed ? If m changes when b remains fixed ? 

3 Describe the effect on the line y — y x — m(x — x{) if m changes 
while x Xl y\ remain fixed also describe the effect if y x , vary while m 
remains fixed • 

4. What is the equation of the line 

(a) whose slope is 3 and whose y-mtercept is 2 , Am y = 3 x -f 2 

(b) whose slope is 4 and whose y-mtercept is — 3 , 

(c) whose slope is 0 and whose y ntercept is — 1 , 

(d) whose slope is 0 and whose y-intercept is 0 ? 

5. Describe the positions of lines (c) and (d) in Ex. 4 

6. Define “ y-intercept of a line.” What is meant by the “x-mter- 
cept” ? 

7. For each of the following lines give x-’ntercept, y-intercept, and 
slope 

(a) 2 x — 3 y = 7 Am, $ ; — } , j (c) 2 x — y 4- 5 = 0. 

(b) x + y — 2 = 0 (d)4x-fy = 0 

8. Is a straight line determined if we know its intercepts 9 Try 
each of the equations 2 x — y = 4 and 2 x — y = 0 

9. Find the equation of the line joining the two points (2, 1) and 
(—3, 1), of the line joining the points (4, 2) and (4, —3) 

10 . Which of the following lines are parallel ? 

(а) 2 x — y — 4=0 (c) 4 x — 2 y — 1=0. 

(б) y + 2 x + 3 = 0. (d) 2 y + 4 x + 6 = 0. 

11 . Are the points (1, 6), (— 1, 1), (2, 0) on the line y = 2x 4- 3 ? 

12 . What is the equation of the line which is parallel 4o y = 2 x 4* 3 
and passes through the origin ? perpendicular to y = 2 x 4^ 3 and passes 
through the origin ? 

13 . Determine k so that 

(а) the line 2x4-8y4-’;=:0 shall pass through the point (0, 1) , 

Am. — 8 . 

(б) the line 2x4 - 3 y + * = 0 shaU have a y-intercept equal to 2 ; 

Cc) the line 2x-l-3t/-r-A:=0 shall have an £-!nterceDt eaual to 6 
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14 . Find the equations of the sides o^ the triangle whose vertices are 
(3,4), (-1, 2), (-4, — 5). 

Ans x— 2y-f6 = 0; 9 x — 7 y + 1 = 0 , 7x— 3y+13=0 

15 . Find the equations of the sides of the quadrilateral whose vertices 
are (—2, 1), (3, — 1), (—3, 4), (1, 7) 

16 What intercepts does the lme through the points (2, —7) and 
(4, — 5 ) make on the axes ? 

17 Find the equation of the line which passes through the point 
(4, — 2) and \ hose slope is 6 

18 A lme has the slope 2 and passes through the point (—1, 2) 
What are its intercepts ? 

19 What is the equation qf the line which passes through (—6, 6) if 

its y-mtercept is — 3 ? Ans 8r-f6 y-hl 6 = 0. 

20 Write the equations of the lines which make the following inter- 
cepts on the x- and y-axes. 

(a) 2 and — 4 , ( b ) — 7 and — 3 ; (c) 4 and 6 , (d) 0 and 0 

21 . If the x- and y-mtercepts of a lit 3 are a and 6, prove that the equa- 
tion of the line can be written m the form 

a b 

[This equation is called the intercept form of the equation of a straight 
line ] 

22 . Solve Ex. 20 by using the result of Ex. 21. Does the fqrmula hold 

in Ex 20, (d) ? Explain > 

23 Find the equation of the straight line through the point (4, — 6) 

parallel to the line 2 x — y + 7 = 0, through the same point, perpendicu- 
lar to the line 2x — y + 4 = 0 Ans y = 2 x — 13, 2 y = — x — <J. 

24 Prove that the lines Ax + By 4- C = 0 and Ax + By + D = 0 are 
parallel State this theorem in words. 

25 . Prove that the lines Ax + By -f- C = 0 and Bx — Ay 4- D = 0 are 
perpendicular. State this theorem in words. 

26 . Prove that the lines Ax -f By + (7 = 0 and Mx + Ny + P = 0 are 
perpendicular if and only if AM -f = 0 

27 . Show that the po* its (-*• 8, 0), (- 4, — 4), (— 4, 4), and (4, -7 4) 
are the vertices of a trapezoid. 

28 . The Reaumur thermometer is grad .ated so that water freezes at 0° 
ana boils at 80°. Find vhe equation cf the line *hat represents the read- 
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mg B of the Rg&umifr thermometer as a function of the corresponding 
reading G of the Centigrade thermometer. 

29 . A printer asks 75 cents to set the type for a notice and 3 cents per 
copy for printing The total cost* is what function of the numbei of 
copies pni-ted ? Draw the giaph of this funct’on 

30. Express the value of a $ 1000 note at 0 % simple interest as a 

function of the time in years Is this a linear function ? 

31 . A cistern is supplied by a pipe that supplies water at the rate of 30 
gallons per hour Assuming that the amount A of watei^m the cistern 
is connected with the time t by a linear relation, find this relation if 
A = 1000 when t — 10 What is A when t = 0 ? 

' 32 In stretching a wire it is assumed that the elongation e is con- 

nected with the tension t by means of a linear relation. Find this rela- 
tion if t = 20 lb when e — 0 1 in. and t = 60 lb when e = 0 3 m 

67. Systems of Straight Lines. An equation of the first 
degree in x and y, and containing an arbitrary constant, repre- 
sent 0 in general an infinite number of 
straight lines. For the equation will 
represent a straight line for each value 
of the constant. All the lines repre- 
sented by an equation of the first 
degree containing an arbitrary con- 
stant are said to form a system of 
lines. The arlntrary constant is called 
the parameter of 
the system. 

Thus the equa- 
tion y = — 3 x 4- b represents the system 
of straight lines with slope — 3. (See 
Fig. 39.) The equation y — 2 = m (x — 1) 
represents the system of straight lines 
through the point (1, 2;.* (See Fig. 40.) 

* It represents every line of uhis system except the one parallel to t t,he 
y-axis. Why ? 



Fig 40 



Fig. 39 
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68. Pencil of Lines. All the lyies in a* plane which pass 
through a given point are said to form a pencil of lines The 
point is called the center of th§ pencil If Ax + ^+(7 = 0, 
and A!x + B'y -f- C 1 — 0 are any two lines of the pencil, then 

(3) {Ax + By + <7) -f A, (Ax 4- B'y 4- (?) = 0, 

where k is an arbitrary constant, represents a line of the 
pencil. This is tiue because the equation (3) 

(a) is of the first degree in x and y and therefore represents 
a straight line ; 

( b ) is satisfied by the coordinates of the point of intersec- 
tion of the two given lines. Why ? 

Example 1. Find the equation of the line through ihe 
point (2, — 5) and parallel to 4 x 4- 2 y 4- 5 = 0. 1 

The system of lines parallel to 4 x 4- 2 y 4- 5 = 0 is given 
by the equation y=— 2x 4- k. Smee we want the particular 
line of the system that passes through the point (2, — 5), the 
equation must be satisfied by these coordinates. It follows 
that, — 5 = — 4 4- ft or A; = — 1. 

Therefore, y = — 2x — 1 is the desired equation. 

Example 2. Find the equation of the line through the 
point (4, — 1) and perpendicular to 3 x 4- 2 y — 5 == 0 ; 

The system of lines perpendicular to 3#4-2y — 5 = 0 is 
given by the equation y == f x + k. Since we want the line ot 
the system that passes through the point (4, — 1), we have 
k = — y . Therefore, the desired equation is 

y = | x — y or 2x — 3y — 11 = 0. 

Example 3. Find the equation of the line through the 
intersection of 2x + y — 4 = 0 and x 4- y — 1 = 0, and perpen- 
dicular to x 4- 2 y = 3. 

Any other line through the intersection of the given lines is 

(4) (2x + y - 4)+k (x + y - l)=fr 
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or , 

x (2 4- k) + y (1 4* A?) + ( — 4 — Ac) = 0. 


The slope of this line is —>(2 4- k)/( 1 4- A;) and this must 
be equal „o the negative reciprocal of the slope of the straight 
line x 4- 2 y = 3. Therefore, 


— = 2 and A; = 

1 4* k 


4 

3 ' 


Substituting this value in equation (4) and simplifying, we 
have 2x — y — 8 = 0, the required equation. 


EXERCISES 

1 Find the equation of the straight line through the point (1, 5) and 
parallel tj2x4-3y — 9=0, perpendicular to2x-f3y — 9 = 0. 

Ans 2x+3y — 17=0, 3x — 2y-f7=0 

2 Find the equations of the altitudes of the triangle whose vertices 
are (2, 8), (4, -6), (3,-2). 

3 Find the equation of the str-^ht line through the intersection of 
10x + 6j/4-ll=0 and x +2y + 14 = 0 which is perpendicular to 
x 4* 7 y 4* 1 = 0 , parallel to3x — 7y = l 

4 Find the equation of the straight line through the intersection of 
5 C + 2y-4 = 0 and x — 3 y 4- 1 = 0 which is perpendicular to 3 x — 2 y 
4-4 = 0, parallel to x — y = 0 

3. Find the equation of the straight line through the intersection of 
x4y — 1 = 0, x — 3 y (-4 = 0 and 

(а) through the point (1, 1) , Ans x 46 y — 6 = 0. 

(б) parallel to the line / + 2y~ 9 = 0; 

(c) perpendicular to the line 4 x — 5 y = 0 ; 

(d) through the intersection of 3 x 4- 4 y — 8=0 and x — 6 y + 7 =0. 

6. Find the equation of the straight line which pass^ through the 
point 

(а) (0, 0) and is parallel to2x — y + 4 = 0, 

(б) (1, 2) and is perpendicular to « x — 2 y — 1 = 0? 

(c) (— 1, 2) and is parallel tox — y — 4=0. 

7. Find the equation of the line which passes through the inter- 
section of x — y 4” 2 = 0 and x f y = 0 and through the intersection of 

* + y + 2 = 0, a — y = ‘ 



Ill, 8 69] 


LINEAR FUNCTIONS 


93 


8 . Find the equation of the straighttline through the intersection of 
x — 2 y + 7 = 0 and 2 x — y + 8 = 0 and 

(а) parallel to the x-axis , 

(б) parallel to the y-axis. 

9. Find the equation of the straight line which pasbco i.u*udgh the 
intersection of 3 x — y 4- 2 = 0 and x -f 5 and which 

(а) passes through the origin , 

(б) is parallel tox — 4y4-8=0, 

(c) is perpendicular to 3 x — 2 y + 4 = 0. 

69. Intersection of Two Lines. Simultaneous Equations. 

We have just seen that linear equations m one or two vari- 
ables are represented in rectangular coordinates by straight 
lines. We now wish to determine the coordinates of the p^int 
of intersection of two lines whose equations are given! That 
is, algebraically, we wish to find a set of values for x and y 
which satisfy both equations 

Example 1. Solve the equation 

(5) 3 x — 4 y = 7 

(6) x -f 2y = 9 

Multiplying equation (6) by 2 and add- 
ing the result to equation (5), we obtain 
6x = 25, or x = 5. 

Likewise multiplying equation (d) by 3 
and subtracting the result from equation 
(5), we have — 10 y — — 20, or y = 2 The set of values x = 6, y = 2 is 
seen to satisfy both equations and is called the solution of the given 
equations If we plot lines (5) and (6) (Fig 41), we see from their 
graph that the coordinates of their point of intersection are (6, 2). 

Therefore, a method of solving two linear equations in one or twc 
variables is to plot the lines represented by each equation, and then deter- 
mine from the graph the coordinates of the point of intersection. The 
algebraic method of first eliminating one variable and then the other has 
the advantage over the geometric method in x hat it is always accurate. 
Instead of eliminating twice, the value found for either variable can be 
substituted in either equation, and *he value of the second variable de- 
termined. 



Fio 41 
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Example 2. Solve the equ&vions 

(7) x-2y = 3. 

(8) x-2y=-6. 

Subtracting the second equation from 

the first, we obtain 0 = 8 That is, there 
''re no values of x and,y satisfying both 
equations Such equations are said to 
be inconsistent or incompatible We see 
that lines (7) and (6) have^he same slope, 
but different ^-intercepts, and theiefore are parallel lines 

Example 3. Solve the equations 

(9) x-y = 2. 

(10) 2 x — 2 2 / = 4. 

Multi jlying the first equation by 2 and subtracting the second from it, 
we have 0 = 0 If equation (10) be divided by 2, equations (9) and (10) 
are seen to represent the same rdation between x and y, and are not 
therefore sufficient to determine x and y We can assign to either vari- 
able an arbitrary value and then fL.d the coi responding value for the 
other variable The equations can, meiefore, be said to have an infinite 
number of solutions Such equations are called dependent . The graphs 
of these equations are coincident lines 

Let us now consider the general equations 

( 11 ) ciix 4 - b x y = Ci y 

(12) a 2 x + b$ =s c 2 , 

\ here none of the constants are zero. Eliminating ijy we 
obtain (a^ 2 — d 2 bi) x = — cj>i . Eliminating x, we ob- 
tain (cq&a — « 2 &i) V = UiC 2 — a 2 Cj . Now if d Y b 2 — « 2 &i 0, we 

have 9 

X = C 1^2 c 2^1 y _ a l c 2 — djCj t . 

d\b 2 — tx 2 bi d]b 2 — d 2 b\ 

If, however, a x 6 2 — = 0, ie a 2 /a 1 = b 2 fti, we cannot 

solve for x and y . Denoting the common value of these quo- 
tients by ky v r e have a 2 = ka x , b 2 = kb t . Then equations ^11) 
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We must now distinguish two ca^s according as = kc\ or 
c 2 3= Jcci . In the former case, by dividing out k , we see that the 
equations are dependent and have an infinite number of solu- 
tions. In the latter ca$e they are inconsistent, and thus are 
not satisfied simultaneously by any values of x and y. 

Discuss the cases that arise if some of the constants are zero. 

EXERCISES 

Find, when they exist, the coordinates of the points of intersection of 
the following lines. Check your answer from a graph. 

1 4 x + 2 y = 9. 3 x + 2y = 3 5. x + 4y = l. 

2x — 5y = 0. 2x4-4y = 6 2x4-8y = 2 

2 3 x 4- 4 y = 12 4 x — 2 y = 7. 6 x-2y.-= j 7 

x — y — b 2 x — 4y ~ 5 — x 4- 2 y = 3. 

In the following exercises are the lines concurrent ? If so, what point 
have they in common ? 

7 . x4-2y = 3 8 x — y — — 1 . 9 x4-2y = 5 10 . x — 2y = 3 

x — y = 0. 2 x 4- y = 3 bx — y — 3 6 x — y = 2. 

bx — y =4 3 x — 2 7/ = 1 2x4-y = 4. 2x4-3y = l. 

In the following exercises, find ' so that the lines shall be concurrent. 

11 . x + y = 2 12 . 2 x — y — 0. 13 . 3 x - y = 4, 

2x — y = l. x 4- 3 y — 7 x -f & = 0 

4x -f y = k Ans b x + ky = b b x — 2 y = k 

14 The sides of a triangle have for their equations 2x4-y = 6, 
x — y = 10, — 2 x 4- y = 6 What are the coordinates of the vertices of 
this triangle ? What are the equations of the altitudes ? 

15 Find the equation of the straight line through (2, 1), (—1, 2), 
using the equation Ax 4- By 4- C = 0 [Hint Solve for A/C and B/C ] 

16 Find the equation of the straight line through (4, 7) and having 
the slope 3, using the equation Ax 4- By 4- C = 0 

17 It has been shown experimentally, that the length l of a wire in fe^t 
under a tension of p pounds, is l — u, + bp, where a and b are constants 
Find a and b if l = 190 w.ien p = 270, and that l =190 2, when p = 460. 

18 . The readings T and 8 of two gas meters are connected by the 
equation T = a 4- bS Determine a and j when we know that 8 = 10, 
when T = 300, and 8 = 100, when T= 420. 
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19 The pull in pounds to life a load l in pounds with a pulley is given 
by the relation p = al + 5, where a and b are constants. Find a and b 
when it is known that a pull of 8 pounds lifts a load of 40 pounds, while it 

takes a pull of 2 pounds to hold the rope on when no weight is attached. 

• 

70. Equations Containing More than Two Unknowns. It 

is easy to see that the methods employed in § 69 for solving 
a system of two simultaneous equations, each containing two 
unknown quantities, may also be employed for solving a 
system of three or more equations, involving as many unknown 
quantities as there are independent equations. 

Example. Solve the equations * 


(1 1) 

7x + 3y— 2* = 16 

(14) 

6r — y + 6* = 31. 

(16) 

2 x + 6 p + 3 * = 39. 


Adding three times (14) to (IS) gives 
(10) 22 r + 13* = 10b. 

Adding five times (14) to (15) gives 
(17) 27 a- + 28 *=194 

Solving equations (10) and (17) by the methods of § 09, we have x = 2, 
* = 6. Substituting these values in (13), we obtain y = 4. It is readily 
seen that x = 2, y = 4, * = 6 satisfies equations (18), (14), (15) 

The cases m which three simultaneous equations in three 
unknowns have no solution, or an infinite number of solutions, 
will be discussed m Chapter XXI. 

EXERCISES 

Solve the following simultaneous equations 

1 . 2x + 4y + * = 12. 2 x+y+*= 13. » 2x-3y — * = 2 

3x+y — * = 3. « — 2y + 4* = 10 5x+2y+*=— 8 

x + y + * = 7 3 x + y — 3 * = 6. x— 2y — * = 2. 

4. x + 8y~4* = 9. 5. to + x + y = 15. 6. x+y = 4. 

3x+3y — * = 0 x + y + *=18. 2 x + * = 4. 

fix + 2 y - 2 * = 7. to + y + * = 17. y — * = T 

to + x + * = 16. 
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7 If A and B can do a piece of work-in 10 days, and A and C in 8 
days, and B and C m 12 days, how long will it take each to do the work 
alone ? 

8 Three towns A, B, and C are situated at the vertices of ^triangle. 
The distance from A to B via C is 76 miles , from A to C via B 70 miles, 
from B to C via A 81 miles Find the d^tance from A to B, from B to 
C, from C to A 

9. In a triangular track meet the following was the final score 


SCORE 

Firht Pi agr 

Second 

Plao* 

Third Pi k 

Tot a i 

College A 


5 

3 

3 

37 

College B 


2 

4 

1 

23 

College C 


2 

2 

0 

22 

) 


How many points did each place court ? 


10 Two passengers traveling from .own A to town B have 500 
pounds of baggage. The first pays $ i. 76 for excess above weight allowed, 
the second $ 1 25. If the baggage belonged to the last passenger, he 
would have to pay $ 4 excess. How much baggage is allowed to a 
single passenger ? 

11 A crew can row 4 miles downstream and back again in 1J hours, 
or 6 miles downstream and half way back in the same time. What is 
the rate of rowing in still water, and what is the rate of the current ? 

Ans 6 miles per hour, 2 miles per hour. 

12 Two trams are scheduled to leave two towns A and B, m miles 
apart, at the same time, and to meet in h hours. The train leaving A 
was k hours late in starting, so the trams met n hours later than the 
scheduled time. What is the rate at which each train runs ? 


13 . Two men are running at uniform rates on a circular track 160 feet 
in circumference When they run in opposite directions, they meet every 
6 seconds When they run in the same direction, they are abreast every 
25 seconds. What are their rates ? 


14 . Find a, 6, c, so thr t y = a 4- bx 4- cod 2 shall be satisfied by (2, 1 ), 


(1,0), (3, -6). 

15 . Find a, 6, c, so that 


0x 2 - x- 3 


a 

x — 1 


+ 


b 

*+l 


4 


c 







CHAPTER IV 


THE QUADRATIC FUNCTION 

I. GRAPHS OF QUADRATIC FUNCTfoNS 

71. The General Quadratic Polynomial ax 2 + bx + c. 

Having considered m some detail Hie lmeai function nix -b b 
and its geometnc intei pi etation, we now turn oui attention to 
a snudai study of the quadiatic function, i e a function ex- 
pressed by a polynomial of tlie second degiee in one vanable. 
Such polynomials are, for example, a* 2 -f 1, 100 -f- 50 t — 10 1 1 2 , 
etc The general foi'm of such a polynomial is ax 2 -f- bx 2 -j- e, 
where a, b , c are constants and a =£ 0. Such functions abound 
in piactiee. Thus, if a projectile be shot veitieally upward 
fiom the top of a towei 100 ft L.gh, with an initial velocity of 
50 ft. per second, the distance s (m feet) from the giound at 
the end of t seconds, is given approximately by the poly- 
nomial 

s = 100 -f 50 1 — 16.1 1 2 

The general formula foi Hie distance s fiom the ground at the 
end of t seconds of a projectile shot vertically upwaid is 
(approximately) 

s = s 0 + v 0 t— \gt\ 

where s 0 is the distance from the ground when t = 0, v 0 is the 
initial velocity, and g is the so-called “ gravitational constant ,' '* 
which varies slightly from place to place but is approximately 
equal to 32.2 when the d* stance s is measured in feet and the 
time is measured in seconds 
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72 . The Function x 2 . We consider first tlie simplest of all 
quadratic functions, viz. the function y = x\ A brief tabular 
representation of this function is as follows . 


X 


l 

2 

3 

4 

t 

- 1 



B 

y 

0 

l 

4 


10 

1 



D 


If we plot these points, we obtain Fig 43, m which we notice 
that the points seem to be ai ranged aeooiding to some regular 
law. We may insert additional points by caleulatmg values 



Fig 43 


of y for values of x between those already used. Thvp 
for x = 1 5, y = 2.25 and x == — 1.5 y = 2.25 These points 
are also marked on the figure. In general we see that for 
x = a and also for x = — a, we have y = a 2 . Geometrically 
this means that the graph is symmetrical with respect to the 
y-axis, i.e. if the part of the graph on the right of the y- aiis 
is turned about the y- axis until it falls in the original plane, 
it will coincide with the part on the left of the y- axis. More- 
over, since x 2 is positive (or zero) for all real values of x f no 
part of the graph will b~ below the ic-ayis. 
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Keeping these £acts in irind we shall make a more detailed 
study of this function and its graph, by considering values 
of x which are closer together. We shall confine ourselves to 
values #f x between x = 0 and x = 2. The corresponding 
values of y , for all values in this range at intervals of 0.1 of 
a unit, are given in the following table . 


X 

y 

X 

y 

X 

y 

•z 

y 


0 01 

: 


1 1 

1 21 

1 0 

2 60 


0.04 

1 

0 49 

1.2 1 

1 44 

1.7 

2.89 

BH 

, 0 09 



1 3* 

1 09 

1.8 

3 24 

0 4 

0 10 



1 4 

1 90 

1 9 


0 5 

0 26 



1 6 

2 26 

2 0 

1 


We cannot, with any accuracy, insert in Fig. 43 the corre- 
sponding points of the graph. We therefore adopt a pro- 
cedure analogous to the use of a magnifying glass, m order to 
separate the points. This we have done in Fig. 44 by choos- 
ing the unit on each axis 10 times as large as in Fig. 43. We 
then see that there is no difficulty in plotting all the points 
given in the above table. 

Let us study more carefully the immediate neighborhood of 
some point on the graph, for example, P( 1, 1). We shall 
magnify the shaded area in Fig. 44 in the ratio 10 1 and 
make use of the following table : 


X 

y 

X 

V 

X 

y 

X 

V 

„ X 

y 

090 

8100 

0.96 

,9026 

1,00 

10000 

1 06 

1.1026 

1.10 

12100 

0.91 

.8281 

090 

.9210 

1.01 

1 0201 

1.00 

1 1236 



0.92 

.8404 

0 97 

.9409 

1.02 

1 0404 

1.07 

1 1449 



0 98 

.8049 

098 

9004 

103 

1 0009 

1 08 

1.1664 



0.94 

.8836 

° 99 

9801 

1.04 

i 

1.0810 

i 

1.09 

1.1881 


- 
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It will be noted that the points d the graph now lie almost 
on a straight line (Fig. 45) We have drawn a straight line 
through P for the purpose of comparison. If we should desire 
a more detailed represpntation in the neighborhood of the 
point P f we should calculate the values of y for values of x 
between x = .99 and x = 1.01 and draw anew a small portion 


Y 



Fig. 44 Fig 45 


of the figure about P under a tenfold increase of the unit. 
We would then find tnat the points wou 1 ! hardly be distin- 
guishable from the points on a straight line. 

Similar conclusions might be reached near any other point 
on the graph. It is of course impossible to prove this for 
each separate point by separate calculations. To prove the 
fact generally we proceed as follows. Let x x be any particular 
value of the variable x and y the corresponding value of tte 
function y ; then y~ = x x 2 . Now suppose that the value x 
is increased or decreased by a certain amount, which we shall 
call Ax (a decrease means that Lx is negative). The new 
value of x is then x x 4- Ax and tne corresponding value of the 
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function is (x x 4- Ax) 2 . Th's new value of the function differs 
from the original value of the function, y l9 by a certain amount 
which we shall call Ay. We then have 

Vi + Ay = (xj -f Ax ) 2 


but 


Therefore, by subtraction, 


(l) f 


= Xi 2 4- 2x x Ax + Ax 2 , 

2/i = *i 2 - 

Ay = 2 XiAx -f Ax 2 
Ay = (2 x x -f Ax) Ax. 


Since formula (1) is true for every value of Xi , it follows that 
Ay approaches zero when A°' approaches zero. This means 
that in the neighborhood of the point (x t , y v ) we can find new 



points on the graph whose x and y differ from those of the 
given point by as little as we please. This simply Ineans that 
tht set of all points of the graph of y = x 2 form a set of points 
with no gaps between them ; they form what we may call a 
continuous line or cunr. 

* A function is aid to be continuous for a value x — x it if when Ax ap- 
proaches 0 the corresDondl 12 Av also approaches 0. See footnote on p 19. 
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Further, equation (1) gives the relation, 

— = 2 x x -f- Ax (if Ax =£ 0). 

Ax 

From the graph (Fig. 4G) we clearly see that this change ratio 
is the slope of the line joining > the points Pfx j , y{) and 
A(^i + Ax, yi+Ay).* If the latter point approaches the former 
along the cu-ve, i.e. if we let Ax become numerically smaller 
and smaller, then the change ratio Ay /Ax will differ less and 
less from 2x t . Indeed, we may choose Ax sufficiently small 
(without making it zero) so that A y / Ax will differ from 2 Xj 
by less than any previously assigned amount. 

Geometncally this means that m the immediate neighbor- 
hood of the point I\ on the graph of y = x 2 , the points* of the 
graph lie very near to the straight line through Pi whose slope 
is 2 x v From a somewhat different point of view, we can let 
the secant joining the points 1 j (xj , y } ) and P 2 (x x -f Ax, y x + Ay) 
on the graph rotate about P 1 m such a way that Ax, and there- 
fore Ay, become smaller and smaller and the secant approaches 
a definite position through P x whose direction has the slope 2 x Y . 
This line is by definition tangent to the graph at P l , or the 
graph is tangent to the line at P l ; the point P x is balled the 
point of contact. Combining the above results we have * 

The graph of the function y = x 2 is a continuous curve , abovh 
the x-axis , symmetrical with respect to the y-axis , and passing 
through the origin. At any point P l (x 1 , y x ) on the curve , the 
straight line with slope 2 x t passing through this point is tangent 
to the curve . 

73. Further Observations regarding the Function y = x*. 

The preceding result tells us that when x= 1, the slope of the 
tangent is 2. Reference to Fig. 45 will verify this result for 

* This follows also directly from the formula m - (y t — y\)/(x% — x x )> 
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the straight line there dr?wn, since this line has the slope 2. 
In Fig. 47 we have reproduced Fig. 43 except that we have 
replaced the several points plotted m the earlier figure by a 
continutus curve and have drawn the tangent at the point 



P(l, 1). Knowing that the slope of the tangent is 2, we can 
easily construct the tangent. Starting from P we lay off any 
convenient distance PM to the right and then lay off double 
this distance MQ upward. The line PQ is then the required 
tangent. A similar process leads to the construction of the 
tangent at any other point of the curve. 

From the fact that the slope of the tangent at any point on 
the curve whose abscissa is x x is 2 x x , we see that as x x increases 
numerically the slope increases numerically, that is, the curve 
becomes steeper and steeper the farther we go from the origin. 
Also the slope is positive when x x is positive and negative when 
x x is negative. This means that going from left to right the 
curve slopes downward at the left of the origin, and upward at 
the right of the origir . When x = 0, the slope is zero, that is 
to say, the taigent is parallel to the x-axis (here it coincides 
with the x-a~is). 
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Hitherto in our drawings we hafe choseh the unit on the 
y-axis to be equal to that on the a-axis. This renders it im 
possible to draw the graph of the function y = x 2 for large 
values of x 9 without making it of unwieldy size. Jlowever 



nothing prevents us from choosing the unit on the y-axia 
smaller than that on the a?-axis, and in Fig. 48 we have chosen 
it one tenth as large. A tabular representation is as follows : 


X 

±1 

±2 

± 3 

±4 

±6 

±6 

± 7 

±8 

±9 

± io 

y 

1 

4 

9 

16 

25 

36 

49 

64 

81 

100 


In this case the slopes of the tangents are, respectively, 

±2, ±4, ±6, ±8, ±10, ±12, ±14, ±16, ±18, ±20. 

We have drawn the tangent at the point for which x a 5, and 
have drawn the graph only for positive values of x . 

Example. Find the equation of the tangent to the graph of 
y s=s a?* at the point (3, 9). 

The slope of the tangent at the point f x x , yi) is 2 x x . There- 
fore at (3, 9) the slope is 6. The equation of the tancrent is 
therefore, y — - 9 = 6 (a — 3) or y — 6 a; — 9. 
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EXERCISES 

1. Discuss the functions y = — x 2 , y — 2 x 2 , y = — 2 z 2 . 

2 Construct for the point (2, 4) of the function y = x 2 a figure anal- 
ogous to Fig. 46. (Use a table of squares ) 

3. Use the adjoining figure to give a geometric interpretation of the 
equation Ay ~ 2 ziAz 4- Ax 2 The function y = x 2 is 
here interpreted as the area of the square whose side 
is x 

4 If in the function y = x 2 we take x = 3, how 
small must Ax be taken in order that Ay shall be 
numerically less than 0 01 ? if we take x = 15 ? Is 
the difference between these two results to be expected in view of the 
natuie of the graph ? 

I 5. Draw the tangents to the curve y=x 2 at the points for which x=0, 

db Jj db U ± ± 

6 If x is the radius of a circle and y is its area, prove that the 
change ratio Ay / Ax approaches the length of the circle as Ax approaches 
zero. 

7.* Find the equations of the tangents to the curve y = x 2 at the 
following points: (1, 1) , (2, 4) , ( — 1, 1) , (— 2, 4) Construct the 
tangents at these points. 

8 The line perpendicular to the tangent at the point of contact is 
called the rormal to the curve at this point. Find the equations of the 
normals to y = x 2 the points (1, 1) , (2, 4) , (— 1, 1) , (— 2, 4). Con- 
struct each normal making use of its slope 

Ans For the point (1, 1)- x + 2y — 3 = 0 * 

9. Find the slope of the tangent to y = 3 x 2 at the point whose abscissa 
is «i. What is the value of this slope at the point (1, 3) ? 

10. Find the equations of the tangent and the normal (see Ex 8) to 
y = 3x2 at the points (3, 27) ; (- 2, 12) 

II Find the points where the slope of the curve y — x 2 has the values 
- 1, 2, 10. 

3 

12. 1 cu. ft of wate.' weighs 66 4 lb. What must be the diameter x 
of a cylindrical can such *hat 1 in of water contained in it will weigh 
y oz. ? Plot the graph and find x when y — 60. Find y when x = 8 



Assuming the umtr on the a_ds to be equal. 
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74. The General Quadratic function* y = ax 2 -f bx + c. 

We may now dispose of the general case. Let 

y = ax 2 -f* bx -f c (a =£ 0) 

be any quadratic function (in the case y = x 1 , a was 1, while 
b and c were 0). Let x increase from the value x x to the 
value x x + Ax, and suppose that this change m the value of x 
changes the /alue of tjie function from y x to y x -f Ay. We desire 
to calculate the value of Ay and of the change ratio Ay/ Ax. 
We have 

2/i + Ay = a(x x + Ax) 2 + b(x x + Ax)+c, 

and 

y x = ax x 2 + bx x + c. 

Subtracting, we obtain 

(2) Ay = (2 ax x -\-jb 4- a Ax) Ax , 
and 

(3) ^ = 2 axi-j-b+aAx (if Ax =£ 0). 

Ax 

Equation (2) shows that Ay can be made numerically as small 
as we please, by choosing Ax near enough to 0. Henoe we may 
say. 

Every function of the form y = ax 2 + bx -f c is continuous. 
Equation (3) shows that the change ratio Ay/ Ax approach A 
as a limit the value 2 ax x -f- b as Ax approaches 0. Hence we 
may say: 

The slope of the tangent to the curve y ~ ax? +bx + c at the 
point whose abscissa is x x is equal to 2 ax x + b. 

76. General Properties of che Function ax? + bx 4 * c. The 

discussion in the preceding section and the exercises have 
furnished us with some information regarding some special 
functions of the form ax? + bx + c. 
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It will now be shown th»t whenever the term in x 2 is posi- 
tive (i.e. a is positive) the graph of the function is an inverted 



a > o a < o 


Fig 49 Fig 50 

arch as in Fig. 49 and thatf whenever the term in & is negative 
(i.e. a is negative) the graph is an arch like the one in Fig. 50. 

To prove this we need only consider the slope of the tangent 
to the curve as the point of contact moves along the curve. 
Wl have just seen that the slope of the tangent is given by the 
formula m = 2ax l -j- 5 at the point whose abscissa is x x . There 
is just one point on the curve for which this slope is zero, viz. 
the point whose abscissa is 

*1=-^- («*0). 

& CL 

Now let us write the slope m of the tangent in the form 
m = 2 a ( x x 4- Y 

V 2 a; 

The number in the parenthesis, i.e., ^ -f- 5/(2 a), is positive 
ydien x x > — 5/(2 a) and negative when x 1 < — 5/(2 a). Geomet- 
rically this means that this parenthesis represents a positive 
number for points to the right of the straight line —5/(2 a) 
and a negative number for points to the left of this straight line. 

Case 1 : a > 0. If a is positive, the slope m is positive for 
points to the right of the line x = — 5/(2 a) and negative for 
points to the left of this line. 

In other words, for rll points of the graph to the left of the 
line x = — 5/(2 a) the tangent slopes downward (as we go from 
left to right) and for all points to the right of this line ttie 
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tangent slopes upward. The pom* for which x =s — 6/(2 a) has 
its tangent parallel to the #-axis. This point is called the 
minimum point of the graph (Fig. 51). 

Case 2 . a < 0. Suppose on the other 
hand that a is negative. The slope m 
is then negative when x x -f- 6/(2 a) is 
positive and positive when x\ -f 6/(2 a) is 
negative. The slope is therefore positive 
when x l < — b/(2a ) and negative when 
6/(2 a) At the single point for 
which x = — (6 /2 a) the tangrnt is parallel 
to the a^axis. This point is called the maximum point , of 
the graph (Fig. 52). > 

When x = — 6/(2 a) the function y = aa 2 -f 
6x -f- c 6as a minimum value if a > 0 and a 
maximum val ,e if a < 0. 

T6e cw7w represented by the function 
y = ax 2 -f bx H- c is symmetncal with respect 
to the line x — — 6/(2 a). 

The proof is left as an exercise. 

Hint. Show that the points which have abscissas — 6/(2 a) + h and 
— 6/(2 a) — h have the sa*ne ordinate. 

76. Definitions. The curve represented by an equation 
of the form 

y as ax 2 + bx 4- c 

is called a parabola . The lowest (or highest) point on this 
curve, i e . the point for which x = — 6/(2 a), is called the 
vertex . The straight line through the vertex and per- 
pendicular to the tangent at the vertex is called the axis 
of the curve. The parabola is symmetrical */ith respect to 
its axis. 




Fig. 51 
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77. To draw the Graph of a Parabola y = ax 2 + bx + c. 

The preceding discussion enables us to draw the graph of a 
quadratic function without plotting many points. 

Example 1. Sketch the graph of y .= 2 a? 2 — 6 & 4- 5. 

The slope of the tangent at (x lf y x ) is, by § 74, m = 4 x x — 6. 
The vertex of the curve is the point for which 4 x x — 6 = 0, i.e 
the point for which x x = 3/2 ; the corresponding ijalue of y is 
1/2 and the vertex is therefore the point (3/2, 1/2). This 

point is the minimum point of the 
curve. Wt plot this vertex F, draw 
the horizontal tangent at this point 
and the vertical axis. We desire a 
few more points and their tangents 
on each side of the axis and then 
can draw the curve. For ex- 
ample, we have 


Tig 53 

Example 2. Sketch the graph 
of y s= — x 2 4 x + 5. 

The slope of the tangent at 
(xi , y x ) is m = — 2 x x + 4. The 
vertex of the curve is at the point 
for which — 2 x x -f 4 = 0, i.e. for 
which x x = 2. The correspondmg 
value of y x is 9. Therefore the 
vertex, which is the ( maximum 
point of the graph, is at '2, 9). 
The graph is given in Fig. 54. 
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EXERCISES 

1 Tell which of the following functions have a maximum and which 
have a minimum value Find this value in each case and the correspond- 
ing value of x. 

(a) 2 x* 4- 8 x — 9. 

Am Minnnuiji value . — 17, when x = - 2. 

(5) 3 x 2 4- 8 x — 6. 

(c) — 6x 2 + 10 x — 12. 

(d) 3 x 2 4- 6 x — 7. 

(e) — x 2 4- 1* 

2 Find the coordinates of the vertex and the equation of the axis of 
each of the following parabolas Sketch the curves 

( a ) y = 2x 2 + 5x + 3 
(h) y = 3 x 2 + 0 x — 6 
(c) y = — 6 x 2 + 10 x — 12 

Ans F = (1, — 7) , axis, x = 1 
(<f) y = 3x 2 + 6x- 7. 

(e) y = - x 2 4- 1 

3 The area of a certain rectangle in terms of the length of its side 
x is A = x (100 — 2x). Find x so that this area shall be a maximum. 

4 A point moves on a straight line so that its distance s from a fixed 
point O on the line at any time t is given by one of the equations below. 
Draw the (s, t) graph and in each case show that the variable point 
reaches, on one side of O, a maximum absolute distance front O. Find 
this maximum distance. Does this maximum absolute distance correspond 
to a maximum or a minimum value of s ? 

(«) s = t 2 — 4 t 4- 3. 

[b) s = 2 < 2 - 8 t 4- 10. 

(c) s = 3 4- 6 * - 4 e 2 . 

5 Find the equations of the tangent and the normal* to the curve 

y — x 2 — 3x4-1 at the point (1, — 1) Ans y x , y = x — 2. 

6. Find the equations of the tangent and the normal * to the curve 
y=— 2x 2 4-3x — l at the point (1, 0) 

7 Find the equations of the tangent and the normal* to the curve 
y= — 2x 2 4-4x — lat the maximum point. Ans . y = 1 , x = 1. 

8. Find the equations of the tangent and the normal* to the curve 
y = 3 x 2 — 8 x 4- 1 at its vertex. 

* See Ex. 8, p. 108. 
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78 . The Graph of y — k = a(x — hf. The fact that the 
graphs of functions of the form y = ax- + bx 4- c, all have the 
same general shape but are differently located with respect 
to the coordinate axes suggests that many of these graphs 
may consist of curves, w^ich might be brought into coin- 
cidence by a suitable motion m 
the plane. That this is indeed 
\ t the case results from the follow- 

\ / k consl ^ era ^ lons > which lead to 

\ R a general principle of far-reach- 

\ **) *~ h li.g importance. 

\M' Suppose the graph of the equa- 

h S M x tion y — 1S moved parallel to 
FlG 55 itself through a distance and 

direction which carries the point 0 to the point Q (&, k ). 
What will be the equation between the x and y of any point 
P on the curve in its new position, the axes of coordinates 
remaining in their original positon ? This question is readily 
answered. Let P* be the position of P before it was moved. 
The equrtion y = ax 1 then tells us that M'F = a • OM ' 2 for 
every position of P 1 on the curve in its old position. After the 
motion, the directed segments OM f ard M'P' become respec- 
tively the directed segments QR and RP. Hence, for every 
point P on the curve in iti new position we have 
(4) , RP = a * QR?. 


If the coordinates of P are (x, y) we have x = QM y y = MP 
and 

QR = x — h, RP = y — k. * 

Therefore, by (4), the curve in its new position is the graph 
of the equation 

(5) y — k = a • (x — h)\ 

While we have applied these considerations to the function 
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y = asc 2 , the reasoning is general ; consequently we may formu- 
late the following principle . 

General Principle. If in any equation between x and y toe 
replace x by x — h and y*by y — k y the graph of the new*eq nation 
is obtained from the graph of the original equation by moving the 
latter graph parallel to itself in such a way that the point 0 moves 
to the point ( h , k). 

We shall have occasion to apply this principle often m the 
future. 


79. Transformation by Completing the Square. At present 
we may use the principle just stated to prove that the parabolas 
y = ax 2 -f bx+ c and y = ax 1 are congruent curves . 

This follows at once from the preceding general principle, if 
we prove that the equation 

(6) y = ax° 4- bx + c 

can be written m the form 


(7) y -k= i(x - li)\ 

To do this we write (6) as follows 


y=s a(a?+^ + 


and then complete the square on the terms in the parentheses b f 
adding the term 6 2 /(4a 2 ). In order to leave the value of y 
unchanged we must also subtract a x b 2 / (4 a 2 ) = 6 2 /(4a) from 
the expression. This gives 

(7') y = a(a? + ^ + f-\+c-£-, 

\ a 4 a 2 ) 4 a 


or 


, b 2 — 4 ac ( . b V 

y H — i = «[* + £-)■ 

4a \ 2aJ 

This is of the form (7) for the values 
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( 


fl 


2 a 


Jc 


b 2 — 4 ac 
4 a 


The operation just performed is called the transformation by 
completing the square. It is found serviceable m a variety 
of situations. It may be uLed to advantage in connection with 
numerical examples. 

Example Discuss the graph of ?/ = — 2x a -*-8x — 0 
We first write 

y = — 2 (x 2 - 4x + )-9, 

and then 

y=-2(x 3 -4x + 4'-9 + 8 
or 

y- f l=-2(*-2)* 

The graph is then obtained from the graph of y =— 2 a 2 by moving the 
latter parallel to itself so that its vertex moves to the point (2, —1) 


EXERCISES 

1. By reducing to the form y — k = a (x — 6) 3 , discuss the graphs of 
each of the following functions. 

(а) y = 2 x 3 -f 12 x -f 2. (d) y = 2 x 3 — 7 z + 3 

(б) y = 4x 3 -f- 8x — 9 (e) y=—4z 2 + 7x-f- 2 

(c) y = — S z 1 + 9 ac -f 10. , (/) y = — 3 x 2 — 8 x -f 10 

2. Show that the equation of the straight line y — y t = m (x — Xi) may 
be derived from the eouation y = mx by the general principle of § 78. 

3 The results of § 79 furnish a proof of the fact previously derived, 
that the vertex of the parabola y = ax 2 + bx -f c is at the point for which 
x = — 6/(2 a). Explain. 

4 Equation (7') proves that if a > 0, the value x = — 6/ (2 a) gives the 
minimum value to y, also that if a<0, the value x=— # 6/(2a) gives 
the maximum value to y. Explain without using the graph. 

Write the following equations in the form a (x — h) 3 4- 6 (y — k) 2 = c, 
where a, 6, c, 6, and A; are constants. * 

5. x a — 4 x -f 2 y a — 8y = 2. 8 . x a + y a — 4y = 2 

Ans. (x — 2) a + 2 (y — 2) 2 = 14. 9 x 2 -8x + y 2 = 0 

6. — 2 x a + 4 x +y 2 - 4 y— 3 = 0. 10. 3 x a — 4 x — y 2 + 2 = 0. 

7. 4x a — 4x 4-2t/ a — 3 V4-1 = 0. 
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II APPLICATIONS OF QUADRATIC FUNCTIONS 


80 . Maxima and Minima. We have seen that a quadratic 
function ax 2 -f- bx -f c has either a maximum or a ny.ni mum 
value according as a is negative or positive. Numerous appli- 
cations mvolve the problem of finding this maximum or mini- 
mum value and the corresponding value of x, as the following 
examples show. 


Example 1. A rectangular piece of land is to be fenced m and a 
straight wall already built is available for one side of the rectangle. 
What should be the dimensions of the rectangle in order that a given 
amount of fencing will inclose the greatest area? 

Before beginning the solution proper we should note carefully the sig- 
nificance of the problem The length of the fence being given, ye may 
use it to inclose rectangles of a variety of shapes, as indicated by the 
dotted lines m Fig 56 Some rectang’e whose shape is between those 
indicated will inclose the maximum arer ^ n , 

To determine this shape is our problem. ' 1 7 

To do this, it is necessary to express the 
area (the quantity we wish a maximum) 
as a function of one variable. 

Solution Let the dimensions of the 


T”tri — hr— ' 


u 

Fia 56 


rectangle be x and y and suppose the given length of fencing is L. We 
then have 


( 8 ) 


2 x + y = L. 


The area inclosed is A = xy, which from (8) becomes 

A = x(L — 9 x) = Lx — 2 x 2 . 

Plotting this function, we have the parabola m Fig. 67. We desire to 
find the value of x corresponding to the vertex 
V of this parabola, for this gives the greatest 
value to A. The slope m of the tangent is 
given by the equation m = L — 4 x, and this 
is zero (tangent horizontal at V) when x = \ L, 
L/gXy For this value of x y y = \ L The maximum 
area is therefore obtained when the width is 
one half of the length. The maximum area 
Fig 57 is I L 2 square units. 
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Example 2 Three streets intersect so as to inclose a triangular lot 
ABC. The frontage of the lot on BC is 180 ft and the point A is 90 ft 

back of BC A rectangular 
building is to be constructed 
# on this lot so as to face BC. 
What are the dimensions of 
the ground plan which will 
give the maximum floor 
area ? 

In Fig 58 we have drawn 
the lot ABC and have indi- 
cated by dotted lines two 
extreme plans The ground 
plan sought must be somewhere be ween these two extremes To deter- 
mine its dimensions we proceed as follows 
( Let p* and y be the length of the sides of the ground plan The floor 
area (neglecting the thickness of the walls) is 

(9) A = xy. 


A 



In order to express A , for whic.i we seek a maximum, m terms of x 
alone, we now proceed to express y in terms of x The triangles ABC 
and AMN are similar (Why ?) Hence we have 


MN = LA 
BC DA 

This give- 

x _ 90 — y 
180““ 90 1 

whence 

(10) V — — i* + 90 

From (9) and (10) we obtair 

A = 90x- is* 


(Why ?) 


This expresses the floor area as a function of the side x The slope of 
the tangent to the graph is given by 

m = 90 - x 


and this slope is zero when x = 90, which m turn gives (by (10)) y = 45, 
and therefore A = 4050. The maximum area is then 4060 sq. ft and this 
is obtained by making the bu Iding 90 ft. long and 45 ft deep. 

Draw the graph of the function A = 90 x — 4 as*. 
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We may note that m both of these^examples, the function of 
which the maximum was sought was obtained as a function of 
two variables. The conditions of the problem, however, made 
it possible to express one of these variables in termsiof the 
other and thus to obtain the desired function as a quadratic 
function of one variable , whereupon the solution was readily 
effected. The difficulty in this type of problem is usually in 
connection with the elimination of all but one of the variables. 
To solve such a problem it is necessary to keep in mind the 
following steps. 

(1) Decide, and express in wcrds , of what function a maxi- 
mum or a minimum value is to be found. 

(2) Express this function algebraically. 

(3) If this expression contains more than one variable, use 
the conditions of the pioblem to find a relation or relations 
connecting these variables. 

(4) By means of the relation or relations found, eliminate 
all but one of the variables from the function of which a maxi- 
mum or minimum value is sought. 

(5) Proceed with the algebraic computation. 

EXERCISES 

1 The number 100 is separated into two parts such that the product 
of the parts is a maximum. Find the oarts and the corresponding 
product. Arts 60, 60, 2600 

Is it possible to separate 100 into two parts such that the product of the 
corresponding oarts is a minimum ? Explain 

2 . Prove that the rectangle of given pen meter which has the maxi- 
mum area is a square. 

3. Find the greatest rectangular area that can be inclosed by 100 yd 
of fence 

a. Separate 20 into two parts such tha„ the sum of their squares will 
be a minimum. 
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5 man desires to build a shed against the 
back of his house, the ground plan to be a rec- 
tangle. The roof is to be 1 ft higher in the 
back than in the front (see the adjoined figure). 
He lias on hand enough siding to cover 253 sq. ft 
Allowing 18 sq. ft. for a door and assuming that 
the heigfit from the ground to 
the lowest part of the roof is 8 
ft , what should be the dimen- 
sions of the ground plan m 
order to get the greatest floor area ? 

6 . An underground conduit is to be built, the 
cross section of which is to have the sha^ of a rec- 
tangle surmounted by a semicircl# If the cost of 
the masonry is proportional to the perimeter, and if 
th? perypeter is 30 ft., what should be the dimensions of the cross section 
in order that the conduit will have a maximum capacity ? 

7 The same problem as in E» 6 with the perimeter of the cross section 
given as a ft. 

8 . Determine the greatest rectangle that can be mscnbed in a given 
acute angled triangle whose base is 2 b and whose altitude is 2 a. 

*9. In the corner of a field bounded by two perpendicular roads a 
spring is situated 8 chains from one *oad and 6 chains from the other. 
How should a straight path be run by this spring and across the corner so 
as to cut <jjf as little of the field as possible ? 

Aits 12 and 10 chains from the corner. 

81. Table of Squares. We have stated that the more 
important functions have been tabulated (§ 28). The function 
x 2 is one of these. Tables of squares are very helpful in 
shortening computation. A comparatively rapid method of 
constructing such a table is given m Ex. 2 below. Here we 
may make use of our knowledge of the function x 2 to see that 
for a sufficiently small interval yi such a table, #we are justified 
in using linear interpolation (§ 56). Indeed we have seen that 

♦The function whose minimum is sought is not in this case quadratic. 
An approximate solution may b% obtained graphically The solution mqjr he 
computed by finding the *lope of the^raph from the definition of slope. 
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m a sufficiently small neighborhoods any punit on the graph 
of y = x 2 , the graph difteis as little as we please from a straight 
line. (See Fig. 45.) For example, if in the second 
table on p. lOO^we coniine ourselves to only thffce-place 
accuracy, we find that the successive differences in 
the function are almost proportional to the corre- 
sponding differences in the variable. We give in 
the adjoined table an extract from the table men- 
tioned. From this table we may conclude that 

( 953) 2 = .909. 

This result is accurate only to the third decimal place. 

EXERCISES 

1. Find by interpolation from the above table the following : 

( 964 ) 2 , (. 981 ) 2 , (9 06 ) 2 , ( 9 . 89 ) 2 . 

2 Compute by actual multiplication the squares of all the integers 
from 81 to 40. This method of coi puting a table of squares becomes very 
laborious Write the results obtained from 
Difference your computation in a column, and t write op- 
\ posite each pair of successive squares their 

63 difference as shown in the adjoined beginning 

65 of such a table These differences are called 

the first differences of the table Do you ob J 
serve any regularity in the formation of these 
differences? Prove in general the law here 
suggested 

[Hint. Consider the difference between k 2 and (k + l ) 2 ] 

Use this law to construct a table of squares from 41 to 100. 

3. If the successive differences of the first differences are formed, we 
obtain the so-called second differences Prove that in a table of squares 
of successive integers the successive second differences are all equal to 2 
The first differences, therefore, have the character of ? linear function. 
Hen n e show how to compute the exact value of (32 6) 2 f*om the value of 
(82) 2 and (33) 2 This process is known as quadratic interpolation. 


X 

X 2 

31 

961 

32 

1024 

33 

1089 

34 


35 


36 



X 

X 2 

94 

884 

95 

903 

96 

922 

.97 

941 

.98 

960 

99 

980 
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III. QUADRATIC EQUATIONS 


82. Definitions. An equation of the form ax? -f bx +- c = 0, 
where a, b , and c are constants and a 0, is called a quadratic 
equation. 

A value of x which fallen substituted m the equation 
ax 1 -f bx +- c = 0 makes both members identical is called a root 

Example 1 Is 3 a root of the equation 2 x 2 — 5 x + 6 # = 0 ? 

Substituting 3 for x, we find 2 3 2 — 53+6 = 9 and not 0. Therefore 
8 is not a root. . 

Example 2 Determine k so that one ijbot of 2 kx 2 — 3 x + 6 = 0 shall 
be 1. • 

Since 1 is to be a root, we have 2k — 3 + 6 = 0, or A, = — 1 The 
equatiqri then becomes — 2x 2 — 3 x + 5 = 0 


83. The Roots of ax 2 - f &x-fc = 0 . It follows fiom § T9 
that the equation ax 2 -f- bx c = 0 may be written m the form 


a 



b 2 — 4 ac 
4a 


) 


provided a=£0. Dividing by a and solving for (x+ 6/(2 a)), 
we have . t v 

( x+ ±\ 2 = b2 -A 

V 2 a) 4a 2 


or 


hence 

ah 


• 4 ac 

7.2 ’ 


_ , 6 t V6 2 — 4 ac . 

X + 2l~ ± —2i 


X = 


— 6 ± V6 2 — 4ac 
2a 


We have shown up to this point that if ax 2 +- ^ -r c has the 
value 0, then a; must have ont of the values* given in equa- 
tion (11). We need still to prove the converse . If 

— o+Vb 2 — 4 ic — 6 — Vh 2 — 4ac 

2 * 1 — — /•**• — — — 

2 j 


2a 
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then ax 2 + bx -|- c will have the valuer 0. ThiS can be done by 
substituting the values of x m turn in the expression ax 2 +bx+c 
and simplifying the resulting expressions. 

The last part of this proof is essential. We know fjiat the 
converse of a true theorem may be false. t The first part of 
our discussion proved that no otlier values of x than those 
given by (11) will satisfy the equation ax 1 -f bx + c = 0, but it 
did not prove that either of these values does satisfy the given 
equation. 

Equations (11) maybe used as a formula for solving a quadratic 
equation. Thus, solving 

2 a; 2 -5x - 13 = 0 
where a = 2, b = — 5, c = — 13, we have 

4 

or 

5 ± V129 
* 4 

Solution by Factoring. If the factors of a quadratic 
equation may be found readily, one may proceed «,s in the 
following example. 

Example Solve x 2 — 3 x -f 2 = 0 

This equation may be written in the forn 
(x- 2)(x- 1) = 0 

Therefore, 

x — 2 = 0 or x — 1 = 0, 

i.e. 

x = 2 or x= 1. 

Why? See § 4C ^ 

* The converse can be proved at present Only — 4 ac is not negative. 

Wby? t 

f Thus the converse of the true statement, * ** A horse is ay animal/’ would 
be the false statement, “ A r animal is a horse ” 
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EXERCISES 

Determine whether the roots of the following equations are as stated 
1 x 2 - 6x + 6 = 0 ,2, 3. 4 2z 2 -&2e+3=:0,l, -2 

2. xH \ - 6 x - 0 = 0 , 1, 2 5 sr 2 - 7 = 0 , V7, - V7 

3 a* 2 - 12z+ 30 = 0, 6, 6 6 7 rr 2 - 2 a; 4* 51 = 0 , 0, 1 

In the following equations determine k so that the number beside the 

equation is a root Find the other root. 

7. x 2 +‘2fcr-6 = 0,l. 8 A,x 2 - 6x + i 2 - 1 = 0 , 0 

Am k — 2, other root = - 5 9 kx 2 — 5 kx -f 11 = k , 2 

Solve the following equations by means of the formula and also by 
completing the square 

10. ( ax + 6) 2 = 0 x. 15 sx 2 + tx — p = 0. 

11. (x — 5)(7 x — 3) = 12. 16 _ i8ar_+ 2) 2 =1 

U y + 5 y 2 -5 _ fl 4 1 

7 3 17 3(6 x 2 — 10) -f 2 x — 6 = 0. 

13 + - dx 2 + ft = 0 18 x 2 -f (p — <?)£ — pq — 0 

14 m 2 x 2 + — p)x — mp — 0 

Solve the following equations by factoring 

19. x 2 - 8 x + 15 = 0 22 3 x 2 - 17 x + 10 = 0 

20. x 2 — 14 x -f 48 = 0. 23 5 x + 14 = x 2 

21. 12 — x — x 2 = 0 24 abx 1 + d 2 x + b 2 x 4- ab = 0. 

20 A cross-country squad ran 6 miles at a certain constant rate and 
then returned at a rate 6 miles less per hour They were 50 minutes 
longer m returning than in going. At what rate did they run ? 

Am. 9 miles per hour. 

26 When a single row ot rivets is used to join together two boiler 
plates, the distance p between the centers of the rivets is given by the 
formula 

p = 0.66^ + d, 

where t is the thickness of the plate ai d d is the diamete* of a rivet hole m 
inches. In a certain make of boiler the rivets are 1 inch apart and the 
plate is J inch thick. Find the diameter of the rivet holes 

27. How high is a box that s 6 ft. long, 2 ft. wide, and has a diagonal 
8 ft, in length ? 1 
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28 The effective area E of a chimney is gwen by the formula 
E = A — 0.0 VA, where A is the measured area Find the measured 
area when the effective area is 25 square feet. 

29 Two men can row 12 miles downstream and back again in f 
hours If the current is flowing at the rate of 1 mile per hour # how fast 
can the men row m still watei ? 

30 Find the outer radius of a hollo fr spherical shell an inch thick 
whose volume is 70 ir/d cubic inches 

[Hint The volume of a sphere is 4 tt r $ /3 ] 

84 Graphic Solution. Example. Solve x 2 — 4 x + 3 = 0 
graphically 

Let us plot the graphs of y = x 2 , y = 4 x — 3 with reference 
to the same set of axes (Fig 59). We see that the two graphs 
nitei sect m two points, the coordinates of 
which satisfy both equations. Therefore the 
abscissas of these points are /alues of x 
which make the right-hand memoers equal, 
t.e., for which 

x 2 = 4 x — 3 
or 

x 2 — 4 x -f 3 = 0. 

The roots are seen to be 1 and 3. 

If the line and the parabola were tangent, what would you 
say concerning the roots 9 If the line and parabola do not 
meet, what would you say concerning the roots ) 
This problem may be solved graphically in 
an entirely different way. We will plot the 
curve y = x 2 — 4 x -f 3 (Fig. 60). The abscissas 
of the points where this graph meets the a>a$is 
are roots of tie original equation. Why? 
Describe the roots if the parabola touches 
the iB-axis. What would you say concerning the roots if the 
parabola did not meet the a^-axis ? 



Fio. 60 
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85. General Theorems. 1. If r is a root of the equation 
ax 2 4- bx 4- c = 0, then x — r is a factor of ax 2 4- bx 4- c. 

Dividing ax 2 4- bx 4- c by x — r, we obtain * 

a? — r| a® 2 -f 6& 4- c | a# 4- (5 4- ar) 

ax 2 — a r# 

(6 4-*ar) # 4- c 

(6 4- ar)# — (6 4- ar)r 

c 4- br 4- ar 2 

Therefore 

ax 2 4- bx 4- c = [a# 4- (5 4- ar)][# — r] 4- c 4- hr 4- ar 2 . 

But, by hypothesis, r is a root ; therefore, ar 2 -f 6r 4- c = 0 ; 
hence 

a# 2 4- 6a; 4- c == [a# 4- (b 4- ar)~\[x — r]. 

2. Prove that if x — r is a factor of ax 2 4- bx 4- c, <6en a; == r 
is a root of ax 2 4- for 4- c = 0. 

3. Prove that if the expression ax 2 4- for 4- c is divided by 

x — r, remainder is ar 2 4- 6r 4- c. 

The Discriminant of the Quadratic. In § 83 we saw 
that the roots of the equation ax 2 4- bx 4- c = 0 are 


_. &+ y 6 2_ 4ac and 

2 a 


— b — Vfr 2 — 4 ac 
2a 


The expression under the radical, namely, b 2 — 4 ac, is called 
the discriminant of the equation, because it enables us to dis- 
criminate as to the nature of the roots. From geometric con- 
siderations we know that a quadratic equation with real 
coefficients a, 6, c may have either two real distmctf roots, two 
rea 1 equal roots, or no real roots at all. The above formula 
enables us to see the pame truth algebraically. 

If b 2 — 4 ac = 0, we say that there are two real and equal 
roots, each being — 6/2 a. 

If b 2 — 4 ac > 0, there are two real and unequal roots. 
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If b 2 — 4gc< 0, there are no reai roots. ±'he roots of such 
an equation are called imaginary or complex. The properties 
of such numbers will be discussed fully in Chap. XVIII. 

If the discriminant # b 2 — 4 ac is a perfect square* and the 
coefficients a, 5, c are rational numbers, then the roots are 
rational. 

By finding the value of the discriminant we may determine 
the nature of the roots of the quadratic without solving the 
equation. Thus, m the equation 3aj 2 -f-4& — 3 = 0, the dis- 
criminant is 52 and we conclude that the roots are real, un- 
equal and irrational. 


Relation of Roots to Coefficients. Let the roots of^the 
equation ax 2 4- bx -f c = 0 be denoted by r x and r 2 Thftt is, let 


Ti = 


— 5 4- V& 2 — 4 ac 


2 a 

By addition we have 


and 


r, = 


— b — V& 2 — 4ac^ 
2 a 


n + r 2 = 


-5+ V5 2 - 


4 ac — b 
2 x 


■ V6 2 ~ 4 


ac 


2b m 

2a Z 


b t 

a 


By multiplication we have 


VA 2 - 4 ac J £(- b ) W& 2 -_ 4 «A1 

1 2 4a 2 

— . 5 2 — 5 2 -f 4 ac __ c 
4 a 2 a 


Therefore, if we write the quadratic equation in the form 

x 2 -f - x 4- - = 0, 
a a 


the above results may be expressed as follows . 

In a quadratic equation in which the coefficient of the x 2 term 
is unity , (i) the Sum of the roots ik eq^al to the coefficient of x 
with the sign changed; (it) the product of the* roots is equal to 
the constant term . 
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ETERCISES 

Solve graphically (two ways) each of the following equations . 

1 . 2 * 2 -l-65C -3=0 3 12 — * = * 2 5 4 — x 2 = 0 

2 . x 2 r 8 * + 15=0 4 . 2 * 2 — 3*— 6=0 6 4 + *2 = 0. 

Form the equations with the following roots 

7 4,-6 Am x 2 + * — 20=0. 9 2 + V5, 2 — V5 

8 . V7, - \/7 10 c 4 . 3 6 , c - 3 b 

11 What is the remainder when 3 x- — 2 * -f 5 = 0 is divided by 
* — 3? by* + 2? by * — 1 9 by — * + 1 9 [Hint Use 3, § 85 ] 

Detennine, the nature of the roots of the following equations 

12 7 * 2 — 5 * = 6. 14.22/2 + 32/4-24=0 

13 2 * = 7 — 3 * 2 15 9 * 2 = 4 * — 5 

Determine k so that the following equations shall have equal roots 

[Hint Place b 2 — 4 ac equal to zero ] 

16 kx 1 — 0* + 3 = 0 Am k=S 18. * 2 + 2 (l + ^)*+A : 2 = 0 

17 8 *2 — 4 Ar* + 2 = 0 19 2 A :* 2 + (6 fc + 2)* + 4 ^ + 1 =0 

20 . Determine the limits on k so that equati ms 16-19 shall have their 
roots real and unequal , imaginary and unequal 

21 . If x is real, show that * must lie between — — and 1 

*2- 5u + 9 11 

22 A party of students lured a coach for $ 12, but three of the students 
failed to contribute towards the expense, whereupon each of the others 
had to pay 20 cents more How many students were in the party ? 

23 Cox’s formula for the flow of water in a long horizontal pipe con- 
nected with the bottom of a reservoir is 

m = 4v* + 5t>-2 
L 1200 

where H is the depth of the water in the reservoir in feet, d the diameter 
of the pipe in inches, L the length of the pipe in feet, and v the velocity 
of the water in feet per second If a reservoir contains 49 # ft. of water, 
find the velocity of the water in a 6-inch pipe that is 1000 ft long 

*4. It takes two pipes 24 minutes to fill a certain reservoir. The larger 
pipe can fill it in 20 minutes less time than the smaller ' How long does 
it take each pipe to fill the reservoir ? Ans. 60 min. , 40 min 

25 . Prove algebraically and geometrically that if 6 2 — 4ac<0, the 
value of the function ax 2 + 6* c is positive for all (real) values of *, 
if a >0 , and negative fo»* all (real) values ox *, i* a< 0 
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86. Equations involving Radices. The method of solving 
problems involving radicals will be illustrated by some 
examples. 

Example 1. Solve -f* 2 — 2 (a? — 1) = 0 

Transposing the second term to the right-hand member gives 
y/x -f 2 = 2 (x — 1). 

Squaring, 

a; 4- 2 = 4 x 2 — 8x4-4, oi 4 a; 2 — 9#-f2 = 0. 

Whence 

x = 2, or 

Do both these values satisfy the equation‘s 

We have shown that, if Vx 4- 2 — 2 (x — 1) =0, then x = 2 
or But we cannot conclude conversely, that if x = 2 or 
then Vx -f- 2 — 2 (a; — 1) = 0. 

In fact, if we substitute the values of x found m the original 
equation, we find that x = 2 is a loot, but x = J is not. 

Example 2 Solve the equation Vx + 8 4-Vx + 3==5\/x. 

Squaring both sides, we find 

x 4- 84 - 2 Vx 2 4 -llx 4 - 24 -fx-f 3 = 25 a;, 
or 

2 Vx 2 4- li a; q- 24 = 23 x — 11 ; 
whence squaring, collecting terms, dividing by 25, we have 
21 a; 2 — 22 x 4- 1 = 0 ; 
therefore, x = 1 or ^ r . 

What are the roots ? 


EXERCISES 

Solve each of the following equations 

1 Vx"^2 - 3 = 0 . 4. - V4 x — 3 - Vx+T = 1 . 

2. n/z — 2 + 3 = 0 5. v^T6+ Vo; 4- 10= V2 x+15. 

Ans. No roots. 5, £>+ Vx + a = V2 x +a + h. 

3. Vx + 2 — Vx + 7 = — 1. 7. ^2 x + 0 — V* 4- 4 = Vx — 4 

-a/w. 2. s VaT+8 - V4 xTl = V2 - 3 x. 
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MISCELLANEOUS EXERCISES 

Determine the condition existing among a, 6, c so that the equation 
ax 2 4- bx 4- c = 0 shall have 

1. One root double the other. Ans 2 6 2 = 9 oc. 

2. The roots reciprocals of er.ch other Ans a = c 

3 . One root three times the other. 

4. One root n times the other. 

5. One root zero Ans c = 0 

6 One root equal to 1 , 2 , 3 ; n 

7. The roots numerically equal but opposite msign Ans. 6 = 0 

8. Find the area of the largest rectangle that can be inscribed m a 
triangle whose base is 20 inches and whose altitude is 16 inches, if one 
sidl of tj*e rectangle is along the base of the triangle 

9 Separate twenty into two parts such that the product of half of one 
part by a quarter of the other shal 1 be a maximum 

10. Solve the equation y 4 - 8 ^ + 16 = 0 THint Let y 2 = x ] 

11 Solve the equation £x + - J 2 -f |jr -f * J — 12 = 0. 

12. Solve the equation x 2 4- 8 x + 3 Vx 2 -f 8 x 4* 2 = 8 

13 . Solve the equation — — — -ti = JL 

x + 1 x 2 12 

14 . Find so that the roots of (k + 2)x 2 - 2 kx + 1 = 0 are equal 

15 . Without solving, determine the sum and product of the roots of each 
of the following equations 

(а) 2x 2 — 7x — 3 = 0 (c) 4x 2 - 3x 4- 1 =0. 

(б) x 2 -4x + 2 = 0 (d) 2 x 2 -f 3x + 4 = 0 

16 . Determine k so that the sum of the roots of the equation 

2x 2 +(*- l)x+(3*-7) = 0is4 Jins * = -7 

17 . Determine k so that the product of the roots of the equation 
(2*- l)x a +(* + 3)x + (* 2 -2fc -f 1) = 0 is 2. 



CHAPTER V 


THE CUBIC FUNCTION. THE FUNCTION 

87. The General Cubic Function ax 3 + bx 2 + cx + d. Hav- 

ing discussed in the last chapter the general quadratic function 
ax 2 -f- bx 4- c, we now turn our attention to . . . ... 

the general algebraic function of the third 

degree, ie. the general cubic function. It :::::::::: 

is of the form j::: j±:: 

aa? -J- bx 2 -f- cx -f- d f a 0. 

88. The Function x 3 . We begin with EEEEE: EEEEEEEEE: 
the consideration of the function y = x?. 

A brief tabular representation of this 
function is given below. 

We note that the values of op 
for negative values of x are the 
same m absolute value as those 
for the corresponding positive 
values, but negative. If the 
corresponding points are plotted 
with respect to a pair of rec- 
tangular axes, we obtain Fig. 61. 

The change my due to a 
change Ax in x is calculated as follows, where x x and y x are 
any pair of corresponding values of x and y 

(1^ y x + Ay = x? 4- 3 x x 2 • Ax + 3 x x Ax 2 4- Art. 
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X 

X* 

0 

0 00 

.5 

0.12 

1.0 

1.00 

1.6 

3 36 

2.0 

8.00 

2.6 

16.82 

30 

27.00 


Fig. 61 


X 




130 


MATHEMATICAL ANALYSIS 


IV, § 88 


Since 
this gives 
( 2 ) 


V\ = Zi s , 

A y = (3 x x 2 + 3 x x Ax -f- Ax 2 ) Ax . 


We can now conclude that as Ax approaches zero, Ay also 
approaches zero ; i.e. the function is continuous for all values 
of x. From (2) we obtain 


( 3 ) 


^=3^2 + Sx { Ax -f Ax 2 

Ax 


(if Ax =£ 0). 


As Ax (and, therefore, also Ay) approaches 0, this change ratio 
approaches Sx^. The slope m of the graph at the point (x l9 y : ) 
is, therefore, 

(4) m = 3^2. 

This slope is positive for e 1 ! values of x t 
except x x = 0. Why ? The function is 
therefore an increasing function for all 
values of x except x = 0 , i.e at the origin, 
where the graph of the function is tangent 
to the a; axis. The graph is exhibited m 
Fig. 62, where we have drawn at certain 
points the tangent? to the graph by means 
of (4) in order to insure greater accuracy. 

89. The Functions ax 3 and a(x — hy + k. 

From the results of the last article and the 
general principles previously established, we conclude that the 
giaph of the function 

y =s ex 3 



Fig 02 


is obtained from that of y = a? 3 by stretching or contracting all 
the ordinates in the ratio | a | . 1, according as | a | is greater 
than 1 or less than !, and in case a is negative reversing ^he 
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signs of all the ordinates (Fig. 63) * Explain the reason for 
this result. 

The function y = a (x - h) z + k may be written in the form 
y — k — a (x — li) z . 

Its graph is accordingly (§78) obtained from that of y = ax* 
by sliding the latter graph through a distance and m a direc- 



Fig 63 Fig 64 

tion represented by the motion from (0, 0) to C = (h, k). Ex- 
plain the reason for this (Fig. 64). 

The slope of y= ax* at the point (a^, y x ) is 3 ax x 2 . The slope 
of a (x — 7i) 3 -b k at the point (x l9 y x ) is 3 a(x x — h) 2 . The proof 
of these statements is left as an exercise. 

EXERCISES 

1 From the graph of the function y = x 8 , determine the volume of a 
cube whose edge is 0 5 in , 0 6 ft , 3 ft. , 4 5 cm 

2 Find thr equation of the tangent and the normal to the curve y = x* 
at the point (2, 8) , ( — 1, — 1); (0, 0) , (—2, — 8) 

3 Draw each of the curves y— —x 8 , y = 4 x?, y— 3(x— l) 8 , y=2($-f l*) 8 

y=-i(* + 2) # 

* For example, if the unit on the j/-scale of Fig 62 be doubled ( i e made 
equal to the awlcale) while the curve is left naltered, the graph there given 
will be the graph of y — $ r* 
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4. Show that the llope of y — ax 8 at the point (*i , y\) is — 3 ax i 2 . 

5 Discuss the locus of y = — 

6 Discuss the locus of y = — aa: 3 if a is positive and greater than 1 , 
less than 1 Show that the same curve will serve as the graph for all 
values of a > 0 if the units on the axes are properly chosen 

90. The Addition of a Term mx. Shearing Motion. If to 

an expression in x defining a function, a term of the form mx 
be added, the effect on the giaph is leadily described in teims 
of a type of motion that is impoitant m mechanics. For ex- 
ample, let us take the function x 3 and investigate the effect 
produced upon tne grapli by adding the 
term — 3 x. The graphs of y = x 3 and 
y = — 3 x are drawn in Fig. G5. The graph 
of y = x* — 3 x is then obtained by adding 
the corresponding ordinates of the former 
graphs Th j addition of these two func- 
tions is obtained graphically by sliding the 
ordinate of each point on y = x 3 vertically 
up or down until the base of that ordinate 
meets the graph of y = — 3 x. If we think of the ordmates 
of y = x 3 as attached to the x-axis and constrained to remain 
vertical, the graph of y = x 3 will become the graph of 
v = x* — 3 x if the x-axis is rotated about the origin until it 
coincides with the line y = — 3x. The resulting graph of 
y ass x* — 3 x is, of course, to be interpreted as drawn with ref- 
erence to the original x-axis. The motion just described, 
whereby y = x* is transformed into y = x* — 3 x] is called a 
shearing motion or a shear with respect to y = — 3 x. 

In general, if the term mx is added to ax*, the graph of the 
function ax 3 + mx is obtained by subjecting the graph of ax* 
to a shear with respect to the line y = mx. If a»and m have 
the same signs, the effect is in the direction of straightening 
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the graph; if a and m have different signs,’the effect is m the 
direction of emphasizing the curvature. 

These effects can be produced by drawing the original figure 
on the edges of a pack of cauls, or on the edges of a l*>ok, and 
then shifting the cards (or sheets of naper) as shown in Fig. 66. 



EXERCISES 

Draw the graph of the following functions, making use of the shear: 

1 y = 3/ 2 + a: 5 y = y* + x — 

2 y = x 2 + x 6. y = + y + 

3. y - — x* — x 1. y — x* 

4 y — — 22 * + 4x 8 y = i 2 - 4 1 . 

9 Show that y = mx is the equation of the tangent to the curve 
y = x* 4 - mx at the origin 
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91. The Functions a(x*— h) z + m(x - h)+ k and ax 8 + bx 2 

H- cx + d. We have seen that the graph of 

(5) y = ax 3 -|- mx 

has one of the following forms (Fig. 67) according to the signs 
of a and m. 

If such a graph is subjected to a parallel motion which 



carries the origin to the point ( h , A;), the equation of the graph 
in its new position is (§ 78) 

(6) y — k = a (x — h) 3 -f m(x — h ), 
which when expanded takes the form 

(7) y = ax* — 3 aft# 2 -t- (3 ah 2 -f m)a;-L aA 5 — m/i -f k . 
This is of the general form 

(8) y = crx 3 4- 6a? 2 *+* cx + d. 
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Moreover, it includes for all values Gf h, k y m all the equations 
of the general form (8). For (7) and (8) will be identical if 

(9) * — 3 ah = b, 3 ah 2 4 m = c, — ah 3 — mh +k 

The first of these equations determines h(a=fc 0) , h being 
known, the second equation determines m ; m and h being 
known, the third equation determines k. We may conclude 
then that the graph of any function of the form (8) has one of 
the shapes given m Fig 67, but with the origin moved to a 
point ( h, k) given by the Equations (9) 

In order to draw the graph of a function of the form (8) 
we could first transform (8) into the form (6) and the^n pro- 
ceed as in § 90 It is more expeditious, however, to proceed 
more directly by making use of the slope of the function (8) 
and our knowledge of what shapes may be expected. 

92. The Slope of y = ax z 4 bx 2 + cx + d. The change A y 
in y due to a change Ax m tlr function 

y = ax 3 4 bx 2 -f* cx 4 d y 

when x = x v , is 

A y = (3 axj 2 + 2 bx i 4 c -f 3 ax^Ax 4 bAx 4 a Ax 2 ) Ax . 

This equation shows that the graph is continuous. Why t? 
When Ax approaches 0, the change ratio Ay /Ax approaches 
the slope m, by definition. This gives, 

m = 3 axf 4 2 bx x 4 c. 

93. To draw the Graph of y = ax 3 4 bx 2 4 cx + d . We 

shall illustrate by means of two examples the method of draw- 
ing the graph of a cubic 1 unction 
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Example 1 Draw the 0 'raph of y = x * + a 2 — x + 2. 

The slope m at the point (x u y t ) is (§ 92) 

to = 3 xf + 2 x x — 1. 

T 

We seek first the points (if such exist) at which the tangent 
is horizontal, i.e. where m = 0. The roots of the equation 
m = 0, viz. 

3x x 2 + 2x x -1 = 0 

are x x = — 1 and x x = The slope is therefore 0 at the 
points (— 1, 3) and (£, $$). 

We now compute a table of corresponding values of x , ?/, m 
for values of a on both sides of and between a; -= 1 and x = 
Such a table and the corresponding figure are given below 



Fig 68 


X 

y 

m 

— 3 

- 13 

20 

- 2 

0 

7 

- 1 

3 

0 

0 

2 

- 1 

i 

» 

0 

1 

3 

4 

2 

12 

16 


Example 2. Draw the graph of y = — x 8 — 3 a? 2 — 5 x -f 1. 
The slope at the point where x = x x is 

m = — (3 x x 2 + 6 x* + 5). 

Since the roots of the equation 3 x x 2 + 6 x x + 5 = 0 are im- 
aginary, the graph has no horizontal tangents and the slope m 
is negative at every point We accordingly make a table of 
values and construct the graph (Fig. d9)„ 
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X 

y 

m 

- 3 

16 

-15 

-2 

7 

- 6 

- 1 

4 

- 2 

0 

1 

- 6 

1 

-8 

- 14 



94. Maxima and Minima. We extend our definition of 
maximum and minimum given in § 75 as follows : 

A value of x for which a function stops mcreasii^ and 
begins to decrease is said to correspond to a maximum of the 
function; a value of x for which the function stops decreasing 
and begins to increase is said to correspond to a minimum of 
the function. Thus m Ex 1, § 93 the value x = — 1 corre- 
sponds to the maximum 3 of the function ; the value x = \ 
corresponds to the minimum ^ of the function 


EXERCISES 


Draw the following curves and locate in each case the maximum and 
minimum points if there aio any 


1. y = x 8 -|- x 2 . 

2 *=?-y- 6 * + 1 - 

3. y = + 1- 

2 

4 . y = X s — or? — 6x-f 2 

5 y = 2x? + --4x + l. 


6 y = x 8 + * + l. 

7 y=v*. 

8 . y = x s — x. 

9 y = x 8 + 2 x 2 + x 
10 y = — x 8 — x 2 + x — 1 


* Note that a maximum of a function does no^ mean the greatest value a 
function can assume In Ex 1, § 93, the value of the function is greater when 
x = 2 than when x= — 1. It does mean a value of the function which is 
greater than the values in the immediate neighborhood. 
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95. Geometric Problems in Maxima and Minima. The 

theory just explained has an important application m solving 
problems in maxima and minima, i e. the determination of the 
largest t or the smallest value a magnitude may have which 
satisfies certain given conditions. 

As we saw m § 80, the first step is to express the magnitude 
in question algebraically If the resulting expression contains 
more than one variable, othei conditions always will l>e given 
which will be sufficient to express all of tin* variables in terms 
of one of them. When the magnitude in question is expressed 
in terms of one variable, we e’li pioeeed as in § 92 to find any 
maximum oi minimum values which theie may be. 

Example 1 Find the gieatest eylindci that can be cut 
from a given light circulai cone, whose height is equal to the 
diameter of its base. 



f— 5 — i 


Fig 70 

Let h be the given height of the cone and x and y the un- 
known dimensions of the cylinder (Fig 70). Then the volume 
Y of the cylinder is equal to ttx'ij But from similar triangles 
we have h 
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V, § 95] 
Therefore, 
\\ lienee 
Now 


y = h — 2 x , 

v= iTJL\h -2 a-) = M - 2 7TC 8 . 

m = 2 tt//jc — 6 7rx J 


The loots of the equation wi = 0 aie x = 0 and x =h/3 
It is left as an exercise to diaw the graph of the function 

V= 7rhx 2 - 2 7TC 1 


and show that the value x — h/'A corresponds to the maximum 
of the function, xe to y = /,/3. Therefoie the maximum 
volume of the cylinder is obtained when the altitude is equal 
to the radius of the base The maximum volume is ttA 3 /27 
or 12/27 of the volume of the cone 


EXEkClSES 

1 A square piece of tin, the length of whose side is a , has a small 

square cut from each corner and the sides are bent up to form a box 
Determine the side of the square cut away so that the box shall have tho 
maximum cubical contents Ans a/d. 

2 Assuming that the strength of a beam with rectangular cross section 

vanes directly as the breadth and as the square of the depth, what are 
the dimensions of the strongest beam that can be sawed from a round log 
whose diameter is d Ans Depth = Vj r* 

3 Find the right circular cylinder of greatest volume that can be in- 
scribed in a right circular cone of altitude h and base radius r* 

Ans. Radius of the base of the cylinder equals f r. 

4 . Equal squares are cut from each corner of a rectangular piece of 
tin 30 inches by 14 inches Find the side of this square so that the re- 
maining piece of tin will form a box of maximum contents 

5 Show that the maximum and minimum points on the curve 
y = z* — ux -f h (a > 0) are at equal distances *iom the y- axis. 

6 Find the maximum volume of a nght cone with a given slant 
height L 
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96 . The Power Function, The functions x n and l/» n , where 
n is any positive integer, are called power functions of x. The 
curves y = x n (Fig. 71) are known as parabolic , while the curves 
y = l/af* (Fig. 72) are known as hyperbolic. 

The curves of the parabolic type possess the property that 
th$y all pass through the point (0, 0) and the point (1, 1) 



Fig. 71 


The larger the value of n, the greater is the slope*of the tan. 
gent at the point (1, 1). 

The curves of the hyperbolic type all pasfc through the 
point (1, 1). As x approaches 0, the corresponding value of y 
becomes infinite At x = 0 the value of y is undefined. As x 
becomes infinite, the corresponding vslue of y approaches 0* 
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1 /G. 72 


EXERCISES 

1. Draw the curves y = x 3 , y = x 8 , y — x 4 , y = x b 

2 Draw the curves y — 1/x , y = 1/x 2 , 2/ = 1/x 8 , y = 1/x 4 

3 Prove that the slope of the tangent at the point (1, 1) to the curvr 
y = x 2 , is 2 , to the curve y=x 3 is 3 , to the curve y=x 4 is 4 ; to the curve 
y = x 6 is 5 

4. Prove that for every even value of n , the parabolic curves y = x" 

pass through the point ( — 1, 1), and that for every odd value of n, they 

passthrough the point (— 1, — 1). 

5 Prove that the function x 8 is an increasing function for all valufis 
of x. 

6 Find the equation of the tangent and the normal to y = x 6 at the 
poiqt (2, 32). 

7. Prove that the slope of the curve y = 1/x at thejpoint (xi, y\) h 
— 1/xi 2 [The curve y =• 1/x is called a hyperbola.'] 
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8 How can the graph of tl e function y = ax n be obtained from the 
graph of y = x n if a is positive ? negative ? 

9. Find the equation of the tangent and the normal to the curve 
y = l/r 2 at the point (2, }) 

10. Prove that all hyperbolic curves lie within the shaded regions of 



the adjoining figure, while all parabolic curves lie in the regions left 
unshaded 


CHAPTER VI 


THE TRIGONOMETRIC FUNCTIONS 

97. The functions we have discussed hitherto, namely, the 

functions of the form mx -f b , ax 2 + bx -f c, ax* -p bx 2 + + 

have all been defined by means of explicit algebraic expres- 
sions. They are all examples of a very large class of functions 
known as algebraic functions. We now turn our attention *o 
functions defined m an entirely different way. As we shall 
see, these functions * depend on the si/e of an angle They 
enable us to express completely .he relations between the 
sides and the angles of a triangle, and they are of the 
greatest practical importance in surveying, engineering, and 
indeed in all branches of puie and applied mathematics. 

98. Directed and General Angles In elementary geometry 
an angle is usually defined as the figure formed by two half- 
lmes issuing from a point. However, it is often more serviceable 
to think of an angle as being generated 
by the rotation in a plane of a half-line 
OP about the point 0 as a pivot, start- 
ing from the initial position OA and 
ending at the terminal j>o8ition OB (Fig. 

73). We then say that the line OP has 
generated the angle AOB. Similarly, if OP rotates from the 
initial position OB to the terminal position OA, then the angle 
BOA is said to be generated. Considerations similar to those 
regarding directed line segments (§ 6) lead us to regard one of 
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the above directions of rotation as positive and the other as 
negative. It is of course quite immaterial which one of the 
two rotations we regard as positive, but we shall assume from 

now on, that counterclockwise rotation is 

\ positive and clockwise rotation is negative . 

* . “ ) Still another extension of the notion 

of angle is desirable. In elementary 
FlG 74 geometry no angle greater than 360° 

is considered and seldom one greater than 180°. But from.the 
definition of an angle just given, we see that the revolving 
line OP may make any number of complete revolutions before 
coming to rest, and thus the angle generated may be of any 
magnitude. Angles generated in this way abound in practice 
and are known as angles of rotatior 

When the rotation generating an angle is to be indicated, it is 
customary to mark the angle by means of an arrow starting at 
the initial line and ending at the terminal line Unless some 
such device is used, confusion is liable to result In Fig 75 



30 • 390 * 750 * 1110 * 

Fia. 75 


angles of 30°, 390°, 750°, 1110° are drawn If the angles were 
not marked one might take them all to be angles of 30° 

99* Measurement of Angles. Foi the present, angles will he 
measured as m geometry, the degree (°) being the unit of measure A 
complete revolution is 360° The other units in this system are the 
minute ('), of which 60 make a degree, and the second (")* °f which 60 
make a minute. This system of units is of great antiquity, having been 

* For example the minute hand of a clock describes an angle of — 180° 
In 30 minutes, . n angle of — l 40° m 90 minutes, and an angle of —7^0° m 
120 minutes. 
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used by the Babylonians * The considerations of the previous article then 
make it clear that any real number, positive or negative, may represent an 
angle, the absolute value of the number representing the magnitude of 
the angle, the sign representing the direction of rotation 

100. Angles in the Four Quadrants. Consider the angle 
XOP = 0, whose vertex 0 coincides with the origin O of a system of rec- 
tangular coordinates, and whose initial line OX coincides with the positive 



Fio 7(> 


half of the x-axis (Fig 76) The angle 0 is then said to be in the 
second, third, or fourth quadiant, according as its terminal line Op is in 
the first, second, third, or fourth quadrant 

101. Addition and Subtraction of Directed Angles. The 

meaning to be attached to lue sum of two directed angles is analogous to 
that for the sum of two directed 
line segments Let a and b be 
two half-lines issuing from the 
same point O and let (a&) repre- 
sent an angle obtained by rotat- 
ing a half-line from the position 
a to the position b Then if we 
have two angles ( ab ) and ( h c ) with the same vertex O, the sum (ab) + (bc) 
of the angles is the angle represented by the rotation of a half-line from 
the position a to the position b and then rotating from the position b to the 
position c But these two rotations are together equivalent to a single rota- 
tion from a to c, no matter what the relative positions of u, 6, c may have 

* The terms minutes and seconds are derived from their Latin names, which 
are partes minutes primes and partes mtnutte seeundes At present there is 
a slight tendency among some authors to divide the degree decimally instead of 
into mmtites and seconds Still other authors use the degree and minute and 
divide the minutes decimally. Exercises involving both these systems will be 
found in the text When the metric system was introduced at the end of the 
eighteenth century it was proposed to divide the right angle ir "o 100 parts, called 
grad** The grade was divided into 100 minutes and the minute into 100 sec- 
onds. This system is used in some European countries, but not at all in America. 

L 
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been. Hence, we have for any three half-lines a, ft, c issuing from a point 0, 
(1) (ab) + (bc) = (ac), (ab) + (fta) = 0, ( ab) = (cb)-(ca ). 

The proof of the last i elation is left as an exercise 
These relations are analogous to those of § 35 , but an essential difference 
must be noted Given two points A and iluna line, we may speak of the 
directed segment AB. The measure of AB is completely determined 
when A and B and the unit of measure are given 
But if the half-lines a and ft are given, the angle 
( ab ) may be any angle generated by a rotation from 
a to b Such angles may be positive or negative and 
may involve, in addition to the minimum rotation 
from a to 6, any number of complete revolutions 
It is to be noted, ho' ’ever, that all possible determi- 
nations of the angle ( ab ) differ among themselves only by integral multi- 
ploH of 360° In other words, if 9 represents the smallest positive measure 
(in degiees) of an angle from a to ft, then any determination of (aft) is 
given by the relation (aft) — 9 ± n 300° (n an integer). The equality 
signs in relations (1) are then to be interpreted as meaning equal, except 
for multiples of 300° 

If the position of the half-line h is determined by 
the angle 9\ which it makes with a given horizontal line 
OX, and the position of another half-line l 2 is deter- 
mined by the angle 0 2 which it makes /ith OX we have 
angle from l\ to Z 2 = 0 2 — ®i , 
except fo* multiples of 300° Why 9 



Fig 79 


EXERCISES 

1. What angle does the minute hand of a clock describe in 2 hours and 
30 minutes ? in 4 hours and 20 minutes ? 

2 . Suppose that the dial ot a clock is transparent so that it may be read 
from both sides Two persons stationed on opposite sides of the dial ob- 
serve the motion of the minute hand. In what respect will the angles de- 
scribed by the minute hand as seen by the two persons difter ? 

3 In what quadrants are the following angles 87° ? 186° ? — 325° ? 
640°? 1500°? -270°? 

4 In what quadrant is 9/2 if 9 is a positive angle less than 360° and in 
the second quadrant ? third quadrant ? fourth quadrant 9 

5. By means oi a protractor construct 27 3 4- 86° -h ( — 30°) + 20° + ( — 46°). 

6. By means of a protractor construct — 130° + 66° — 24° 
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102. The Sine, Cosine, and Tangent of an Angle. We 

may now define three of the functions referred to in § 97. To 
this end let 0 = XOP (Fig. 80) be any directed angle, and let 



Fio 80 


us establish a system of rectangular coordinates in the plane 
of the angle such that the initial side OX of the angle is the 
positive half of the #-axis, the vertex 0 being at the origin and 
the y-axis being m the usual position with respect^to the 
a>-axis. Let the units on the two axes be equal Finally, let 
P be any point other than 0 on the terminal side of the angle 
0 , and let its coordinates be ( x , //). The directed segment 
OP — r is called the distance of P and is always chosen posi- 
tive. The coordinates x and y are positive or negative accord- 
ing to the conventions previc usly adopted. We then define 


The sine of 0 = 


ordinate of P _ y 
distance of P P 


The cosine of 0 == 


abs cissa of P _ x 
instance of P P 


The tangent of 0 = =-V t provided x ^ 0 ,* 

abscissa of P x 

These functions are usually written in the abbreviated forms 
sm 0 , cos 0, ^an 0 , respectively ; but they are read as “'sine 
“cosine OP “tangent OP It is very important to notice thut 
the values of these functions are independent of the position 
of the point P on the terminal line . For let P\x' y y ') be any 
other point on this line. Then from the simila 1 ’ right triangles 


* Prove that* ant. y cannot be zero simultaneously 
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xyr* and x'yW it follows, that the ratio of any two sides 
of the triangle xyr is equal in magnitude and sign to the 
ratio of the corresponding sides of the triangle afyV. There* 
fore thf values of the functions just defined depend merely 
on the angle 9. They are one-valued functions of 9 and are 
called trigonometric functions .f 

Since the values of these functions are defined as the ratio 
of two directed segments, they are abstract numbers. They 
may be either positive, negative, or zero. Remembering that r 
is always positive, we may readily verify that the signs of the 
three functions are given by th3 folio wmg table. 


Quadrant . . 

1 

2 

8 

4 

Sine 

+ 

+ 

— 

— 

Cosine 

+ 

— 

— 

+ 

Tangent 

+ 

— 

+ 

— 


103. Values of the Functions for 46°, 135°, 226°, 316°. In 

each of these cases the triangle xyr is isosceles. Why? 
Since the trigonometric functions are independent of the 
position of the point P on the terminal line, we may choose 
the legs of the right triangle xyr to be of length unity, which 




Fig. SI 



gives the distance OP as V2. Figure 81 shows the four angles 


* Triangle xyz means the triangle whose sides are z,y,z. 
t Trigonometric etymologically means relating to the measurement 
of triangles . Th* connection of these functions with triangles will appear 
presently. 
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with all lengths and directions marled. Therefore, 


sin 45° 

_ 1 

cos 45° 

1 

tan 45° 

= i, 


V2* 


V2’ 



sin 135° 

1 

cos 135° 

1 

tan 135 w 

=-i, 


V2’ 


V2’ 



sm 225° 

1 

cos 225° 

1 

tan 225° 

= i, 


V2’ 


V2 



sin 315° 

1 

cos 315° 

1 

tan 315° 

=- 1. 


■V2 


V2’ 



104. Values of the Functions for 30°, 160°, 

210°, 330°. 

From 


geometry we know that if one angle of a right triangle con- 
tains 30°, then the hypotenuse is double the short Jr leg, 
which is opposite the 30° angle. Hence if we choose the 
shorter leg (ordinate) as 1, the hypotenuse (distance) is 2, 



La- 


r 



Fio 82 



and the other leg (abscissa) is V3. Figure 82 shows angles of 
30°, 150°, 210°, 330° w'th all lengths and directions marked. 
Hence we have 


sm 30° =i, 

cos 30° 

1 

O 

O 

II 

h 

2’ 

2 ’ 

V3 

sin 150° 

cos 150° = -^, 

tan 150° = — — , 

2 

2 ’ 

V3 

sin 210° = — h 

cos 210°=-^, 

tan 210° =—, 

2’ 

2 ’ 

Vs 

sin330 o = -L 

cos 330° = IQ, 

tan 330° = - -i=- 

2 

2 ’ 

VS 
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105. Values of the Functions for 60°, 120°, 240°, 300°. It is 

left as an exercise to construct these angles and to prove that 


sin 60° = 

2 ’ 

sin 120°=^, 

2 

sin 240° = - 

2 

sin300° = -^, 
2 


cos 60° = 1 , 

A 

cos 120° = -i, 
A 

cos 240° = — ^ , 
A 

cos 300° = 

A 


tan 60 °=a/ 3, 
tan 120° = - V3, 

tan 240° = V3, 
tan 300° = — V 3. 


106. Applications. The angle which a line from the eye to 
an object makes with a horizontal line in the same vertical 
plane is called an angle of elevation or an angle of depression . 



according as the object is above or below the eye of the observer 
(Fig. 83). Such angles occur in many examples. 


Example 1. A man wishing to know the d’stance between two points 
4 and B on opposite sides of a pond, locates a point C on the land (Fig 
84) such that AC = 200 rd , angle G = 30°, and angle B = 90° Find the 
distance AB 



Solution . 


^=sinC (Why?) 

AB=AC* smC 
= 200 • sm 30° 

= 200 • J = 100 rd. 


Example 2. Two men stationed at points A and G 800 yd. apart and 
in the same vertical plane with a balloon B , observe simultaneously the 
angle of elevatiop of the balloon to be 30° and 45° respectively. Find the 
height of the balloon. 
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Solution Denote the height of the balloon DB by and let DC = x 
then AD = 800 - x 

B 



800-x D x 
Fig 85 


Since tan 45° = 1, we have 1 = ^ 

x 

and since tan 30° =1/ V.‘\ we have -i- = — ^ — 

' V3 800-x 

Therefore x — y and 800 — c~y\/ 3 

800 

Solving these equations for y, we have ?/ = — = 292 8 yd 

V3 + 1 

EXERCISES 

1 In what quadrants is the sine positive ? cosine negative ? tangent 
positive ? cosine positive ? tangent negative ? sine negative ? 

2 In what quadrant does an angle lie if 

(a) its sine is positive and its cosine is negative ? 

( b ) its tangent is negative and its cosine is positive ? 

(c) its sine is negative and its cosine is positive ? 

(d) its cosine is positive and its tangent is positive ? 

3 Which of the following is the greater and why sm 49° or cos 49° ‘ 
sin 35° or cos 35° ? 

j 

4 If 9 is situated between 0° and 360°, how many degrees are there lr 
9 if tan $ = 1 ? Answer the similar question for sin 0 = \ , tan $ = - 1 

5. Does sin 60° = 2 • sin 30° ? Does tan 60° = 2 • tan 30° ? What 
can you say about the truth of the equality sin 2 $ = 2 sin 9 ? 

6. The Washington Monument is 555 ft. high At a certain place fn 
the plane of its base, the angle of elevation of the top is 60° How far ig 
that place from the foot and from the top of the tower ? 

7 A boy whose eyes are 5 ft. from the ground stands 200 ft. from a 
flagstaff. From his eyes, the angle ojf elevation of the top is 30°. Ho^ 
high is the flagstaff ? 
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8 . A tree 38 ft. high casts a shadow 38 ft. long What is the angle 
of elevation of the top of the tree as seen from the end of the shadow ? 
How far is it from the end of the shadow to the top of the tree ? 

9 From the top of a tower 100 ft. high, the angle of depression of 
two ston&s, which are in a direction due east and in the plane of the base, 
are 46° and 30° respectively. How far apart are the stones ? 

Ana. 100(V3- 1) = 73 2 ft. 

10 . Find the area of the isosceles triangle m which the equal sides 
10 inches in length include an angle of 120°. Ana 25 V3 = 43 3 sq. in 


11 . Is the formula sin 2 0 = 2 sm 0 cos 0 true when 0 = 30° ? 00° ? 
120 °? 

12 . From a figure prove that sm 117° = cos 27° 

( 

13 . Find the tangent of the angle which the line joining the points 
(x X} Vi)y and (# 2 , Vz) makes with the x-axis, assuming the units on the 
two a xri to be equal. Compare your answer with the definition of slope 
in §§ 50 and 58 

14 . Determine whether each rf the following formulas is true when 
0 =r 80°, 00°, 160°, 210° 


1 + 


1 _ 1 
tan 2 0 sin 2 #’ 


sin 2 6 + cos 2 0 = 1 


15 . Let Pi(aq, yi) and P 2 (x 2 , y 2 ) be any two points the distance be- 
tween which is r (the units on the axes being equal) If 0 is the angle 
that the line P\P% makes with the x-axis, prove that 


x \ j y*-yi~2r 

cos 0 sin 0 


107. Computation of the Value of One Trigonometric 
Function from that of Another. 

Example 1. Given that 8 irP0 — g, find the 
values of the other functions 

Since sin 9 is positive, i\ follows that 6 is 
an angle in the first or in the second quad- 
rant Moreover, since the value of the sine 
is |, then y = 3 • & and r = 6 • k % where k is 
any positive corstant different from zero. (Why ?) It is, of course, 
immaterial what positha value we assign to so we shall assign the 


jxk 


Fig. 86 
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value 1. We know, however, that the abscissa, ordinate, and distance 
are connected by the relation x 2 + y 2 = r 2 , and hence it follows that 
x = ± 4. Fig 86 is then self-explanatory Hence we have, for the first 
quadrant, sin cos0=j, and tan0=$; for the second quadrant, 
sin 6 = $ , cos 0 = — |, tan 0 = — £. 

Example 2 Given that sin 0 = and that tan 0 
is negative, find the other trigonometric functions of 
the angle 0. 

Since sin 0 is positive and tan 0 is negative, 0 must 
be m the second quadrant We can, therefore, con- 
struct the angle (Fig 87), and we obtain sin 0 = 
cos 6 — — £$, tan 0 = - Fig 87 

' 

108. Computation for Any Angle. Tables. The values of 
the trigonometric functions of any angle may be computed by 

the graphic method. For 
example, let us find the 
trigonometric functions of 
35°. We first construct 
on square ruled paper, 
by means of a protractor, 
an angle of 35° and choose 
a point P or> ’the ter- 
minal line so that OP 
shall equal 100 units. 
Then from the figure we 
find that OM = 82 units 
and MP = 67 units. 
Therefore 

sin 35° = ^ = 0.67, cos 35° = = 0.82, tan 35° = = 0.70. 

The tangent may be found more readily if we start by tak- 
ing OA = 100 units and then measure AB. In this case, 
AB = 70 units and hence tan 36° = ^ = 0.70. 

Iv is at once evident that the graphic metnod, although 
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simple, gives only an approximate result. However, the values 
of these functions have been computed accurately by methods 
beyond the scope of this book. The results have been put in 
tabular form and are known as tables of natural trigonometric 
functions. These tables with an explanation of their use will 
be found in any good set of mathematical tables.* In order 
to solve several of the following exercises it is necessary to 
make use of such tables. 

Figure 89 makes it possible to read off the sine, cosine, or 
tangent of any angle between 0° and 90° with a fair degree of 
accuracy. The figure is self-explanatory. Its use is illustrated 
m some of the following exercises. 

EXERCISES 

Find the other trigonometric functions of the angle 0 when 

1 tan 0 = — 3. 3 cos 9= If 5. sin0 = f 

2 sin0= — $. 4 tan0=$ 6 . cos 0 = — £ 

7 sin and cos 0 is negative 

8. tan 0 = 2 and sin 0 is negative 

9 sin 0 = — \ and tan 0 is positive. 

10 cos 0 = $ and tan 0 is negative. 

11 . Can 0 6 and 0 8 be the sine and cosine, respectively, of one and 

the same angle ? Can 0.5 and 0.9 ? Ans. Yes ; no. 

12 . Is there an angle whose sine is 2 ? Explain 

13 . Determine graphically the functions of 20°, 38°, 70°, 110° Check 
your results by the tables of natural functions. 

14 . From Fig. 89, find values of the following 

sin 10°, cos 60°, tan 40°, sin 80°, tan 70°, cos 32°, tan 14°, am 14°. 

15 A tower stands on the shore of a river 200 ft. wide. The angle o? 
elevation of the top of the tower frotr the point on the other shore exactly 
opposite to the tower is such that its sine is Find the height of the 
tower. 

* See, for example, The Macmillan T^b^bs, which wiU be referred to 
in connection with this book 
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16. From a ship’s masthead 00 feet above the water the angle of de- 

pression of a boat is such that the tangent of this angle is ^ 2 . Find the 
distance from the boat to the ship Ans 640 yards. 

17. A certain railroad rises 6 inches for every 10 feet of track. What 
angle does the track make with the horizonta 1 ? 

18 On opposite shores of a lake are two flagstaffs A and B Per- 
pendicular to the line AB and along one shore, a line BC = 1200 ft is 
measured. The angle ACB is observed to be 40° 20'. Find the distance 
between the two flagstaffs 

19 The angle of ascent of a road is 8° If a man walks a mile up the 
road, how many feet has he risen ? 

20 How far from the foot of a tower 1£0 feet high must an observer, 
6 ft high, stand so that the angle ox elevation of its top may be 23° 5 ? 

21. From the top of a tower the angle of depression of a stone m the 
plane o~ the base is 40° 20' What is the angle of depression of the stone 
from a point halfway down the tower ? 

22. The altitude of an isosceleL triangle is 24 feet and each of the equal 
angles contain 40° 20' Find Jie lengths of the sides and area of the 
triangle 

23. A flagstaff 21 feet high stands on the top of a cliff From a point 

on the level with the base of the cliff, the angles of elevation of the top 
and bottom of the flagstaff are observed. Denoting these angles by a 
and 0 respectively, find the height of the cliff in case sm a = T \ and 
cosj9 = H* Ans 76 feet. 

24 A man wishes to find the height of a tower CB which stands on a 
horizontal plane. From a point A on this plane he finds the angle of ele- 
vation of the top to be such that sm CAB = f . From a point A! which 
is on the line AC and 100 feet nearer the tower, he finds the angle of 
elevation of the top to be sucn that tan CA'B = f . Find the height of the 
tower. 

26. Find the radius of the inscribed and circumscribed circle of a regu- 
lar pentagon whose side is 14 feet, 

26. If a chord of a circle is two thirds of the radius, how large an 

angle at the center does the chord sultend ? • 

27. A boy standing a feet behind and opposite the middle of a football 
goal observes the angle of elevation of the nearer crossbar to be a, and 
the angle of elevation of the farther crossbar to be £. Prove thaf. the 
length of the field is a [* an a — tan 0]/tan £ 
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109 . The Sine Function. Let usl trace m a general way the 
variation of the function sin 0 as $ increases from 0° to 360°. 
For this purpose it will be convenient to think of the distance 
r as constant, from which it follows that 
the locus of P is a circle. When 6 = 0°, the 
point P lies on the a>axis and hence the 
ordinate is 0, i.e sm 0° = 0 jr =0. As 6 
increases to 90°, the ordinate increases 
until 90° is reached, when it becomes equal 
to r. Therefore, sm 90° = r/r = 1. As 0 
increases from 90° to 180°, the ordinate de- 
creases until 180° is reached, when it becomes 0. There^pre 
sm 180° = 0/r = 0. As 6 increases from 180° to 270°, the ordi- 
nate of P continually decreases algebraically and reaches its 
smallest algebraic value when 0 =■ 270°. In this position the 
ordinate is — r and sm 270°=— r/r = — 1. When 0 enters 
the fourth quadrant, the ordinate of P increases (algebraically) 
until the angle reaches 360° when the ordinate becomes 0. 
Hence, sm 360° = 0. It then appears that : 
as 0 increases from 0° to 90°, sin 0 increases from 0 +o 1 ; 
as 0 increases from 90° to 180°, sm 6 decreases from 1 to 0 ; 
as 6 increases from 1^0° to 270°, sin 6 decreases from 0 to — 1 1 
as 6 increases from 270° to 360°, sin 6 increases from — 1 to 0, 
It is evident that the function sm 3 repeats its values in the 
same order no matter how many times the point P moves 
around the circle. We express this fact by saying that the 
function sin 6 is periodic and has a period of 360°. In symbols 
this is expressed by the equation 

sin [8 + n • 360°] = sin 8, 

where n is any positive or negative mteger. 

The variation of the function sin 6 :s well shown by its 


> 



Fia. 90 
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graph. To construct thi^ graph proceed as follows • Take a 
system of rectangular axes and construct a circle of unit radius 



with its center on the cc-axis (Fig. 91). Let angle XOP = 0. 
Then the values of sm 0 for certain values of 0 are shown m 
the unit circle as the ordinates of the end of the radius drawn 
at an angle 0. 


e 

0 

30° 

45° 

60° 

90° 


sm 6 

0 


m 2 p 2 





Now let the number of degrees in 6 be represented by dis- 
tances measured along OX. At a distance that represents 30° 
erect a perpendicular equal m length to sm 30° ; at a distance 
that represents 60° erect one equal m length to sm 60°, etc. 
Through f he points O, P l9 P 2 , ••• draw a smooth curve ; this 
curve is the graph of the function sin 0. 

If from any point P on this graph a perpendicular PQ is 
drawn to the a?-axis, then QP represents the sme of the angle 
represented by the segment OQ. 

Since the function is periodic, the complete graph extends 
indefinitely m both directions from the origin (F%. 92). 
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110. The Cosine Function* By Arguments similar to those 
used in the case of the sine function we may show that : 
as 6 increases from 0°to 90°, the cos 0 decreases from 1 to 0 ; 
as 6 increases from 90° to ,180°, the cos 0 decreases from 0*to —1 ; 
as 6 increases from 180® to 270°, the cos 0 increases from — 1 to 0 ; 
as 0 increases from 270° to 360°, the cos $ increases from 0 to 1. 

The graph of the function is readily constructed by a method 



similar to that used lu. case of the sine function. This is 
illustrated in Fig. 93. 

The complete graph of the cosine function, like that of the 
sme function, will extend indefinitely from the origin in both 



directions (Fig. 94). Moreover cos 0 , like sin $, is periodic an<f 
has a period of 360°, i.e. 

) 

cos [0 + n • 360°]= cos 0, 

) 

vhere n is any positive or "negative integer* 
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111. The Tangent Function. In order to trace the varia- 
tion of the tangent function, consider a circle of unit radius 
with its center at the origin of a system of rectangular axes 



Fio 95 


(Fig. 95). Then construct the tangent to 
this circle at the point M{ 1, 0) and let P 
denote any point on this tangent line. If 
angle MOP = 0, we have tan 6 = MP/OM 
= MP/1 = ATP, i.e. the line MP represents 
tan 6. 

Now when 6 = 0°, MP is 0, i.e. tan IT is U. 
As the angL 0 increases, tan 0 increases. As 
0 approaches 90° as a limit, MP becomes 


infinite, i.e. tan 0 becomes larger than any number whatever. 


At 90° the tangent is undefined. It is sometimes convenient 


to express this fact by writing 


tan 90° = oo. 


However we must remember that this is not a definition for 
tan 90°, for oo is not a number. This is merely a short way of 
saying that as 0 approaches 90°, tan 0 becomes infinite and 
that at 90° tan 0 is undefined. See § 36. 

Thus far we have assumed 6 to be an 
acute angle approaching 90° as a limit. 

Now let us start with 6 as an obtuse angle 
and let it decrease towards 90° as a limit. 

In Fig. 96 the line MP' (which is here 
negative m direction) represents tan $. 

Arguing precisely as we did before, it is F ia . 95 

seen that as the angle 6 appioaches 90° 
as a limit, tan 6 again increases in magnitude beyond all 
bounds, i.e. becomes infinite, remaining, however, always 
negative. 
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We then have the following resultl. 

(1) When $ is acute and increases toward' 90° as a limit, 
tan 9 always remains positive but becomes infinite. At 90° 
tan 9 is undefined. 

(2) When 6 is obtuse ana decreases towards 90° as a limit, 
tan 9 always remains negative but becomes infinite. At 90° 
tan 9 is undefined. 

It is left as an exercise to finish tracing the variation of the 
tangent function as 9 varies from 90° to 360°. Note that 
tan 270°, like tan 90°, is undefined. In fact tan n • 90° is unde- 
fined, if n is any odd integer. 



To construct the graph of the function tan 9 we proceed 
along lines similar to those used in constructing the graph of 
sin 9 and cos 9. The following table together with Fig. 97 
illustrates the method. 


0 

0° 


45° 


90° 


1S5° 


180° 


tan 'f 

0 

MPi 

mp 2 


undefined 


m 

MPs 

«fP 7 = 0 

MPi 
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It is important to notice that tan 0, like sin 0 and cos 0, is 
periodic , but its period is 180°. That is 

tan (8 -f n • i8o°)= tan 0, 

where n is any positive or negative integer. 

EXERCISES 

1 What is meant by the period of a trigonometric function ? 

2 What is the period of sin 6 ? cos 0 ? tan 6 ? 

3 . Is sin 0 defined for all angles ? cos 0 ? 

4 Explain why tan 0 is undefined for certain angles. Name four 
angles for which it is undefined Are there any others ? 

5 Is sin (0 -f 360°) = sin 0 ? 

6. Is sin {0 + 180°) = Bin 0 ? 

7 Is tan (0 -f 180°) = tan 9 ? 

S Is tan ( 0 4- 360°) = tan 0 ? 

Draw the graphs of the following functions 
graph you can tell the period of the iunction 

9 sin 0. II tan 0 

10 cos 0 12 . — i— 

sm 0 

Verify the following statements • 

15 . sm 90° 4- sm 270° = 0. 18 cos 180° 4- sin 180° = — 1 

16 . cos 90° 4- sm 0° = 0. 19 tan 360° 4- cos 360° = 1 

17 . tan 180° 4- cos 180°=- 1. 20 cos 90° 4- tan 1$0°- sin 270° = 1. 

21 . Draw the graphs of the functions sin 0 , cos 0 , tan 0, making use of 
a table of natural functions. See p. 538. 

22 Draw the curves y = 2 sin 0 , j/ = 2 cos 0 , y = 2 tan 6. 

23 . Draw the curve y — sin 0 4- cos 0 

24 . Prom the graphs determine values of 0 for which sin 9 ~ sm 0 
= 1, tan 0 = 1, cos 0 = J , cos 0=1. 


and explain how from the 


13 

14 


1 

cos 0 
1 

tan 0 
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112. Polar Coordinates. It is Convenient at this point to 
introduce a new way of locating the position of a point in a 
plane, and of representing the graph of a function. To this end 
(Fig. 98) let OA be a directed line in the plane which #ve shall 
call the initial line or the polar axis. 

This line is usually drawn horizontally 
and directed to the right. The point 0 
is called the pole or the origin. Let P 
be any point in the plane and draw the 
line OP The position of P is then 
located completely if we Iknow the angle ^0/^=0 and the dis- 
tance OP=p. The two numbers ( p , 6 ), called respectively the 
radius vector and the vectorial angle , are known as thy polar 
coordinates of the point P 

In Fig. 98 we have represented a case in which 0 and p are 
both positive. Eithei 9 or p or both may be negative under 
the following conventions. The angle 0 is positive or negative 
according to the direction of its rotation, as in § 98. The 
positive direction on OP is the direction from 0 along the 
terminal side of the angle 0 , i.e ., it is the direction into which 
OA is rotated by a rotation through the angle 0 . 

With these conventions a point P whose polar coordinates 



Fig. 98 



Fig 99 


(p, 0) are given is completely de- 
termined. Figure 99 shows points 
whose polar coordinates are (2, 30°), 
(-2, 30°), (2, -30°), and (-2, 
— 30°). It will be noted that, if p is 
positive / P is on the terminal side ef 
6 , vVhile if p is negative, P is on the 


terminal sicb produced through O. 


On the other hand, a given point P has an unlimited number of 


polar coordmates (p , 9). Even if we confine ourselves to angles 
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in absolute value less than*860°, a point has in general four dif- 
ferent sets of polar coordinates. Fig. 100 shows that the same 



point P may be designated by any one of the pairs of values 
(2, 30°), (2, - 330°), (- 2, 210°), an<3 (- 2, - 150°) 

EXERCISES 

1. Locate the points whose polar coordinates have the following values 
(4, 30°), (-2, 46*), (-3, -00°), (2, -160°), (3, - 90*), (2, 180*), 
(- 2, 0°), (0, 90°), (- 2, 180°), 3, 270°) 

2 For each of the points in Ex. 1, give all Jther sets of polar coordi- 
nates for which 0 is in absolute value less than 300° 

3 . What exceptions are there to the statement u 0 being confined to 
angles in Absolute value less than 30c°, every point has four and only 
four distinct sets of polar coordinates ” ? 

4 . Where are all the points for which 0 is a given constant ? 

5. Wheiv are all the points for which p is a given constant ? 

113. Graphs in Polar Coordinates. Polar coordinates may 
be used to represent the graph of a given function, in a way 
quite similar to that m the case of rectangular coordinates. 
Fig. 101 gives an example m which the idea of polar coor- 
dinates is used in practice. In this example the £-scale rep- 
resents time, the p-scale represents temperature .* Some forms 
of self-recording hygrometers employ the same idea. 

* It will be noted that in *his example the radius vector is measured along 
a circular arc instead of along a straight line. This is due to the mechanical 
construction of ttye instrument. Cf footnote, p. 9. The fundamental id^a is, 
nevertheless, that of pola" coordinates 




Fig 101 


conesponding values of Ihe variable 6 and the function p is 
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constructed. Eac\i such A ^air of values is then plotted as a 
point, and a curve drawn through these points. 

Example. Plot in polar coordinates the graph of p — sin 6. We ob- 


tain the fable below. Figure 102 exhibits the corresponding points, with 
6 | p = sin e 



a curve diawn through them. Observe that each point serves to represent 
two pairs of corresponding values Thus the pairs (f, 30°) and ( - J, 210°) 
are represented by the same point. This curve suggests a circle, of diame- 
ter unity, tangent to the polar axis at the ongm 

114. The Graph of sin 8 and cos 8 in Polar Coordinates. 

We may now prove : 

The graph , in polar coordinates , of the function p— sin 0 is a 
circle of diameter unity , tangent to the polar axis at the origin. 

Let P (p, 6) he any point on s^eh a circle (Fig. 103). Then, 
for any value 0 in the first quadrant 

= f = sin $ or p = sin 0. 

OA 1 
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Conversely, if p — sm 0, the point?/ 3 is on the circle. Why? 
A similar proof, which is left as an exercise, may be given 
when 9 is m the second, third, or fourth quadrants (Fig. 104). 
Similarly, we may prov^: 




The graph of 

p = cos 9 

in polar coordinates is a circle of diameter unity , passing through 
the pole and having its center on the polar axis . 

The proof of this statement is left as an exercise. See Figs. 
105, 106. 

On account of their simplicity, the polar graphs of mn 9 and 
cos 9 are very serviceable. It is for this reason that ,we have 



Fig. 105 



introduced them at this pomt. Foiar coordinates will be dis- 
cussed again, particularly in Chapter XIY, and incidentally 
in other chapters. 
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EXERCISES 

1. From Fig. 101, find the temperature at $ p m. on Tuesday , at 3 p m. 
on Monday When was the temperature a maximum ? a minimum ? 

2 . PI t in polar coordinates the graph representing the variation in 
temperature given m Ex 1, p. 16. 

3 Plot the graph in polar coordinates of the function p = tan 6. Why 
is this graph not convenient to represent the function tan 0 ? 

4 . Prove that the giaph, in polar coordinates, of p = a cos $ is a circle 
of diameter a, passing through the origin and with its center on the polar 
axis. 

5. Prove a theorem regarding the graph of p = a sin 0 . 

116. Other Trigonometric Functions. The reciprocals of 
the o' le, the cosine, and the tangent of any angle are called, 
respectively, the cosecant, the secant, and the cotangent of 
that angle. Thus, 


cosecant 0 = 


distance of P 
ordinate of P 


r 

y 


(provided y ^ 0). 


distance of P r 

secant 0 = — — — = - 

abscissa of P x 


(provided x =£ 0). 


cotangent 0 = a ^;— ~ == ? (provided y 0). 
ordinate of P y 

These functions are written esc 0, sec 0, ctn 0. From the 
definitions follow directly the relations 


or 


esc 6 


1 

sin 6’ 



ctn 0 = 


1 » . 
tan0 * 


esc $ • sin 0 = 1 ( sec 6 • cos 0 = 1, ctn 6 • tan 0 = 1. 

To the above functions m«y be added versed sine (written vermin), 
the coversed sine (written coversin), and the* external secant (written 



VI, § 116] TRIGONOMETRIC FUNCTIONS 


169 


exsec), which are defined by the equations versm 0 = 1 — cos 0, coversin 0 
= 1 — sin 0, and exsec 6 = sec 0 — 1. 

It is left as an exercise to trace the variation of esc 0, sec 0 , 
ctn 0 , as 0 varies from 0° to 360°. Be careful to nc?be that 
ctn 0°, ctn 180°, esc 0°, esc 180°, sec 90°, sec 270° are undefined. 
Why 9 

116 . The Representation of the Functions by Lines. We 

have seen in §§ 109-111, that if we take a unit circle we may 
represent sin 0 , cos 0, and tan 0 by means of lines. We will 
now extend this representation to include esc 0 , sec 0, ctn 0. 



Figure 107 shows the functions in a unit circle for an angle 
0 in the first quadrant. We have 

MP = sin 0 J.7 7 =tan0 OT=sec0 

OM = cos 0 BS — ctn 0 OS = esc 0 

Draw similar figures for angles in e^ch ot the other quad- 
rants. The points may be so label pd that th% results given 
for the first quadrant Jiold in any quadrant. 
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117. Relations among (he Trigonometric Functions. As 

one might imagine, the six trigonometric functions sine, cosine, 
tangent, cosecant, secant, cotangent are connected by certain 
relation#. We shall now find some of these relations. 

From Fig 80 (§ 102) it is seen that for all cases -we have 

(1) x 2 4- y 2 = r 2 . 

If we divide both sides of (1) by r 2 , we have 

*2 + ^ == 1 ( b y hypothesis r =# 0) ; 

or 

sin 2 0 + cos 2 0 = 1. 

Dividing both sides by x 2 , we have 

1 + ^ = ^ (if**0). 

a 2 X 2 v ’ 

Therefore 

1 + tan 2 6 = sec 2 0. 

Similarly dividing both sides of (1) by y 2 gives 

- 2 + i = -l (if.v*0), 

.v 2 y 

or 

ctn 2 0 -f - 1 = esc 2 0. 


Moreover, we have 


tan© 


y 

x 


y 

r _ sin 0 
x cos 0 

r 


COS0 

sin 6 


and, similarly, 


ctn 6 = 
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118 . Identities. ,By means of Ihe relations just proved 
any expression containing trigonometric functions may be 
put into a number of different forms. It is often of the 
greatest importance to notice that two expressions, although 
of a different form, are nevertheless identical m value. (See 
§ 47 for the definition of an identity.) 

The truth of an identity is usually established by reducing 
both sides, either to the same expression, or to two expres- 
sions which we know to be identical. The following examples 
will illustrate the methods used. 


Example 1. Prove the relation sec 2 0 -f esc 2 0 — sec 2 0 esc 2 0. 
We may write the given equation in the form 


or 


or 


which reduces to 


— I f. _ V __ — 8ec 2 esc 2 

cos 2 0 Sill 2 0 


8 in '-0 f cos 2 0 _ sec2 0 C(JC > 
cos 2 0 sin 2 0 


e, 


= sec 2 0 esc 2 0 , 

cos 2 0 sin 2 0 

sec 2 0 esc 2 0 = sec 2 0 esc 2 0. 


Since this is an identity, it follows, by retracing the steps, that the 
given equality is identicallj true 

Both members of the given equality are undefined for the angles 0°, 90°, 
180°, 270°, 360° or any multiples of these angles 

Example 2. Prove the identity 1 -f sin 0 = 

J 1 - Sill 0 

Since cos 2 0 - 1 — sin 2 0 , we may write the given equation in the form 

1 + sm 0 = - in --- or 1 sin 0 = 1 4 - sin 0. 

1 — sin 0 

As m Example 1, this shows that the given equrhty is identically true. 
The right-hand member has no meaning when sin 0 = 1 , while the left- 
hand member is defined for all angles. We have, therefore, proved that 
the two members are equal except for the argle 90° or (4 » -f 1) 90°, where 
n is any integer. 
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The formulas of § 117 iray be used to solve examples of the 
type given in § 107. 

Example 3. Given that sin 9 = T \ and that tan 0 is negative, find the 
values of the other trigonometnc functions 

Since sin 2 0 -f- cos 2 0 = 1, it follows that cos 0 = ± , but since tan 0 is 

negative, 0 lies in the second quadrant and cos 0 must be — {$. More- 
over, the relation tan 0 = sin 0/ cos 0 gives tan 0 = — The reciprocals 
of these functions give sec 0 — — , esc Q — ctn 0 = — . 

EXERCISES 

i Define secant of an angle , cosecant , cotangent. 

2. Are there any angles for wtyich the secant is undefined ? If so, 
what are the angles ? Answer the same questions for cosecant and co- 

taq^ent. 

3. Define versed sine , coversed sine 

4. Complete the following formulas 

sin 2 0 + cos 2 0 = ? 1 -f tp,n 2 0 = ? 1 + ctn 2 0 = ? tan 0 = 9 

Do these formulas hold for all angles ? 

5. In what quadrants is the secant positive ? negative ? the cosecant 
positive ? negative ? cotangent positive ? negative ? 

6 Is there an angle whose tangent is positive and whose cotangent is 
negative ? 

7. In' what quadrant is an angle situated if we know that 

(а) its sine is positive and its cotangent is negative ? 

(б) its tangent is negative and its secant is positive 9 
(c) its cotangent is positive and its cosecant is negative ? 

8 Express sin*0 -f cos0 so that it shall contain no trigonometric 
function except cos 9 

9 Transform (1 4- ctn 2 9) esc 9 so that it shall contain only sm 9 . 

10. Which of the trigonometric functions are never leas than one in 
absolute value ? 

11. For what angles is the following equation true : Jtan 9 = ctn 9 ? 

12. How many degrees are there in 0 when ctn 0 = 1 ? ctn 0 = — 1 ? 
sec 0 = V2 ? esc 9 — V2 ? 

13. Determine from a figure the values of the secant, cosecant, and 
cotangent of 80°; 160°, 210°, 330°. 
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14 Determine from a figure the valuts of the secant, cosecant, and 
cotangent of 46°, 135°, 225°, 315°. 

15 Determine from a figure the values of the sine, cosme, tangent, 
secant, cosecant, and cotangent of fitP, 120°, 240°, 300° 

16. Show that the graphS of the function seed, esed, ctn v the 
forms indicated in the adjacent figuies. 



Prove the following identities and state for each the exceptional values 
of the variables, if any, for which one or both members are undefined 

17. cos d tan d = sin d 

18. sin d ctn d = cos d 

19 1 4- sin d _ cosd 

cos d 1 — sin d 

20. sin 2 d — cos 2 d = 2sin 2 d — 1. 

21 (1 — sin 2 d)c8c 2 d = ctn 2 d 

22. tan 0 4* ctn d = sec d 'isc d 

23. [xsin d + y cos d] 2 + [x cos 0 — y sin d] 2 = x 2 + 

34 — SS L =CQ8». 

tan 0 4- ctn d 

25 1 — ctn 4 0 — 2 esc 2 0 — esc 4 d 

26 tan 2 d - sin 2 d = tan 2 d sm 2 d. 

27 2(1 4- sin d)(l 4- cosd)=(l 4- sin 0 4- cosd) 2 . 

28 sin 6 0 -f cos 6 d = 1 — 3 sin 2 0 cos 2 0. 

29. SSL . + ■ CBCg .. — 2aec a 

esc d — 1 esc 0 4* 1 


3C I ~ tap * 
1 4- tan 0 


ctn d — 1 
ctn 0 4- 1 
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31 [1 + tan 0 -|- sec0][l -f an 0 — esc 0] = 2 

32 (tan 6 + sec 6) 1 = 1 + 8 ! n - 

v ' 1 — sin 0 

33 . esc 4 0(1— cos 4 0) —2 ctn 2 0 = 1. 

34 . (tan 0 — ctn 0)sin 0 cos 0 = 1 — 2 cos 2 9. 

35 secj? — tan _ j _ 2 sec 0 tan 9 + 2 tan 2 6 
sec 0 4- tan 0 

36 tan « + tan P — tan a tan p. 
ctn a 4- ctn /3 

37 . sin 0 (sec 0 4- esc 0) — cos 0 (sec 0 — esc 0) = sec 0 esc 0. 

Find algebraically the other trigonometric functions of the angle 0 
when 

38 ctn 0 = 4 and sin 0 is negative 
un 0 = | and sec 0 is positive 

40 . sec 0 = 2 and tan 0 is negative 

41 esc 0 = — 6 and ctn 0 is positive. 

119 Trigonometric Equations. An identity, as we have 
seen (§ 47), is an equality between two expressions which is 
satisfied for all values of the variables for which both expres- 
sions are defined. If the equality is not satisfied for all 
values of the variables for which each side is defined, it is 
called a conditional equality, or simply an equation. Thus 
1 — cos 0 = 0 is true only if 0 = n • 360° where n is an integer. 
To solve a trigonometric equation, i e. to find the values of 0 
for which the equality is true, we usually proceed as follows. 

1. Express all the trigonometric functions involved m terms 
of one trigonometric function of the same angle. 

2. Find the value (or values) of this function by ordinary 
algebraic methods. 

3. Find the angles between 0 6 and 360° which correspond to 
the values found. These angles are called •particular solutions. 

4. Give the general section by adding n *360°, where n is 
any integer, to the particular solutions. 
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Example 1 Find 0 when sin 0 = J. 

The particular solutions are 30° and 160° The general solutions are 
30° + n 360°, 160° + n 360° 

Example 2 Solve the equation tan 6 sm 6 — sin 6 — 0 
Factoung the expression* we have sin 6 (tan 0 — 1) = 0. Hence we 
have sm 6 = 0, or tan 0 — 1 = 0 Why ? 

The particular solutions are therefore 0°, 180°, 46°, 225° The general 
solutions are n • 330°, 180° 4- n 300°, 45° -f n • 300°, 226° -f- n . 360°. 

Example 3 Find 0 when tan 0 -f ctn 0 — 2 
The given equation may be written 


or 

therefore 


tan 0 -f — — = 2, 
tan 9 

tan 2 0 — 2 tan 0+1=0; 

(tan 0— 1) 2 = 0, or tan0=l. 


It follows that 0 = 45° or 225° , or, m general, 


0 = 45° + <t • 360° or 225° + n . 300° 


EXERCISES 


Give the particular and the general solutions of the following equations 


1 sin 0 = \ 

2. sm 0 = - J. 
3 cos 0 = §. 

4. cos 0 = — \ 

5. sec 0 = 2 

6 sec 0 = — 2. 

7. esc 0 = 2. 

8. esc 0 = — 2. 


9 tan 0 = - 1 
10 ctn 0 = — 1 

11 . tan 0=1 

12. ctn 0 = 1 
13 tan 2 0 = 3. 

14. sin 0 = 0. 

15. cos 0 = 0. 
16 tan 0 = 0. 


Solve the following equations giving the particular and the general 
solutions in each case 


17. sm 0 = cos 0. Ans. 45°, 225° , 45° + n . 300°, 226° + n * 380°. 
18 tan 2 0 + 2 sec 2 0 = 5 

19. 5 sin 0 + 2 cos 2 0 = 5. 

20. - cos 2 0 + 6 sin 0 = 7. 


Am. 90 c , 90° + n • 300° 
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21 . 4 sin 0—3 esc 0 = 0. 

22 . 2 sin 0 cos 2 $ = sin $. 

23 . cos B -f sec 0 = $ 

24 . 2lm 0 = tan 0. Ans Particular solutions. 0°, 180°, 60°, 300°. 
25 3 am 0 + 2 cos 0 = 2. 

26 . 2 cos 2 0 — 1 = 1- sin 2 0 


120. The Trigonometric Functions of — 0 . Draw the angles 
0 and — 0, where OP is the terminal line of 0 and OP is the 
terminal line of — 0. Figure 108 shows an angle 0 in each of 



the four quadrants. We shall dhoose OP = OP and ( x , y) as 
the coordinates of P and ( x\ y') as the coordinates of P. In 
all four hgures 


Hene« 


x' = x, y' = - y, r' = r. 


8iu (— 0) = y~ = — - = — am 0, 
T r 


cos (— 0) 

r 


x 

r 


cos 0, 


tan (— 0) = ^ = — ^ = — tan0. 


X ' X 


Also, 


esc (— 0)= — esc 4; sec ( — * 0) = sec0;*ctn(— 0) = — ctn0. 
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121. The Trigonometric Functions of 90° — 8 . Figure 109 
represents angles 0 and 90° — 0 , when $ is in each of the four 
quadrants. Let OP be the terminal line of 6 and OP' the 



Fig. 109 


terminal line of 90° — 0 T ake OP' = OP and let (x f y) be the 
coordinates of P and ( x ', y') the coordinate of P \ Then in all 
four figures we have 

x' = y, y' = x , r* = r. 


Hence 


sin (90° — 0) = = - = cos 0, 

t r 


cos (90° — 6) — ~ = ~= sin Of 
r r 


Also, 


tan (90° — 0) = 'fL = ? = ctn 0. 
x' y 

esc (90° — 0) = sec Of 
sec (90° — 0)= esc 0 ; 
ctn (90° — 0)= tan 0. 


Definition. The sine and cosine, the tangent and cotan- 
gent, the secant and cosecant, are called co-functions of each 
other. 

The above results may be stated as follows : Any function 
of an angle is equal to the corresponding cofunction of the com- 
plementary angle .* 

* Two angles are said to be complementary A their sum is 90°, regardless o£ 
the size of the angles 
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122 . The Trigonometric Functions of 180° — 8 . By draw- 
ing figures as in §§ 120 , 121 , the following relations may be 
proved : 

sm (180° — 0 ) = sin 0 , esc (180° — 0 ) = esc 0 , 

cos (180° — 0 ) = — cos 0 , sec (180° — 0 ) = — sec 0 , 

tan (180° — 0 ) = — tan 0 , ctn (180° — 0 )= — ctn 0 . 

The proof is left as an exercise. 

123. The Trigonometric Functions of 180° + 0 . Similarly, 
the following relations hold 

sin (180° -f 0 ) = — sin 0 , esc (180° -f 0 ) = — esc 0 , 

cos (180° 4 - 0 ) = — cos 0 , sec (180° -f 0 ) = — sec 0 , 

tan (180° + 0 ) = tan 0 , ctn (180° -f 0 ) = ctn 0 . 

The proof is left as an exercise. 

124. Summary. An inspection of the results of §§ 120-123 
shows : 

1. Each function of — 0 or 180° ± 0 is equal in absolute value 
(but not always m sign) to the same function of 0 . 

2. Each function of 90° — 0 is equal in magnitude and m sign 
to the corresponding co function of 0 . 

These principles enable us to find the value of any function 
of any angle in terms <^f a function of a positive acute angle 
(not greater than 45° if desired) as the following examples 
show. 

Example 1. Reduce cos 200 u to a tunction of an angle less tnan 45° 

Since 200° is in the second quadrant, cos 200° negative Hence 
cos 200°= — cos 20° Why ? 

Example 2. Reduce tan 260° to a function of an angle less than 45°. 

Since 260° , is in the th.rd quadrant, tan 260° is positive £lence 
tan 260° = tan 80° = c*n 10° (§ 121). 
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EXERCIS1& 

Reduce to a function of an angle not greater than 45° : 

1 sin 163° 5 esc 900° 

2 eos( — 110°) 6 ctn (- 1216°). 

Ans. — cos 70° or — sin 20°. 7 tau 340° 

3 sec (-265°) 8 sin 610° 

4 tail 428° 


Find without the use of tables the values of the following functions 
9 cos 670° 


13 cos 150° 

10 . sin 330° 

11 . tan 390° 14 tan 300° 

12 . sm 420° 

Reduce the following to functions of positive acute angles 

15 . sm 250°. 18 sec ( - 245°) 

Ans — sin70° oi — cos 20° 19 csc (_ 321 0 ) 

16 . cos 168°. 20 sin 209°. 

17 tan f- 389°). 

21 Prove the following relations fiom a figure 


15 . sm250°. 

Ans — sin70°oi 

16 . cos 168°. 


(a) ‘Sin (90° 4- 0) = cos 0 
cos (90° -f 0) = — sm 0 
tan (90° 4- 0) = — ctn 0 
csc (90° 4- 0) — sec 0. 
sec (90° + 0) = — csc 0 
ctn (90° 4- 0) = — "an 0 

(b) sm (180° — 0) = sm 0 
cos (180° — 0) — — cos 0 
tan ( 180° — 0) = — tan 0 
csc (180° — 0) = csc 0 
sec (180° — 0) = — sec 0. 
ctn (180° — 6) = — ctn 0. 


(c) sin (180° -f 0)= — sin 0 
cos (180° 4- 0) = — cos 0. 
tan (180° 4- 0) = tan 0 
csc (180° + 0) — — esc 0. 
sec ( 180° 4- 0 ) = — sec 0. 
ctn (130° 4- 0) = ctn 0. 

( d ) sin (270° — 0) = — cos 0. 
cos (270° — 0) = — sm 0 . 
tan (270° — 6) = ctn 0 
csc (270° — 0) = — sec 0. 
sec (270° — 0) = — csc 0 . 
ctn (270° — 6)— tan 0 . 


( e ) sin (270° 4- 0) = — cos 0. 
cos (270^ 4- 0) = sm 0 
tan (270° 4- 0) = — ctn 0. 
csc (270° 0) = — sec 0 

sec (270° 4- 0) . csc 0 
ctn (270° 4-0) = — ta^ 0. 
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^ 126. Law of Sines. Consider any triangle ABC with th 
altitude CD drawn from the vertex C (Fig. 110). 



Fig. 110 


In all cases we have sin A == sin B = - • 

b a 

Therefore, dividing, we obtain 

sin A a 


sinfi b 9 


or 


a __ o (2 

sm A sm B 

If the perpendicular were dropped L’om B , the same argu 
ment would give 

-2L— (3 
sm A am C 

Combining results (2) and (3) we have 
a __ b __ c 
sin A sin B sin C 


This law is known as the law of sines and may be stated ai 
follows : 

Any two sides of a triangle are proportional to the sines of th 
a7igles opposite these sides. 

126. Law of Cosines. Consider any triangle AlBC with th< 
altitude CD drawn from the vertex C (Fig. 111^. 

In Fig. Ill a 

AD — b cos A ; CD = b sin A ; DB = c — b cos A. 

In Fig. Ill b 

AD =ss — b cos A ; CD = b sin A ; LkB = c — b cos A. 
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In both figures 

a 2 = DB 2 -f- CD 2 . 

Therefore 

a 2 = c 2 — 2 be cos A 4- 6 2 cos 2 .A 4- 6 2 sm 2 A 
= c 2 — 2 6c cos -f (cos 2 4- sin 2 ^4) 6 2 , 


0 (7 



whence 

a 2 = b 2 4- c 2 -2 be cos A. 

Similarly it may be shown that 

b 2 = c 2 -f a 2 — 2 ca • cos B , 
c 2 = a 2 -f 6 2 — 2 a& • cos (7. 

Any one of these similar results is called the law of cosines . 
It may be stated as follows : 

The square of any side of a triangle is equal to the mm of the 
squares of the other two sides diminished by twice the product of 
these two sides times the cosine of their included angle.* 

127. Solution of Triangles. To solve a triangle is to find , 
the parts not given, when certain' parts are given. From 
geometry we know that a triangle is in general determined 
when three parts of the triangle, one of w^ich is a side, 


* Of what £hree theorems in elementary geometry is this the equivalent ? 
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are given. Right triangles have already been solved 
(§ 106 ff.), and we shall now make use of the laws of sines and 
cosines to solve oblique triangles. The methods employed 
will be illustrated by some examples It will be found 
advantageous to construct the triangle to scale, for by so doing 
one can often detect eirors which may have been made. 

128. Illustrative Examples. 

Example 1 Solve the triangle ABC, given 
A = .‘30° 20', B = 00° 45', a = 276 

Solution 1 

C = 180° - (A + 7?) = 180° - 91° 6' = 88° 55' , 

h _ a sin B _ 27 6 sin 60° 45 ' _ (276) (0 8725) _ m g 
sin A sin 30° 20' 0 5050 ’ * 

also 

asm C __ 276 sin u8° 55' = (276) (0 .9098) = M6 4 
C sin A 811130° 20' 0 5050 

Check It is left as an exercise to show that for these values we have 
c 2 = a 2 4- b 2 — 2 cos C 
Example 2 Solve the triangle ABC, given 
A = 30°, b = 10, a = 6 

Constructing the triangle ABC, we see that 
two triangles A2?i (7 and AB 2 C answer the descrip- 
tion since b > a > altitude CD. Fig. 113 

Solution Now 

5*5* =\ 0 r sm i?, = = 0.833, 

sin A a a 

whence B\ — 56 5° 

But 

B 2 = 180° - J5i = 180° - 56 5° = 123 5°, 
and 

Ci = 180° - (A + Di) = 180° - 86 5° = 93 5°, 

C 2 = 180° - (A + Bt) = i80° - 153.5° = 26 5°. 

* When two sides and an angle opposite one of them are given, the tnarele 
is not always determined. Why ? 



C 



Fig 112 
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C2 _ Sin Co 
a ~ sin A * 

ci _ si n C\ 
a sin A ’ 


or c , = a - sln ^ = -W (»-440) = 5.35. 
sin A 0.600 

or Cl= ««mC 1= (61(09981 =U .98 
• sin A 0 600 


Check Ci 2 = a 2 + b 2 — 2 ab cos <7i. 

143 6 = 36+ 100 +(2)(6) (10)(0.061) = 143 3 
ci 1 = a 2 + 6 2 — 2 a6 cos <?2. 

28 62 = 36 + 100 -(2) (6) (10) (0.896) = 28 60. 
Example 3. Solve the triangle ABC, given a= 10, 6=6 , (7=40°. 
Solltion c 2 = a 2 + b 2 — 2 <26 cos (7 4 

= 100 + 36 - (120)(0 766) = 44 08 
Therefore c = 6 64. Now \V 


gin A = - 81 - P - - = (195(0 643) _ 006g 
c 664 

1 e A = 104 6° Likewise 


tt=20 * 

Fia 114 


te 2? = 35 5°. 


a = 7 

Fia 115 


1 B = — - 0.581, 
c 6 64 


Check vl + B + (7 = 180 0° 

')-3 

V Examp' e 4 Solve the triangle ABC when 

— ^0 a = 7, 6 = 3, c = 5 

From the law of cosines, 

, 6 2 + c 2 — a 2 1 r An 

C ° S ^ = ~- 2 ^~ = ~ 2 = ~ 0 600 ’ 

cos B = ( 5 8 - &2 = !? = 0 928, 


cos C = = H = 0 786. 

2 ab 14 

Therefore ^ _ i 2 0°, 5=218°, C = 38.2°. 

Check A + B + (7= 180 0°. 


EXERCISES 

1. Solve the triangle ABC, given 

(а) A = 30°, £ = 70°, a = 100, 

(б) ^ = 40°, J3 = 70°, c = 110, 

c (c) A = 46.6°, (7 = 68 5°, 6 = 40 , 

(d) B = 60 6°, C = 44° 20', c = 20 ; 
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(e) a = 30, 6 = 64, C = , ( g ) a = 10, b = 12, c = 14, 

(/) b = 8, a = 10, C = 60° , ( h ) a = 21, b = 24, c = 28. 

2. Determine the number of solutions of the triangle ABC when 

(a) At- 30°, b = 100, a = 70 , (e) A,= 30°, 6 = 100, a = 120 , 

(b) A = 30°, = 100, a = 100 , (/) A = 106°, 6 = 120, a = 16 , 

(c) A = 30°, b = 100, a = 50, (g) A = 90°, 6 = 15, a = 14. 

(d) A = 80°, 5 = 100, a = 40 , 

3. Solve the triangle ABC when 

(a) A = 37° 20', a = 20, 6 = 28 , (c) A = 80°, a = 22, 6 = 34. 

(5) A = 37° 20', a = 40, b = 26 , 


4 . In order to find the distance from a point i to a point 2?, a line 
AC and the angles CAB and ACB were measured and found to be 
300 yd., 80° 30', 60° 10' respectively Find the distance AB 

5 . In a parallelogram one side is 40 and one diagonal 90 The angle 
between the diagonals (opposite the side 40) is 25° Find the length of 
the other diagonal and the other ride How many solutions ? 

6. Two observers 4 miles apart, facing each other, find that the angles 
of elevation of a balloon in the same vertical plane with themselves are 
60° and 40° respectively Find the distance from the balloon to each 
observer and the height of the balloon 

7 . Two stakes A and B are on opposite sides of a stream , a third 
stake C is set 100 feet from A, and the angles ACB and CAB are observed 
to be 40° and 110°, respectively. How far is it from A to B ? 

8 . The angle between the directions of two forces is 60°. One force 
is 10 pounds and the resultant of the two forces is 15 pounds Find the 
other force.* 


9. Resolve a force of 90 pounds mto two equal components whose 
directions make an angle of 80° with each other 


10. An object B is wholly inaccessible and invisible from a certain 
point A. However, two points C and Dona line with Ajmay be found 
such that from these points B is visible If it is found that CD = 
?00 feet, CA = 120 feet, angle DCB = 70°, angle CDB = 60°, find the 
length AB. • 



* It is shown in physics that if the line segments AB 
and AC represent in magnitude and direction two forces 
acting at a point A, then the diagonal AD of the parallelo- 
gram ABCh represents b°th in magnitude and direction 
v the resultant of the two given forces. 



VI, § 128 ] TRIGONOMETRIC FUNCTIONS 


185 


11 Given a, 6, A, in the triangle ABC . Show that the number of 
possible solutions are as follows 

4 <90° C 



12 . The diagonals of a parallelogram ^re 14 and 16 and form an angle 
of 50° Find the length of the sides 

13 Resolve a force of magnitude 160 into two components of 100 and 
80 and find the angle between these components. 

14 It is sometimes desirable in surveying to extend a line such as AB 



C 


in the adjoining figure Show that this can be done by means of the 
broken line ABODE What measurements are necessary ? • 

15 Three circles of radii 2, 0, 6 are mutually tangent Find the angles 
between their lines of centers 

16 In order to find the distance between two objects A and B on op- 
posite sides of a house, a station C was chosen, and the distances CA 
= 600 ft., CB = 200 ft., together with the angle AGB = 06° 30' wer© 


measured. Find the distance from A to B. 


17 The sides of a field are 10, 8, and 12 A 


rods respectively. Find the angle opposite the I 


longer side. 1 80 


18 . From a tower 80 feet high, two objects, ! ^ 


A and B , m the plane of the base are found to / 

J9 


have angles of depression of 13° and 10° respec- 
tively ; the horizontal angle subtended by A and B a i the foot C of the 
tower is 44°. Find the distance from A to B. 
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129. Areas of Oblique Triangles 

1. When two sides and the included angle are given. 
Denoting the area by S , we have from geometry 

S = \ch, 
but h = b sin A ; therefore 


c 

C 



( 4 ) 


S = \cb sin A 


Fig 116 


Likewise, 

S = \ ah sm C and S = £ ac sm H 


2. a side and adjacent qngles are given. 

Suppose the side a and the adjacent angles B and C to be 
giv' ^ We have just seen that S = \ac sin B. But from the 
law of sines we have 

as m C 
sm ^1 

Therefore 

g __ a 2 • sin Z? • sin (7 
2 sm u4 

But sm A = sm [180° — (B -f (7)] = sin (B -f C) Therefore 

9 — ? 2 _? m B sm C 
2 sm ( B -f- C) 


3. When the three sides are given . 

We have seen that S - \bc sm A. Squaring both sides of 
this formula and transforming, we have 

S 1 = — 1 sin"- i=^(t- COS 1 A) 

4 4 

= 1° (1 + cos ^1) ~ (1 - cos A)’ 

whence, 

ov be (. .ft’ + c’-eA be/. 6 J + c*-a*\ 
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_2 6c + 6 4 + c J -a ! .2&c-ft»-c 2 + a* 

4 4 

_b + c + a b +• c — a a — b + c a +b — c 

- o 2 2 £ 1 

which may be written m the form 

JS 2 = s($ — a)(s — 5)(s — c), 
where 2s = a-f-6 + c. Theiefore, 

(5) S = V s(s — a)(« — 6)(» — c). 

130. The Radius of the Inscribed Circle. If ns the radius 
of the inscribed circle, we have from elementary geometry, 
since s is half the perimeter of the triangle, S = ra ; equating 
this value of S to that found m equation (5) of the last article 
and then solving for r, we get, 

EXERCISES 

Find the area of the triangle ABC, given 

1. a = 25, 5 = 31 4 , C = 80° 25' 4 a = 10, 5 = 7, <7 = 60°. 

2 5 = 24, c = 34 3, A = 60° 25' 5 a = 1 A , 5 = 12, (7 = 00°. 

3. a = 37, 5 = 13, <7 = 40° 6 a = 10, 5 = 12, <7 = 8°. 

7. Find the area of a parallelogram in terms of two adjacent sides 
and the included angle 

8 The bare of an isosceles triangle is 20 ft. and the area is 100/ \/3 
sq. ft. Find the angles of the triangle Am 30°, 30°, 120°. 

9. Find the radius of the inscribed circle of the triangle whose side* 
are 12, 10, 8 

10 . How many acres are there in a triangular field having one of its 
sides 50 rods m length and the two adjacent angles, respectively, 70° 
and d0° ? 
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131. Radian Measure. In certain kinds of work it is more 
convenient m measuring angles to use, instead of the degree, 
a unit called the radian. A radian is defined as the angle at 
the center of a circle whose subtended arc is equal m length 
to the radius of the circle (Fig. 117). Therefore, if an angle 6 
at the center of a circle of radius r units subtends an arc of 
8 units, the measure of 0 m radians is 

<9 = 3 . 

« r 

Since the length of the whole circle is 2 1 rr, it follows that 

= 2 7r radians = 360°, 

7 * 


ir radians = 180 °. 

Fig. 117 Therefore, 

1 ftn° 

1 radian = = 57° 17' 45" (approximately). 

7 r 

It is important to note that the radian as defined is a con- 
stant angle, i.e., it is the same for all circles, and can therefore 
be used as a unit of measure. 

•The symbol r Is often used to denote radians Thus 2»* stands for 2 
radians, for * radians, etc. When the angle is expressed in terms of t (the 
radian being the unit), it is customary to omit r . Thus, when we refer to an 
angle ir, we mean an angle of ir radians. When the word radian is omitted, it 
should be mentally supplied in oMer to avoid the error of supposing v means 
180. Here, as in 'geometry, ir = 3 14169. . . , 

188 
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From relation (2) it follows tli^fc to convert radians into 
degrees it is only necessary to multiply the number of radians 
by 180/V, while to convert degrees mto radians we multiply 
the number of degrees t>y tt/ 180. Thus 45° is rr/i radians; 
ir/2 radians is 90° 

132. The Length of Arc of a Circle, From relation (1), 

§ 131, it follows that 

s =s rd. 

That is (Fig. 118), if a central angle is measured 
m radians, and if its intercepted arc and the 
radius of the circle are measi 1 in terms of 
the same tin it, then 

length of arc = radius x central angle in radians 

EXERCISES 

1. Express the following angles in radians 

25°, 146°, 226°, 300°, 270°, 460°, 1160°. 

2 . Express in degrees the following angles 

7 r 7 t Off Q 5 tt 

4’ e ’ e ’ 4 " 

3 . A circle has a radius of 20 inches How many radians ar$ there in 

an angle at the center subtended by an arc of 25 inches? *How many 
degrees are there in this same angle ? Ans. , 71° 37' approx. 

4 . Find the radius of a circle in which an arc 12 inches long subtends 
an angle of 35°. 

5. The minute hand of a clock is 4 feet long. How far does its ex- 
tremity move in 22 minutes ? 

6 In how many hours is a point on the equator carried by the rotation 
of the earth on its axis through a distance equal to the diameter of the earth ? 

7. A train is traveling at the rate of 10 miles per hour on a curve of- # 
half a mile radius Through what o-ngle has it tur led in one minute ? 

8 A wheel 10 Inches in diameter is belted to a wheel 8 inches in 
diameter. If the first wheel rotates at the rate of 5 revolutions per 
minute, at what rate is the second rotating ? How fast must the former 
rotate in order to produce 6000 revolutions per minute in the latter ? 


r9 



Fio 118 
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133 Angular Measurement in Artillery Service. The 

divided circles by means of which the guns of the United States Field 
Artillery are aimed are graduated neither m degrees nor in radians, but 
in units called mils The mil is defined as an angle subtended by an arc 
°f of the circumference, and is therefore equal to 

— = 3 1410 = 0.00098176 = (0 001 - 0 00001825) radian 
6400 3200 ’ 


The 



mil is therefore approximately one thousandth of a radian. 
(Hence its name )* 

Since (§ 132) 

length of arc = radius x central angle in radians, 
it follows that we have approximately 


length of arc = 


radius 

1000 


x central angle m mils , 


• (angle 


i e. length of arc in yards = (radius in thousands of yards) • 
in mils). The error here is about 2 % 

Example 1. A battery occupies a front of 60 yd If it is at 
6500 yd. range, what angle does u subtend (Fig 119)? We 
have, evidently, 

angle = — = 11 mils 
5 5 

Example 2 Indirect Fire t A battery posted with its right gun at G 
is to open fire on a battery at a point T, distant 2000 yd and invisible 


* To give an idea of the value m mils of certain angles the following has 
been taken from the Drill Regulations for Field Artillery (1911), p. 164 

“ Hold the hand vertically, palm outward, arm fully extended to the front 


Then the angle subtended by the 

width of thumb is . 40 mils 

width of first finger at second joint is 40 mils 

width of second finger at second joint is 40 mils 

width of third finger at second joint is . 35 mils 

width of little finger at second joint is 30 mils 

width of first, second, and third fingers at second joint is 115 mils 
These are average values.” 


t The limits of this text preclude giving more than a single illustration of 
the problems arising in artdlery practice. For other problems the student is 
referred to the Dr ll Regulations for Field Artillery (1911), pp 57, 61, 150-164 , 
and to Andrew?, Fundamentals of Military Service , dp 153-159, from t hich 
latter text the above example is taken. 
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from G (Fig 120) . The officer directmgfthe fire takes post at a point 
B from which both the target T and a church spire P, distant 3000 yd. 
from G are visible B is 100 yd at the right of the line GT and 120 yd. 
at the right of the line GP and the officer finds by measurement that the 
angle PBT contains 3145 mils^ In order to train the gun on th% target 
the gunner must set off the angle PGT on 
the sight of the piece and then move the gun 
until the spire P is visible through the sight 
When this is effected, the gun is aimed at T 
Let F and E be the feet of the perpen- 
diculars from B to GT and GP respectively, 
and let BV and BP' be the paiallels to 
GT and GP that pass through B Then, 
evidently, if the officer at B measures the 
angle PBP, which would be used instead 
of angle PGT were the gun at B instead 
of at G , and determines the angles TBT' = 

FTB and PBP' = EPB, he can find the 
angle PGT from the relation 

PGT = P' BV — PBT- PBP' -PBP'. 



Now 


tan FTB - ? B , 

TF 


tan EPB = 


EB 

PE 


Furthermore if FTB and EPB are small angles, i e , if FB and EB are 
small compared with GT and GP respectively, the radian measure of the 
angle is approximately equal to the tangent of the angle Wl^y ? Hence 
we have 


FTB = tan FTB - 
EPB — tan EPB = 


FB 

GT 

EB 

GP 


approximately. 


Therefore TBV — FTB — — — radians = 60 mils, 

2000 ’ 

PBP = EPB = radians = 40 mils. 
3000 

Hence PGT = PBT - TBT' - PBP 1 

= 3145 - 60 - 40 
— 3066 mils, 


whicn is the angle to be set ofl^on the 3ight of the^un 
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Hence for the situation indicated in Fig. 120 we have the following 
rule . * 

(1) Measure in mils the angle PBT from the aiming point P to the 
target T as seen at B. 

(2) Measure or estimate the offsets PP t and EB in yards, the range 
#rand the distance GP of the aiming point Pm thousands of yards 

(3) Compute in mils the offset angles by means of the relations 

TBV - FTB, 

PBP = EPB , 

TBV = 

GT 

PBP - — 

GP 

(4) Then the angle of deflection PGT is equal to the angle PBT 
diminished by the sum oi the offset angles 


EXERCISES 

1. A battery occupies a fro*'t of 80 yd. It is at 6000 yd. range 
What angle does it subtend ? 

2 . In Fig 120 suppose PB T = 3000 mils, FB = 200 yd., G T = 3000 yd., 
EB = 160 yd , GP — 4000 yd. Find the number of mils in PGT 

3 . A battery at a point G is ordered to take a masked position and be 
ready to fire on an indicated hostile battery at a point T whose range is 
known to be 2100 yd The battery commander finds an observing station 
P, 200 yd. at the right and on the prolongation of the battery front, and 
176 yd. at tne right of PG An aiming point P, 5900 yd in the rear, is 
found, and PB T is found to be 2600 mils Find PG T. 

134. Inverse Trigonometric Functions. The equation 


x = sm y 

may be read : 

y is an angle whose sine is equal to x , 
a statement which is usually written in the contracted form 


a) 


y = arc sin a?.f (2) 

♦ There are three cases with corresponding rules, dependmg on whether P 
is in front of, rear of, or on the flank of G 

f Sometimes wr "ten y = sin* 1 x Here — 1 is not an algebraic exponent, 
but merely a par f of a functional symbol When we wish to raise sin V; to 
the power — 1, we write ^ain as)— 1 . 
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For example, x = sin 30° means thaff x == while y =o are sm£ 
means that 3 / = 30°, 150°, or in general (n being an integer), 

30° + n • 360° . 150° + n . 360°. 

Since the sine is never greater than 1 and never less inan 
— 1, it follows that — 1 ^ x <£ 1. It is evident that there is 
an unlimited number of values of y = are sin x for a given value 
of x in this interval. 

We shall now define the principal value Arc sm oc* of arc sin x f 
distinguished from arc sm x by the use of the capital A, to 
be the numerically smallest angle whose sine is equal to x . 
This function like arc sm x is defined only for those values, of 
x for which 

- 1 < x < 1. 

The difference between arc sm x and Arc sm x is well illus- 
trated by means of their graph. It is 
evident that the graph of y = arc sm x, 
i.e . x = sm y is simply the sme curve 
with the role of the x and y axes inter- 
changed. (See Fig. 121 ) Then for every 
admissible value of x, there is an un- 
limited number of values of y\ namely, 
the ordinates of all the points P ly P 2 , ••• m 
which a line at a distance x and parallel ^ 
to the y - axis intersects the curve. The 
'single-valued function Arc sm x is repre- 
sented by the part of the graph between 
M and N. 

Similarly arc cos x, defined as “ an angle whose cosine is x,” 

* Sometimes written Sin -1 *, distinguished irom sin -1 * by the use of the 
capital S. 
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•has*an unlimited number of values for 
every admissible value of x (— lg x ^ 1). 
We shall define the pnncipal value Arc 
cos x as the smallest positive angle whose 
cosine is x That is, 

0 ^ Arc cos x ^ 7r. 

Figure 122 represents the graph of 
y = aic cos x and the portion of this graph 
between M and N lepresents Arc cos#. 

Similarly we write x = tan y as y = arc 
tan x , and m the same way w e define the 
symbols aic etna;; arc sec x , arc esc a*. 


The principal values of all the inverse tiigonoinetnc functions 
are given in the following fable. 


y = 

Aic sin x 

Aic cosx 

Arc tan j 

Range of x 

- 1 ^ X < 1 

t- 1 < X < 1 

all real values 

Range of y 

IT . T 

to — 

2 2 

0 tO 7T 

7T . 7T 

to — 

2 2 

x positive 

1st Quad 

1st Quad. 

1st Quad. 

x negative 

4th Quad. 

2d Quad 

4 th Quad 


Arc ctn x 

Arc sec x 

Arc esc x 

Range of x 

all values 

x>l or x<-l 

x>l or x < — 1 

Range of y 

0 to T 

0 to T 

to T 

. 2 2 

x positive 

1st Quad. 

1st Quad. 

1st Quad 

x negative 

2d Quad 

2d Quad. 

4th Quad 


In so far as is possible we select the principal value of each 
inverse function, and its range, so that the function is single- 
valued, continuous, and takes on al 1 possible values. This ob- 
viously cannot be done for the Arc sec x and for ^rc esc y. 



Fia 122 
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EXERCISES? 

1 Explain the difference between arc sin x and Arc sm x 

2 Find the values of the following expressions 

(a) Arc sin \ $>) arc sin | (c) arc tan^ 

(d) Arc tan — 1 (e) arc cos ( f) Arc cos ^5. 

2 2 

3 What is meant by the angle t 9 7r/4 4) 

4 Through how many radians does the minute hand of a watch turn 
in 30 minutes 9 in one hour ? in one and one half hours ? 

5 For what values of c aie the following functions defined 

(a) arc sin x ? ( b ) arc cds x? (c) arc tan x ? 

(d) arc ctn x ? ( e ) arc sec x ? (/) arc esc x ? 

6. What is the range of values of the functions 

(a) Arc sin x ? ( b ) Arc cos x ? (c) Arc tan x ? 

(d) Arc ctn x ? (e) Arc sec x? (/) Arc esc x ? 

7. Draw the giaph of tne functions 

(a) arc sin x ( h ) arc cos x (c) arc tan x 

(d) arc ctn £ (c) arc sec x. (/) arc esc x 

8 Find the value of cos (Arc tan f) 

Hint Let Arc tan < = 0 Then tan 0 = J and we wish to, find the 
value of cos 0 

9. Find the values of cog (arc tan $ ) 

10. Find the value of the following expressions 

(a) sin (arc cos $) (e) cos (Arc cor T \) ( e ) sin (Arc sin ^). 

( b ) sm (arc sec 3) (d) sec (Arc esc 2) (/) tan (Arc tan 6). 

11 Prove that Arc sin (2/5) = Arc tan (2/v/21). 

IS. Find x when Arc cos (2 x l — 2 x) — 2 tc / 3* 

Find the values of the following ^xpressidns . 

13. cos [90° — Arc tan J] 

14. sec [90° — Arc sec 2] 

1 j tan [90° — Arc sm 
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135. Projection, Consoler two directed lines p and q in a 
plane, i.e. two lmes on each of which one* of the directions 
has been specified as positive (Fig. 123). Let A and B be 
any two points on p and let A r , B ' be the points in which per- 



pendiculars to q through A and B , respectively, meet q. The 
directed segment A'B' is called the projection of the directed seg- 
ment AB on q and is denoted by 

A'B' = projg AB 

In both figures AB is positive. In the first figure A'B ' is posi- 
tive, while in the second figure is negative. 

As special cases of this definition we note the following * 

1. If p and q are parallel and are directed in the same way, 
we have 

pro] ff AB = AB. 

2. If p and q are parallel and are directed oppositely, we 
have 

proj^ AB = — AB. 

3. If p is perpendicular to q } we have 

pro], AB = 0. 

It should be noted carefully that these propositions are true 
no matter how A and B are situated on p. 

We may now prove tne following important proposition : 



VII, § 135) TRIGONOMETRIC RELATIONS 


197 


If A, B are any two points on ti directed line p , and q is 
any directed line in the same plane with p , then we have both in 
magnitude and sign 

(1) proj q AB = AB • COS (qp), 

where (qp) represents an angle through which q must be rotated 

in order to make its direction coincide with the diiectxon of p. 

We note first that all possible determinations of the angle 
(< qp ) have the same cosine, since any two of these determina- 
tions differ by multiples of 360° (Fig. 124). We shall prove 



Fig 124 


the proposition first for the case where AB has the same direc- 
tion as p, i.e. where AB is positive. To this end we draw 
through A (Fig. 125) a line q x parallel to q and directed in the 



Fig 125 


same way. (We may evidently assume without loss of gener- 
ality that q is horizontal and is directed to the right.) 

Let A!B' have the same significance as before and let BB' 
meet q x m B x . Then, by the definition of the cosine, we have 
AB 

= cos (q lP ) = cos (qp), 
in magnitude and in sign ; or 


But 


AB X = AB cos (qp). 

AB x = A'B'=mo] q AB. 


proj fl AB = AB cos (qp)- 


Therefore 
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Finally, if AB is negat&e, BA is positive, and, by the result 
just obtained, we should have 


B' A' = BA cos [q p). 


Hence, changing signs on both sides of this equation, we 
have 


A'B' — AB cos (q p). 


The special cases 1, 2, 3 listed on p. 196 are obtained from 
formula (1) by placing ( qp ) equal to 0°, 180°, 90°, respectively , 
for cos 0° = 1, cos 180° = — 1, cos 90° = 0. 


13B. Application of Projection. In Physics, forces and 
velocities are usually repiesented by line segments. A force 
of 20 pounds, for example, is represented by a segment 20 units 
in length and drawn in the direction oi the force. A velocity 
of 20 feet per second is represented by a segment 20 units in 
length and drawn in the direction of the motion. 

The projection on a given line l of a segment representing 
a force or velocity represents the component of the force or 
velocity hi the direction of l. 


Example. A smooth block is sliding down a smooth incline 
which makes an angle of 30° with the horizontal. If the block 
weighs 10 lb., what force acting directly up 
the plane will keep the block at rest ? 

Draw the segment AB 10 units in length, 
directly downward to represent the force 
exerted by the weight. Project this segment 
on the incline and call this projection AC . 
Now angle ABC = 30 c . Therefore AC = AB sin 30° = 5. This 
is the component of the *orce AB down the plane. Therefore 
a force of 5 lb. acting up the plane will keep the body at rest 
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Theorem. If A, B, C are any tlifee points m a plane , and l 
is any directed line in the plane , the algebraic sum of the projec- 
tions of the segments AB and BC on l is equal to the projection of 
the segment AC on l. 

As a point traces out the path from A to B , and then from 
B to C (Fig. 127), the piojection of the point traces out the 
segments from A! to B' and then from IV 
to C. The net result of this motion is a 
motion from A' to C which represents 
the projection of AC, i e. 

A'B' + B'C' = A'C\ Fio 127 

EXERCI5JES 

1 What is the project’pn of a line segment upon a line l , if the line 
segment is perpendicular to the line l ? 

2. Find proj, AB and proj y AB * m each of the following cases, if a 
denotes the angle from the or - axis t;> AB 

(a) AB = 6, a = 60° (c) AB = 6, a = 90°. 

(b) AB =10, a = 300°. (d) AB = 20, p = 210 3 . 

3. Prove by means of projection that m a triangle ABC 

a*= b cos C 4 c cos B 

4. If proj, AB = 3 and proj„ AB = — 4, find the length of AB 

5 A steamer is going northeast 20 miles per hour How fast is it 
going north 9 going east ? 

6. A 20 lb. block is sliding down a 16° incline Find what force 
acting directly up the plane will just hold the block, allowing one half a 
pound for friction. 

7. Prove that if the sides of a polygon are projected in order upon any 
given line, the sum of these projections is zero j 

* Projx AB and proj* AB mean the projections of AB^n the z-axis and 
the y-axis, respectively. 
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187. Rotation in a Plana. Suppose that a point P(x , y) in 
a plane moves on the arc of a circle with center at the origin 0 , 
through an angle a. Suppose that its position after this 
rotation is P(x' f y') referred to the s^me axes of coordinates. 
We desire to find x f and y ' in terms of x, y, and a. 

In Fig. 128 we have 
drawn P and its coordi- 
nates x = OM y y = MP y and 
the new position OM' P of 
the triangle OMP after a 
rotation about the origin 
through an angle a . The 
coordinates x' = 02V, y f = 
NP of P are the pro- 
jections of OP on the 
x-axis and the y-axis re- 
spectively, and these pro- 
jections are equal respec- 
tively to the sum of the projections of OM 1 and M'P on the 
respective axes. Hence, 

x * = proj x OP =: proj x OM' 4- proj x M'P 

= OM' 308 (OXy OM')+ M'P cos (0X t M'P) 

= x cos a 4 - y cos (a 4 - 7 r/2) 

= x cos a — y bin a. 

y' = proj v OP = proj v OM' 4- proj y M'P' 

= OM' cos (0 Yy OM') -| -M'P cos ( OF, M'P) 

= x cos (-• tt /2 4 - a) 4 - y cos a 
= x sin a 4 - y cos a. 

Therefore, if the point P(x t y) is rotated about the origin 
through an angl3 a, the coordinates ( x\ y') of its new position 
are given by the formulas 
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( 1 ) 


r x' = x cos a — £ sin a 
\y' =s x sin a 4- y cos a. 


It should be noted that the above method of derivation is 
entirely general, i.e. it will apply to a point P in an/ quad- 
rant and to any angle a. 


138. The Addition Formulas. We may now enter upon a 
more detailed study of the properties 
of the trigonometric functions. We 
shall first express sm (a 4- p) and 
cos ( a + (S) m terms of sm a , * cos a, 
sm /?, cos fi* To this end let OP be 
the terminal side of any angle a (Fig. 

129). If OP is then rotated about 0 
through an angle ft to the position 
OP’, the terminal line of the angle 
a + ft is OP 1 . If P has the coordinates ( x , y) and P' the 
coordinates (x\ y f ), then from (1) § 137, 

x' = x cos p — y sin p , 
y' = x sm p 4- y cos p. 

Now sm (a 4- p) is by definition equal to and cos ( a 4- P) 

r 

to — where r = OP = OP. Hence 

sin (a 4* P) = = - sm p 4- % cos p , 

r r r 

sin (a 4- P) = sin a cos p + cos a sin p. 

cos (a -f p) = — = - cos p — ^ sm p, 
r r J r , 

cos (a 4- P) = cos a cos p — sin a sin p. 

*We have already had occasion to note that sin tm not in general 

equal to sm a 4- sin £ (Se^ E*.‘ 5, p 151* ) 


or 

( 1 ) 


Also 


or 

( 2 ) 
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Further we have 


tan (« + 0 ) — sin ( a + /?) = s in a cos p -f cos a sin p 
cos (a + /3) cos a cos /? — sina sin p* 

DividiAg numerator and denominator by cos a cos /?, we have 


tanf. + P) _*“• + ' fl> . 

1 — tana tan B 


Furthermore, by replacing p by — p m (1), (2), and (3), and 
recalling that 


sin (— p) = — sm p } cos ( — p}= cos /3, tan ( — p) = — tan p, 
we obtain 


( 4 ) 

( 5 ) 

( 6 ) 


sin (a — P)= sina cosp — cos a sin p, 
cos (a — P) = cos a cos p + sina sin p, 


tan (a — p) = 


t ana — t an (2 
1 -f tanatanp 


EXERdsES 

Expand the following 

1. six (45° + a) = 3 cos (60° + a) = 5. sin (30° - 45°) = 

2. tan (30° - 0) = 4 tan (45° + 60°) = 6. cos ( 180° - 45°) = 

7. What do the following formulas becomp if a = p ? 

sin (a + 0) = sm a cos 0 + cos a sin 0. tan + __ tan a + tan 0 

sin (a — 0) = sin a cos 0 — t cos a sm 0. 1 — tan a tan 0 * 

cos (« + j3) = cos a cos 0 — sin a sm p. Q . __ __ tan a — tan p 

cos (a — p) = cos a cos p -f sm a sm p. ^ ~ 1 -f tana tan 0* 

8. Complete the following formulas 

sin 2 a cos a 4- cos 2 a sm a = tan 2 a -f tan a _ 

sin 3 a cos a — cos 3 a sm a = 1 — tan 2 a tan a ~ 

9. Prove sm 76° = + l , cos 75° = v/§ ~ 1 , tan 75° = ^f±i . 

2u/2 2^2 v/S-l 

10 . Given tan is = }, sm 0 -j^, and « and 0 both positive acute angles, 

find the value of tan (a c + p) , sm ( a - p) j'cosfa + P) , tan (a - pf. 
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11 Prove that 

(а) cos (60° + a) 4* sm (30° + «) = cos a. 

(б) sin (60° + 0) — sin (60° — 0) = sin 0 

(c) cos (30° -f 0) — cos (30° — 0) = — sin 0 

(d) cos (45° + 0) 4- cos (45° — 0) = V 2 cos 0. 

(e) sm ^ 4- sin = sin a. 

(/) cos 4- 4- cos ^ a — ^ = V3 cos a. 

(g) tan (46° + $) = 1 + tan 9 (h) tan (46° - ») = ■■■ " t - an g 

v ' 1 — tan 6 ' 1 + tan# 

12 By using the functions of 60° and 30° find the value of sm 90° ; 
cos 90° 


13 Find in radical form the value of sin 15° , cos 15° , tan 16° > 
sm 105° , cos 105° , tan 105° 


14. If tan a = sm p = T \, and a is in the third quadrant while p is 
m the second, find sm (a±| 3) , cos (a ± p ) , tan (a ± p). 


Prove the following identities 
15 sm(« 4- p) __ tan a -r tan p 
sin (a — p) tan a — tan p 
U tan « — tan (a — (Q =t&n() 

1 4- tan a tan (a — p) 

18 . J,an(0 ± 46°) 4- ctn (0 =f 45°) = 

20 cos (a 4- 0 ) cos (a p) = cos 2 a 

21 sm (a 4- p) sm (a — p)"=: sm 2 a ■ 


16 . 

sin! 

2 a cos 2 a 

= 

sm 3 a. 


sec 

a esc a 



19 . 

O) 

sin (180° - 

<0 

— sm 0 


(6) 

cos (180°- 

») 

= — cos 0. 


(c) 

tan (180° - 

0) 

= — tan 0. 

— sm 2 p. 





sin 2 /3. 


22 . ctn(a+/3) 


ct n a cot j 8 — 1 
ctn tit 4- ctn p 


23. ctn (a - /S) = ctn_actnj8 J 4 L l . 

ctn p — ctn a 


24 . Prove Arc tan \ 4* Arc tan I = ir/4 

[Hint Let Arc tan £ = x and Arc tan £ = y Then we wish to prove 
x 4- y = ir/4, which is true since tan (x + y) = 1 ] 

25 Prove Arc sm a 4- Arc cos a = if0<a<l. 

2 


26 Prove Arc sm 4- Arc sm $ = Arc sin fjf. 

27 Prove Arc tan 2 4- Arc tan £ = ir/2. 

28 Prove Arc cos f + Arc cos ( — = Arc cos ( — £$). 

29 Prove Arc tan ^ 4- Arc tan f = Arc tan 

80 Find the value of sm [Arc sin £ 4- A-c ctn J]. 

81 . Find the value of sin [Arc sm a 4- Arc sin if 0 < a < 1, 0 < b < 1. 
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S3. Expand sin(« 4 y 4 z), cos(x + y + 2 ). 

[Hint, x 4- V + z = (x 4- y) 4 *.] 

S3 The area A of a triangle was computed from the formula 
A = i ab sin 0. If an error e was made in measuring the angle 0, show that 
the corrected area A' is given by the relation A ' = A(cos« 4 sinectn0) 


139. Functions of Double Angles. In this and the follow- 
ing articles (§§ 139-141) we shall derive from the addition 
formulas a variety of other relations which are serviceable m 
transforming trigonometric expressions. Since the formulas 
for sin (a -f /J) and cos (« + £) are true for all angles a and 
they will be true when fi = a.t Putting = a, we obtain 

(1) sin 2 a = 2 sin a cos a, 

( 2 ) cos 2 a = cos 2 a — sin 2 a. 

Since sin 2 a 4- cos 2 « = 1, we have also 

(3) cos 2 q.*= 1 — 2 sin 2 a 

(4) = 2 cos 2 a — 1. 


Similarly the formula for tan (« 4- fi ) (which is true for all 
angles a, fi, and a 4-/3 which iiave tangents) becomes, when 

0 = «i 

(5) tan 2 a : 


2 tan a 


1 — tan 2 a J 


which holds for , every angle for which both members are 
defined. 

The above formulas thould be learned in words. For ex- 
ample, formula (1) states that the sine of any angle equals 
twice the sine of half the angle times the cosine of half the 
angle. Thus 

sin 6 x ss 2 sin 3 x cos 3 x, 


2 fail 2 x 
1 — tan* 2 x 9 

cos cos *5 — r ; ~ ,x 


tan 4 xz 
* 


cos f £-sin*£. 
* • £ 



VII, § 140] TRIGONOMETRIC RELATIONS 205 


140. Functions of Half Angles, from (3), § 139, we have 
2 sin 2 * = 1 — cos «. 

Therefore 


(«) 


sin 


. _ fl — cos a 
9 “ ± \ *2 


From (4), § 139, we have 


Therefore 


( 7 ) 


2 cos 2 ~ = 1 + cos a. 

_ a , It -f cos a 

cos jj-±V- 2 — 


Formulas (6) and (7) are at once seen to hold for all angles 
a Now, if we divide formula (6) by formula (7), we obtain 


( 8 ) 


, a , fiT- cos « 

tan = ±-v/ , 

L v 1 + cos « 


which is true for all angles a except n • 180°, where n is any 
odd integer. 


Example Given sm A = — 3/5, cos A negative , find sin (A/2) 

Since the angle A is in the third quadrant, A/2 is in the second or 
fourth quadrant, and hence sin (A/2) may be either positive o* negative. 
Therefore, since cos A =— 4/5, we have 


sm 


A 

2 



= ± 


3 

VlO 


£ 

10 


= Vl0. 


EXERCISES 

Complete the following formulas and state whether they are true for 
all angles . 

1. sin 2 a = 3. tan 2a— 5 cog — = 

2 

S cos 2 a = (three forms). 4 . sin^: 6 . tan ~ — 

7. In what quadrant is 0/2 if 9 is posit ve, less than 360°, and in the 
second quadrant ? third quadrant ? fourth quadrant ? 



206 


MATHEMATICAL ANALYSIS [VII, § 140 


8 . Express cos 2 a in ternfe of cos 4 a 

9. Express sin 6 x in terms of functions of 3 x ' 

10. Express tan 4 a in terms of tan 2 a . 

11. Express tan 4 a in terms of cos 8 a. • 

IS. Express sin x in terms of functions of x/2 

13. Explain why the formulas for sin x and cos x m terms of functions 
of 2 x have a double sign 

14. From the functions of 30° find those of 60° 


15. From the functions of 00° find those of 30°. 

16 From the functions of 30° find those of 16°. 

17 From the functions of 15° find those of 7.5° 

18 Find the functions of 2 a if sin a = $ and a is in the second 

quadrant. 

19. Find the functions of a/2 <’f cos a =— 0 8 and a is in third quad- 
rant, positive, and less than 300° 

20. Express sin 3 a in terms of sin a [Hint 3a = 2a-fa] 


21. From the value of cos 45° find the functions of 22 6° 

22. Given sin a = j~ and a in the second quadrant Find the values of 


(а) sin 2 a 

(б) sin- 


(c) cos 2 a 

(d) cos£. 


(e) tan 2 a. 

(/) ^ | 


o 

23 If tan 2 a = - find sin a, cos a, tan a it a is an angle m the third 
4 


quadrant 

Prove the following identities . 
94 1+C08 “ =ctn“ 


sin a 


95. fain- — cos-1 =1 — sin® 

L 2 2j 

96. 22£21±co8® + l = cUl(> 

sin 2 e -f sin 0 


97 1 — co3 2.®_ + _gjg_2® __ tan g 

1 + cos 2 6 -f sin 2 0 

28. » sin - + cos ^ = ± Vl -f sin a. 
2 2 

29 sec a + tana = tan 


TO. 2 Arc cosx = Arc cos (2x 2 — 1). 


31. 2 Arc cosx = Arc sin (2xyl — x a ). 
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32 tan [2 Arc tan x] = — — 

L J 1 - X 2 

1 _ r 2 

33 cos [2 Arc tan x] = 

L J 1 4 x 2 

Solve the following equatidhs 

36 cos 2 x 4 5 sin x = 3. 

37 cos 2 x — sin x = J. 

38 sm 2 x cos x = sin x. 

39. 2 sm 2 x + sm 2 2 x = 2 


34 . tan [2 Arc sec xl = ± — L 

L J 2-x 2 

36 . cos (2 Arc sm a) = I — 2 a 2 . 

40 sm 2 2 x — sin 2 x = }. 

41 sm 2 x = 2 cos x 

42 2 sin 2 2 x = 1 — cos 2 x 

43 ctn x — esc 2 x = 1 


44 A flagpole 60 ft high stands on a tower 49 ft high At what dis- 
tance from the foot of the tower will the flagpole and the tower subtend 
equal angles ? 

46 The dial of a town clock has a diameter of 10 ft and its center is 
100 ft. above the ground. At what distance from the foot of the tower 
will the dial be most plainly visible ? [The angle subtended by the dial 
must be as large as possible ] 


141. Product Formulas. From § 138 we have 
sin (a -f (3) as sin a cos p 4- cos a sm /?, 
sm (a — ft) = sin a cos f3 — cos a sm /?. 

Adding, we get 

(1) sm (a -f f3) 4 sm (a — j8) = 2 sm a cos fi. 
Subtracting, we have 

(2) sm (a 4 /?) — sm (« — fi) = 2 cos a sin fj. 

Now, if we let a + = P and a — = Q, 

then « = ^< P = —^' 

Therefore formulas (1) and (2) become 

sin P 4- sin 0 = 2 sin — ^t- Q cos — ~ ® , 

A M 

sin P — sin Q = 2 cos sin ? 

2,2 

Similarly, starting with cos (« + /?) and cos (ii — /9) and per- 
forming the same operations, the following, formulas result: 
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t pin p_ n 

COS P + COS Q = 2 COS ^ T -X cos -~ y , 

2 2 

cos P — cos Q = — 2 sin — ^2 sin -~-Q . 

2 2 

In words : 

the sum of two sines = 

twice sin (half sum) times cos (half difference), 
the difference of two sines = 

twice cos (half sum) times sin (half difference),* 
the sum of two cosines = 

twice cos (half sum) timps cos (half difference), 
the difference of two cosines = 

minus twice sin (half sum) times sin (half difference).* 


Example 1 


Prove that 

cos3x 4 cos# 
am 3 x -f- sin x 


= ctn 2x, 


for all angles for which both members are defined 

cos 3x4- coax 2 cos ^ (3 x 4- x) cos \ (3 x — x) __ cos 2 x 
sin 3 x 4- sin x 2 sin i (3x 4- x) cos £ (3 x — x) sin2x 


Example 2 Reduce sin 4 x -f cos 2 x to the form of a product. 
We may write this as sin 4 x 4- sin (90° — 2 x), which is equal to 


2 sin 4x + °°° . rA^ cos 4 - ~ °?° + 2 g = 2 sin (46° + x) cos (3 x - 46°). 


Reduce to a product 
1. sin 4 0 — am 2 6. 
2 cos 6 4- cos 3 e. 

3. cos 60 4- cos 2 6. 


EXERCISES 

а. cos 2 e 4* sin 2 0. 

5. cos 30 — cos 6 0. 

б. sm (x 4- Ax) — sin x. 


7. cos3x + sm5x 

8. sin 20° — sm 60° 


Show that 

9. sin 20° 4- sin 40° = cos 10°. 
10. cos 60° 4- cos 70° = cos 10°. 


11 . 


sin 75° — sin 15° 
cos 76° 4- tos 16° 


= tan 80°. 


12 . 


sin 15° + sin 75° 
sin 15° - sin 76° 


= — tan 60°. 


13. 


sin 3 0 — sin 5 fl _ 
cos 3 e cos 60 ~ 


4 0 


* The difference is taken, first angle minus the second. 
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Prove the following identities- 

14 sin 4 oc 4- sin 3 a __ ctn g sin a -f am ft _ tan j (a 4- ft) 

cos 3 a — cos 4 a 2 sin a — sm /3 tan i (a — 0) 

1$ cos a - f 2 cos 3 oc -f cos 5 __ cos 3 a 

cos 3 a 4- 2 cos 6 a + cos 7 *a cos 5 a 

17 cos a — cos ft ___ _ tan ^ (a 4- ft) sm (n — 2) 0 4- sin n 0 = ctn 

cos a 4- cos /3 ctn J (cc — /3) cos (n — 2) 0 — cos n 0 


Solve the following equations . 

19 cos 0 + cos 6 0 = cos 3 0. 22 sin 4 0 — sm 2 0 = cos 3 0 

20 . sm 0 4- sin 6 0 = sin 3 0. 23 cos 7 0 — cos0 = — sin4 0 

21 sm 3 0 4- sm 7 0 = sm 6 0 


142. Law of Tangents. A mernod for shortening computa- 
tion will be presented in the next chapter. In applying this 
method to the solution of triangles the formulas given below 
are valuable. We shall state first the so-called law of tangents: 


The difference of two sides of a triangle is to their sum as the 
tangent of half the difference of the opposite angles is to the tan - 
gent of half their sum. 


Proof. 


q_ sini | 
b sin F 


Hence, by proportion, we have 

a — b __ sm A — sm B 
a -f b smi + srn^ 


But 

sin A — sin B 




+ 28m 4_tB cos 4^B 

2 2 2 


Therefore 


a-b _ 2 

a + b tan 4+/ 
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143. Angles of a Trimgle in Terms of the Sides. Con- 
struct the inscribed circle of the triangle 
and denote its radius by r. If the perim- 
eter a-f& + c=2s, then (Fig. 130) 

AE — AF = s — a. 

BD = BF = s — b. 

CD = CE = s — c 



Then tan l A = , 

s — a 

where, from § 130, 


•=V 1: 


tan l B = 


8 - 1 ) 


tan \ C — 


s — a)(s — fr)(s — c) # 


MISCELLANEOUS EXERCISES 


1. Reduce to radians 85°, - 136°, — 300°, 20° 

2. Reduce to degrees ir, Sir, ~2ir, 4 t radians 

3. Find sm (a — /3) and cos (a + £) when it is given that a and 0 are 
positive and acute and tan a = f and sec £ = ^ 

4 Find tan ( a -f (i ) and tan (a - / 3) when it is given that tan a = J 
and tan /3 = £ 

5 Prove that sin 4 a = 4 sin a cos a — 8 sin 8 a cos a. 


6 . 


Given sin 0 = 


o 

— and 0 in the second quadrant 
Vo 


cos 2 0, tan 2 0. 


Find sin 2 0 


Prove the following identities 
2 tan a 


7. sin2a: 


9 sec 2 a = 


1 -f* tan 2 a 
esc 2 a 
esc 2 a — 2 


8 


cos 2 a = 


1 — tan 2 a 
1 -f tan 2 a 


10 


tan a = 


sin 2 ft 
1 -f cos 2 a 


11 . sin (a + 0) cos 0 - cos (a + 0) sm /3 = sm a. 

12 . sin 2 a H- sin ? /3 -f sin 2 7 = 4 sin a sin /3 sin 7, if a + 0 + 7 = 180°. 

1 + tan - 


IS. 


cos a 
1 — sin u 


1 — tan ' 
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14. 1 + tan a tan - = sec a 
2 


15. 


si n 8 a -f cos 3 a _ 2 — sin 2 a 
sm a 4- cos a 2 


16 512-1“ = 2 cos 2 a. 
sin 2 a 

17. Arc cos $ + Arc tan | = Arc tan 
Solve the following equations 


18 

cos 2 a = cos 2 a. 


19 

2 sin a = sm 2 a. 


20 

cos 2 a -f cos a = — 1 


21 

sin a 4- sin 2 a 4- sm 3 a 

= 0 

22. 

sm 2 a — cos 2 a - sm a 

4- cos a = 0 

23. 

Arc tan x 4- Arc tan (1 - 

- x) — Arc tan$ 

24. 

Arc sm x + Arc sin 2 x = 

= 3 

25 

x -4- 1 

Arc tan — — h Arc tan 

* " 1 = 180° + . 


x — 1 

X 

26 

Arc sm x 4- Arc sm - = 
2 

120°. 

27 

Arc sm x 4- 2 Arc cos x = 

- 

~~ O 


In a right triangle ABC, right angled at C , prove 


28. sm 2 — = ?~ a 


29. cos 2 ^ = P +c 


30 tan 


A -*B _ a — b 
2 a + b 


2 2c ' 2 2c 

SI. Solve for x and y the following equations 
x sin a 4- y cos a = sin a , 
x cos a — y sin a = cos a. 

32. Solve for x and y the following equations : 

x cos 0 — y sm 0 — sm 6, 
x sin 0 + y cos 0 = cos 0 

33. If 2 as is less than 90° and sin a?=cos(2 x + 40°), find the value of x. 

34 Find a so that the equation x 2 4- cos a-f 1 = 0 shall have equal 
roots 

36 Find a so that the equation A a* 2 4- 2 r aar «.’1 1 =0 shall hav« 
equai roots. 



CHAPTER VIII 


THE LOGARITHMIC AND EXPONENTIAL FUNCTIONS 


144. The Invention of Logarithms. In the last two chap- 
ters we have had occasion to do a considerable amount of 
numerical computation. In spite of the fact that we have 
confined these computations to comparatively small numbers 
and have had the assistance of tables of squares and square 
roots, the calculations have often been laborious. 

To carry out by the methods thus far at our disposal the 
computations involved in many of the problems of insurance, 
engineering, astronomy, etc., would ' require a prohibitive 
amount of labor. That it is now practicable to effect such 
computations is largely due to the invention of logarithms by 
John Napier (1550-1617), Baron of Merchiston, in Scotland. 

As in the case of many epoch-making inventions, the funda 
mental idea of Napier was extraordmarily simple. It may be 
explained as follows. Consider the function y=2*. We 
readily obtam the following table of corresponding values : 


X 

1 

2 

3 

4 

6 

6 

7 

8 

9 

10 

11 

12 

ft 

<M 

II 

3S* 

2 

4 

8 

j 

16 

32 

64 

128 

j 

266 

612 

1024 

2048 

4096 


Now, since 2" • 2* = 2* 4 *, it is tflear that, if we desire to ob- 
tain the product of two numbers m the lower line of the table, 
we need only add the two corresponding numbers in the upper 
line (the exponents), and then fin d the number in the ldwer 

212 
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line which corresponds to this sum. # For example, to find the 
product of 128 x 16, we find from the table that the numbers 
corresponding to 128 and 16 are 7 and 4, respectively; the sum 
of the last pair is 11 and the number m the lower line* corre- 
sponding to 11 is 2048, which is the product sought. Or again, 
to find 4096 -f* 512, we find the corresponding exponents 12 and 
9 m the table, subtract (12 — 9 = 3), and find the required quo^ 
tient to be 8. How would you justify the latter procedure? 

While the fundamental idea here described is simple, con- 
siderable insight was required to make the idea practicable. 
For, the above table makes possible the finding of the product 
of two numbers only when the numbers in question and 
their product are to lie found in the lower line of the table. In 
order to be useful in practical computation it is obviously 
necessary to construct a table which will contain every number, 
or at least from which the corresponding “ exponent ” of any 
number can easily be obtained either precisely or with a high 
degree of approximation. The problem confronting Napier 
was to fill in the gaps in the numbers of the lower line of the 
table on p. 212, while preserving the fundamental property of 
the table, viz. that to the product of any two numbers of the lower 
line corresponds the sum of the two corresponding numbers of the 
upper line. 

145. Extension of the Table. An examination of table (1) 
reveals the following properties : (a) the values of x form an 
arithmetic progression (A.P.), since every number after the 
first is obtained by adding 1 to the preceding number ; (6) the 
values of y form a geometric progression *G.P.), since every 
number after the first is obtained by multiplying the preceding 
number by 2. These considerations suggest tlu possibility of 
extending the table in two ways. 
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In the first place, we may extend it to the left so as to make 
the lower line contain numbers less than 2. To do this, we 
need only subtract 1 successively from the numbers of the upper 
line qnd divide by 2 successively the numbers of the lower 
line. We then obtain a table extending m both directions . 


- 6 

- 4 

- 3 

- 2 

- 1 

0 

1 

2 


4 

5 

6 

7 

0 03125 

0 0625 

0 125 

0 25 

0 5 

1 

i 2 

4 

8 ^ 

16 

32 

64 

128 


This table is still satisfactory. If we desire to multiply 128 
by 0.0625, we add the corresponding numbers of the upper line, 
namely, 7 and — 4 ; thus we obtain the number 3, which 
according to the previous rule should give 128 x 0.0625 = 8, 
which is correct. That the rule still applies may be tested on 
other products ; the fact that it does will be proved later. 

In the second place we may find new numbers to fill the gaps 
in the original table, by inserting arithmetic means between 
the successive values of x and geometric means between the 
successive values of y. Thus, if we take the following portion 
of the ^receding table 


-2 

_ i 

0 

1 

<1 

3 

4 

i 

i 

1 

2 

4 

8 

16 


and insert between every two successive numbers of the upper 
line their arithmetic, and between every two successive num- 
bers of the lower line their geometric mean, we obtain the table 


— 2 

-4 

- 1 

-4 

0 

4 

1 

4 

2 

4 

3 

i 

4 

4 

}V2 

4 

JV2 

1 

V2 

2 

2V2 

4 

4V2 

8 

8V2 

16 


( 3 ) 
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If the radicals are expressed approximately as decimals, this 
table takes the form 


— 20 

-1.6 

- 1 0 

-05 

0 . 

0.5 

1.0 

1 5 

2 

2 5 

3 

3.S 

4 

0.25 

0.35 

0.50 

0.72 

1.00 

1.41 

2 00 

2 88 

4 00 

5.66 

8 00 

11 31 

16 


Repeating this process of inserting ‘means, we get the follow- 
ing table. To save space, we have begun the arithmetic pro- 
gression with 0 and the geometric progression with 1, and have 
not carried the table as far as in the preceding case. 


x(A.P) 

0 00 

0 25 

0 60 

0 76 

1 00 1.25 

1.60 

1.75 

2 00 

2.26 

y(OP) 

1 00 

1 19 

1 41 

1 68 

2.00 2 38 

2 83 

3 36 

4 00 

4 76 


The rule for multiplying two values of y seems to apply also 
to this table, at least approximately. For example, if we apply 
the rule to find 3.36 x 1.19, we note that the sum of the cor- 
responding values of a? is 1.75 4 - 0.25 = 2 00 and conclude that 
3.36 x 1.19 = 4.00. Actual multiplication gives 3.36 x 1.19 
= 3.9984 The discrepancy we may attribute to thew f&ct that 
the values of y other than 1, 2, 4 are only approximations to 
the true values.* 

The process used in constructing this table may be continued 
indefinitely. It enables us to interpolate a new value of x be- 
tween any two successive values of x and a new value of y 
between the two corresponding values of y . But this means 
that we can make the values of x and y as dense as we please, 
in other words, we can make the difference between successive 
values of y as small as we please. By continuing the process 

* In fact the rules for computing with approximate numbers would lead us 
to write 4 00 in place of 3 9984 as we ha%e no*right to retam^more than two 
decimal places See S 160 
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long enough we can make any number appear among the values 
of y to as high a degree of approximation as we desire and our 
intention of filling the gaps will then be attained. We must 
now pfrove, however, that the rule for *multiplication does really 
hold in the extended table. Thus far we have merely verified 
this rule for special cases. 

EXERCISES 

1. Assuming that the rule for multiplication applies, find by means of 
table (4) the following products 

3.36 x 1.41, 1.68 x 2.38, (1 68) 2 , (1.10)* 

Check by ordinary multiplication 

146. Arithmetic and Geometric Progressions. The tables 
constructed consist of an arithmetic progression one term of 
which is the number 0 (the terms of this arithmetic progression 
we denoted by x) and a geometric progression one term of 
which is the number 1 (the terms of this geometric progression 
we denoted by y). Moreover, to every value of x corresponds a 
definite value of y in such a way r ihat to x = 0 corresponds y = 1, 
and that to each succeeding (or preceding) value of x corre- 
spondst the succeeding (or preceding) value of y . Now suppose 
that the common difference of the arithmetic progression is d 
and that the common ratio of the geometric progression is r. 
The correspondence between the values of x and y would then 
be exhibited m the following table. 



We shall now provt that in this table 9 to the product of any 
two values of *y corresponds the sum of the tux> corresponding 
values of %. 
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If the two values of y are both to \;he right of y = 1, for ex- 
ample y x = r p y y 2 = r«, then the corresponding values of x are 
pd and qd. To the product y Y y 2 = r p r« corresponds (p+q) d. 
If the two values of t/are,both to the left of y = 1, the pfcoof is 
similar. It is left as an exercise. 

If one value is to the left of y = 1, for example, y = l/r p , and 
the other value is to the right, for example y 2 = r«, the cor- 
responding values of x are — pd and qd respectively. The 
product y x y 2 is equal to (l/r p )r« = r«" p if q > p, and is equal 
to 1 /r*- q if q<p . The value of x corresponding to y$ 2 is 
then (q — p) d, if q > p and — (p — q)d if q <p. But (q — p)d 
= — (p — q)d = qd -f (— pd). The discussion of the case 
p = q is left as an exercise. If one of the values of y is 1, the 
desired result follows immediately. Why ? 

In view of this theorem the validity of the rule used in the 
last article for multiplication is established. For tables (2) 
and (4) are both tables of the type (5), the former having 
d = 1 and r = 2, the latter having d = 0.25 and r = \/2 = 1.19 
(approximately) . 

147. The Exponential Function a?{a > 0). Let uj n«>w con- 
sider the table 


X 


— m 


— 3 

-2 

- 1 

D 

1 

2 

3 

... 

n 

•• 

y 

... 

_1_ 

a m 

... 

o 8 

1 

a a 

1 

a 

J 

1 

a 

a 2 

1 

a s 


a n 



where a represents any positive number.* This table defines y 
as a function of x. Morover, this table is a table of the type 
(5) ; and all tables obtained by interpolating arithmetic means 
between two successive values of x and# the same number of 

geometric means between the corresponding valaes of y are of 
* » • 

* The value a=l leads to^rivial results. Hence, assume also that a =£1. 
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the type (5). Thus if we interpolate q arithmetic means be- 
tween x = 0 and x = 1, and q geometric means between y = 1 
and y= a, we obtain the following table . 


* 

X 

_ p 

Q 


- 1 


- 2 

Q 

*_1 

9 


1 

Q 

2 

q 


y 


1 

Vif 


1 

a 


1 

(Vaf 

1 

i/a 

1 




X 

Q^zl 

q 

1 

i+i 

9 


2 


P 

q 

• 

y 

({/afi- 1 

a 

(^a)’ +1 


a 2 


(Va) p 



which is a table of the type (5), with d = 1/q and r = \'a* 

The function y of x thus defined is y — a x , for x = 1, 2, 3, 
We are therefore led to define the expression a x for fractional 
and negative values of x and for x = 0 as follows . 

(1) a® — 1. 

(2) a 1 means Va, where q is a positive integer. 

(3) op/« means ( V a) p , or its equal Vafi, where p and q 
are positive integers. 

(4) ar n means 1/a”, where n is any positive rational number. 

<■ c 

In view of the fundamental property of any table of type 
(5), whereby to the product of any two values of y corresponds 
the sum of the two corresponding values of x , we have 
a* 4 ♦ av = a u+v 

for all values of u and v for which the expressions a tt , a v , and 
a u+v have been defined. 

The function y = a* (a > 0) has now been defined for all 
rational values of x . c To complete the definition of this func- 

* We should Jceep in mind fhat the symbol i/a (a> 0) means the positive 
grth root of a. Thus = % not — 2. 
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tion for all real values of x , we Jnust indicate the mean- 
ing of a* when x is an irrational number. To carry this 
definition through in all its details is beyond the scope of 
an elementary course. Rut we have seen that any irrational 
number may be represented approximately by a rational num- 
ber, with an error as small as we please. (See § 29 ) Thus 
V3 is represented approximately by the rational numbers 1.7, 
1.73, 1.732, •••. Our previous definitions have given a definite 
meaning, for example, to 2 1 * 7 , 2 1 - 73 , 2 1 * 732 , •••. The values of the 
latter expressions are by definition approximate values of 2 v/8 . 
We take for granted without proof the fact that the successive 
numbers 

(6) 2 1 * 7 , 2 1 * 73 , 2 1 - 732 , 

as the exponents represent closer and closer approxima- 
tions to V3, approach closer and closer to a definite number. 
This definite number is by definition the value of 2^ Similar 
considerations apply to the definition of a x , where a is any 
positive number and x is any irrational number. The principle 
involved is briefly expressed as follows . 

An approximate value of x gives an approximate vcdui of a *. 
The value of a x can be found as accurately as we please by using 
a sufficiently accurate approximation to x. 

j 

The objection might be raised that the calculation of 2 1,7 involves the 
extraction of the 10th root of 2 and the calculation of 2 1 78 involves the 
extraction of the 100th root of 2, etc. , and perhaps we do not know how 
to extract these roots As a matter of fact we can calculate 2' /8 as ac- 
curately as we please by extracting square roots only. The process is as 
follows . We know that V3 = 1.7320 accurately to four decimal places. 
Now by table (4), p. 215, we see that^ 1 w =2.83 and 2 * 1 75 = 3.30. We carry 
the computation to more places and have 2 L5000 =r 2.8284 and 2 1 7500 =3.3636. 

Now, 1.7320 lies between 1.5000 and 1.7600, the arithmetic mean of 
which is 1 6250. The geometric mean of ^.8384 and 3 3036 is 3.0844. 
According to our previous* definitions we hav6 then 2 L8M0 = 3.0844 
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Inserting means between the last two results we have 2 16875 = 3.2209. 
By inserting arithmetic means between the properly selected exponents 
and geometric means between the corresponding powers of 2 we can ulti- 
mately obtain the value of 2 1 7820 The results of the necessary steps are 
2 i 7188 a. 3.2915, 2 1 78 “ = 3.3274, 2 1 728 j = 3 3094, 2* 7 «« = 3 3182, 

2 i 7825 = 3 3228, 2i 78 is = 3 3205, 2 1 7 «» - 3. 32 17 

The process here illustrated makes it possible to calculate 2 V ' 8 to as high 
a degree of approximation as we please, since we can carry the computa- 
tion to as large a number of decimal places as we please. 


148. The Laws of Exponents. The function y = a* (a > 0) 
is now defined for all real values of x. This function is called 
the exponential Junction of baue a. The laws of exponents 


I. a u . a v = a u+v 

II. (any = a uv 

III. a™ • b u — ( ab) u 


a > 0, b > 0, 


which were derived previously (§ 42) for positive integral ex- 
ponents, hold for all real values of u and v. The first of these 
we have already derived. The last two may be readily proved 
for negative, fractional, and zerfc exponents by using the defini- 
tion of a*. 

Thus* by definition, if u = p/q and v = n, where p, q , n are 
positive integers, we have 

1 p _ __ _« *2 

(a“) v = (a 7 ) n =((-^ay) n =(Va) jm =a* = a uv . 

If u is any positive rational number and v=p/q, where p, q are 
positive integers, we have, 

P up 

(<*«)• = (a u )5 = -VJaFy = -Va^= a« = a". 

If u = — n, where n is a positive rational number, and if 
v=p/q, where p and q are positive integers, we have 

(a*)* = (cr n ) r/t sL'( \iy = — - — = — = a'7 = a“*. 

\yJ (Va')’ a f 

If u is any r rational number and v =>— n, where » is <uiy 
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positive rational number, 

(a u ) v =(a u )~ n = —i— = — =s or* = a U9 . 

(a u ) n a un 

If either u or v is zero, the result is immediate. Hence the law 
II is proved for rational exponents. 

A similar proof of the law III is left as an exercise. 

149. The Graph of the Exponential Function. Figure 131 
represents the graph of the function y = 2 X , drawn from the 
tabular representation given in the first table on p. 215. 




Fig. 131 Fig. 132 


It will be noted that all curves of "the system y = a* pass 
through the point (0, 1). By hypothesis a > 0. If a > 1, the 
function a* is an increasing function ; while if a < 1, the func- 
tion^ a decreasing function. Figure 132 shows some of the 
curves of the system, y = a*. 
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EXERCISES 

1 Calculate the value of the exponential function 3* 

(а) for the values of x = 1, 2, 3, 4, 0, — 1, — 2, — 3, — 4 , 

(б) Cor the values x = 0.5, 1.5, 2.6, 3.6, — 0.6, — 1.6, — 2.5 , 

(c) for the values x = 0.26, 0 76, 1.26, 1 75. 

Arrange the results in the form of a single table. 

2 . Show how to use the table constructed in Ex. 1 to solve problems in 
multiplication, division, raising to powers, and extracting roots Make up 
your own problems and check your results by the methods of arithmetic 

3. Describe m detail how you would find the value of d/ 2 . Between 

what two numbers m the table found in Ex 1 does the value of 3^* he ? 

c 

4. Construct the graph of y = 3* for values of x between — 2 and 3. 

5. What is meant by a* ? x^ ? (1 /y)^ ? 

6. What is the value of 8^ ? 27^ ? (0.001)^ ? (i) 8 ? 

7. Simplify (18)* + (3)** 


8. Perforin the following indicated operations : 


(«) (*M- 

(ft) (aMc*) 1 


(c) (82z»y'°) 


i 


(<*) 


/ a»ft-» \ -f 
WjTv 


(e) (a- 1 + ft -1 ) 2 . 

(/) (S 1 ) 4 


« 

9. Multiply 

(a) (a-i + a)(a-*-a). ( b ) (a-* 2 -a ; )(«' 8 “«0 

(c) (a^ — — 

(d) (ar 1 + + jr 1 )^- 1 — x~^y~^ -f IT 1 )* 

3 2 1 2 i 

(e) (a* — 2 a* 4- 3 a*) (2 a*— a* + 2). 

3 2 1 2 1 

(/) (ir-ajr + 3 6jr-c)(ir + 6jr -cy°). 


10. Divide 

(a) (z +1) by ( Vi, + 1) (6) (z 1 - y 1 ) by (z* - »*) 

(e) (a 1 - aft 4 + ah - 6^ by (a 1 - ft 1 ). 

(d) (a -1 + 4 a 1 + Ott 1 + 4 a 4 ) by (aT 1 + a). 
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11 Simplify 


(«) + + (») (-=*4 )" * 

V64 '64 m- 8 p^' 

IS. Simplify 

W^FF 1 ] [T' - V(FFF] 

13 Which of the two numbers \/6 and vd$ is the greater and why ? 

14 Simplify 


* 


15 Prove that, if 


(2* x 2*) — (64) 

in/dl 

2 U 


then 


2Vxy 

16 Reduce to simplest form 

<«> aS- 

(c) (a 4 + x 4 )(a 2 - x 2 )~* -(a 2 - x 2 )i 


✓ ^ ^(cr 1 s — ax -1 ) 

*«-«t 


160 . Definition of the Logarithm. The logarithm of a 
number JV' to a base b (b > 0, =/= 1) is the exponent a? of 
the power to which the base b must be raised to produce the 
number N. 

That is, if 

b* = N, 

then 

x = logftAT. 


These two equations are of the highest importance in all work 
concerning logarithms. One should keep in mind the fact 
that if either of them is given, the other nuy always be 
inferred. 
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The graph of the logarithm function (Fig. 133) is obtained 
from the graph of the corresponding exponential function by 
simply turning the latter graph over about the line through 
the origin bisecting the first and third quadrants. 



Fio. 133 

C 

EXERCISES 

1. When 3 is the base what are the logarithms of 9, 27, 3, 1, 81, 

a*. 27*? c 

2 . Why cannot l^e used as the base of a*system of logarithms ? 

3 When 10 is the base what are the logarithms of 1, 10, 100, 1000 * 
c 

4 . Find the values of x which will satisfy each of the following 
equalities 

(а) logs 27 = x. (d) log, a = *. (g) logs x-Q. 

(б) log, 8 = 1. (e) log, 1 = x. (ft) log 32 x = J 

(c) log, 6 = J. (/) logs^j = x. (t) log oox x s= .00001. 

5. Find the value of eftch of the following expressions : 

(а) logs 16. (<$ logeih- (e) logs* 126. 

(б) log,«,4tf (d) logs Vie. (/) logs A. 
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151. The Three Fundamental Latfs of Logarithms. From 
the properties of the exponential function (p. 220) we derive 
the following fundamental laws. 

I. The logarithm of a proauct equals the sum of the logarithms 
of its factors . Symbolically, 

logft MN = log 6 M- f- log* N. 

Proof. Let log 6 M = x, then b x = M. Let log 6 N=y, then 
b v =N. Hence we have MN = b x+v , or 

log* MN= x + y> i.e. \og*MN~ log 6 M+ log* N 

II. The logarithm of a quotient equals the logarithm of the 
dividend minus the logarithm of the divisor. Symbolically 

logs ^ = logb M — Iog b N. 

Proof. Let log* M=x, then b x = M. Let log* N= y } then 
b v = N. Hence we have M /N = or 

M M 

1o ^ 6 ~n = x ~ y* Le ~ l °^^= log <- Af - log '> ivr » 

III. The logarithm of the pth power of a number equals p 
times the logarithm of the number. Symbolically 

log& NP = p log*, Af . 

Proof. Let log* M = x, then 5* = M. Raising both sides 
to the pth power, we have b ** = M p . Therefore 

lo g b M p zss px = p log* M. 

From law III it follows that the logarithm of tfis real positive 
nth robt of a number is one nth of the logarithm of tffe number . 
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aaiSRCISES 


1 Given logio 2 = 0 3010, logi 0 3 = 0 4771, logi 0 7 = 0 8461, find the 
value of each of the following expressions 

(a>>logi 0 6 (/ t ) log 10 6 

[Hint. Iogi 0 2x3=logi 0 2+logio3.] [Hint logi 0 5 = logio 


(6) log 1( ) 21.0. 

(c) logio 20.0 

(d) logio 0.03. 

(e) logio J. 


C g ) logio 150 
W log 10 Vl4. 
(0 logic 49 
U) logio V2V7* 


2 Given the same three logarithms as in Ex 1, find the value of each 
of the following expressions 


(a) log 10 


4x5x7 
32 x 8 


(d) logio (2) 26 


6 x 3 x 20 

(6) toft, qx7 - 

(C) logio (3)*(6)« 


. x . 2068 
(c) logic 

\/l4 

(/) logio (2«)(J) 


152. The Systems most Frequently Used. From the defi- 
nition of a logarithm (§ 150) any positive number except 1 can 
be used as the base of a system of logarithms. As a matter of 
fact, however, the numbers generally used are (1) a certain 
irrational number which is approximately equal to 2.71828 
and is denoted by e and (2) the number 10. Logarithms to the 
base e are important m certain theoretical problems , loga- 
rithms to this base are called natural . For numerical compu- 
tation it will be seen presently that the base 10 has numerous 
advantages. Since different systems of logarithms are m use, 
it is important to know how to change from one system to 
another. The following law explains how this can be done. 

IV. The logarithm of a number M to the base b is equal to the 
logarithm of M to any base a, divided by the logarithm of b to the 
base a. Symbolically, 

lOgqM 
lo $L*b 


log b M 
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Proof. Let log 6 M=x, then b‘ =*M. T CilVlllg die logarithms 
of both sides to the base a, we have 

log 0 b * = log a M> or x log a b = log a 


r== log a M t 
loga b 


163. Logarithms to the Base 10. Logarithms to the base 
10 are known as common logarithms , or as Briggian logarithms, 

after Henry Briggs (1556-1631) who called attention to the 
advantages of 10 as a base. These advantages appear below. 

If 10 is the base, log 10 = 1, log 100 = 2, log 1000 = 3, etc. 
It follows that if a number be multiplied by 10, or by any 
positive integral power of 10, the logarithm of the number is 
increased by an integer . In othej words, the shifting to the 
right of the decimal point in a number changes only the in- 
tegral part of the logarithm and leaves unchanged the decimal 
part of the logarithm. 

An example will make this cleaL Given logio 2 = 0 30103, we have 
log 10 20 = 1.30103, logio 200 =2.30103, etc Or, again, given logio 4.6607 
= 0 66903, we have logio 46 607 = 1 66903, logi 0 466 07 = 2.66903, 
logio 4660 7 = 3 66903, log 10 46607.0 = 4 66903 

It should be clear from these examples that the decimal part 
of the logarithm of a number greater than 1 m this system 
depends only on the succession of figiyes composing the num- 
ber, irrespective of where the decimal point is located ; while 
the integral part of the logarithm of the number depends 
simply on the position of the decimal point. 

The decimal part of a logarithm is called its mantissa , the 
integral part its characteristic . * In view of what has been said 
above only the mantissas of logarithms to the base 10 need be 
tabulated. The characteristic can Jbe found *by inspection. 
This follows from the. following bonsideratfons. * 
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The common logarithm 4 of a number between 1 and 10 lies 
between 0 and 1. 

The common logarithm of a number between 10 and 100 lies 
between 1 and 2. 

The common logarithm of a numuci oetween 100 and 1000 
lies between 2 and 3. 

The common logarithm of a number between 10 n and 10 n41 
lies between n and n -f 1. 

It follows that a number with one digit (=£0) at the left of 
the decimal point has for its logarithm a number equal to 0 -f a 
decimal ; a number with two digits at the left of its decimal 
point has for its logarithm a number equal to 1 -f a decimal ; a 
number with three digits at the left of the decimal point has 
for its logarithm a number* equal to2-f- a decimal, etc. We 
conclude, therefore, that the characteristic of the common loga- 
rithm of a number greater than 1 is one less than the number of 
digits at the left of the decimal point. 

i 

Thus, as before, logio 460.07 = 2 06903. 

The case of a logarithm of a number less than 1 requires 
special cohsideration. Taking the numerical example first con- 
sidered above, if log 10 2 =0.30103, we have log 10 0.2=0.30103—1. 
Why ? This is a negative number, as it should be (since the 
logarithms of numbers t less than 1 are all negative, if the 
base is greater than 1). But, if we were to carry out this 
subtraction and write log 10 0.2 = — .69897 (which would be 
correct ) , it would change the mantissa, which is inconvenient 
Hence it is customary to write such a logarithm in the form 
9.30103 - 10. 

If there are n ciphers immediately following the decimal 
point in a number less tjian 1, the characteristic is — n — 1. 
For convenience, if r\< 10, wet write this as (9 — n) — 10. i This 
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characteristic is written in two parts. The jirsi part 9 — n is 
written at the left of the mantissa and the — 10 at the right. 

In the sequel, unless the contrary is specifically stated we 
shall assume that all logarithms are to the base 10. Wfc may 
accordingly omit writing the base in the symbol log when there 
is no danger of confusion. Thus, the equation log 2 = 0.30103 
means log 10 2 = 0.30103. 

154. Use of Tables. Since the characteristic of the loga- 
rithm of a number may be found by inspection, a table of 
logarithms contains only the mantissas. To make practical 
use of logarithms m computation it is necessary to have a con- 
veniently arranged table from which we can find (a) the 
logarithm of any given number, and ( b ) the number corre- 
sponding to a given logarithm. Tables of logarithms differ 
according to the numbers of decimal places to which the man- 
tissas are given and also in incidental details. However, the 
general principles governing their use are the same. These 
principles are explained for a 'four-place table (p. 536) by the 
following examples. 


Problem A. To find the logarithm of a given number. 

(1) When the number Contains three or feme ? figures. 


Example To find the loganthm of 42.7 
First, by § 153, the characteristic is 1 . We 

sionally) , . , 

log 42 7 = 1. 


accordingly write (provi- 


Next we look up in the tables the mantissa corresponding to the succes- 
sion of figures 4, 2, 7. We run a finger down the first column of the 
table until we reach the figures 4 ,j 2, hold it therfe while with another 
finger we mark the column headed with the third figure, 7. At the 
intersection of the line and column thus maried, we find the desired 
mantissa . 6804. The desired result is thqp 

log 42.7 =*1.6804. 
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To find the logarithm ofV).0427, we should proceed in precisely the 
same way, the only difference being that the characteristic is now 8 — 10. 

Hence » log 0.0427 = 8 0304 - 10 

(2)* When the number contains four ^significant figures. 

Example. To find log 32 73. 

We see that again the characteristic is 1, and we write provisionally 
log 32 73 = 1. 

Now, the mantissa of log 32 73 lies between the mantissas of log 32 70 and 
log 82 80, i e. (from the table) between 5145 and 5169 The difference 
between these two mantissas (called the tabular difference at that place m 
the table) is 14, and this difference corresponds to a difference m the 
numbers of .10. According to the € principle of linear interpolation,* the 
difference in the mantissas corresponding to a difference in the numbers 
of 03 is 14 x 3=4 2 or (rounded) 4 The mantissa corresponding to 
8278 is then 6145 -f 4 = 5149, and we obtain 
log 32 73 = 1 5149 

Problem B. To find the number corresponding to a given 
logarithm. Here we simply reverse the preceding process. 

Example To find the number whose logarithm is 0.8485 

We first seek the mantissa 8486 irf the table. We find that it lies be- 
tween 8482 and 8488, corresponding respectively to the successions of 
figures 7050 and 7000 The tabular difference here is 0, while our differ- 
ence, i.V fhe difference we have to account for (8486 — 8482) is 3 
Hence the corresponding difference m the numbers is $ of 10 or 6 Hence 
the succession of figures in the number sought is 7065 Since the char- 
acteristic is 0, the number sought is 7 055. Or, log 7 056 = 0.8485 

If the mantissa is found ^xactly in the table, of course no interpolation 
is necessary. Thus the number whose logarithm is 9.7348 — 10 is 0.5480. 

EXERCISES 

1. Find the logarithms of the following numbers from the table on 
pp 630-7 : 482, 20.4, 0 867, 9001, 0 5932, 0.08028, 0 00038 

2 Find the numbers corresponliing to the following logarithms 
2.7935, 0.3502, 7.9099 - JO, 9 6300 - 10, 3.0698, 1.0958. 

* One should convince oneself that the conditions for linear interpolation 
are satisfied by this table In fact, it is readily seen that for several numbers 
immediately preceding ahd following 327, the tabular differences are 13 and 14. 
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155. Use of Logarithms in Computation. The way in which 
logarithms may be used m computation will be sufficiently ex- 
plained in tlie following examples. A few devices often neces- 
sary or at least desirable will be introduced. The latter are 
usually self-explanatory. Reference is made to them here, m 
order that one may be sure to note them when they arise. 
The use of logarithms in computation depends, of course, on 
the fundamental properties derived in § 151. 

Example 1 Find the value of 73 20 x 8 914 x 0.9214. 

We find the logarithms of the factors, add them, and then find the 
number corresponding to this logarithrA The work may be arranged as 
follows . 

Numbers Logarithms 

73 20 (->) 1 8049 

8 914 (->) 0 9501 

0 9214 (-►) 9.9045 - 10 

12 7795 — 10 

Product = 001.9 Ans. (*«— ) 2 7796 

Example 2 Find the value of 732 0 — 89.14. 

Numbers Logarithms 

732 0 (->) 2.8049 

89 14 (->) 1 9501 

Quotient = 8.219 Ans (<—) 0 9148 

Example 3 Find the value of 89 14 — 732.0 , 

Numbers Logarithms 

89.14 (->) 11 9601 -10 

732.6 (->) '2.8649 

Quotient = 0 1217 Ans. (<-) 9 0862 - 10 

Example 4. Find the value of — — — — 

986.7 

Whenever an example involves several different operations on the 
logarithms as m this case, it is desirable to make out a blank form. When 
a blank form is used, all logarithms should be lo<)ked up first and entered 
in their proper places After this has been done, the necessary opera- 
tions .(addition, subtraction, etc.) are pei formed. Such a procedure 
saves time and minimizes the chance of 1 error. 
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Form 

Numbers 

Logarithms 

768.2 

(-►> 

21.63 

product 

(-*■) (+) 

986.7 

. . . . Au8. 

(-►> ( L ) 

(«-) 

Form 

Filled In 

Numbers 

Loganthms 

763.2 

(->) 2.8826 

21 63 

(->) 1.3361 

product 

4 2177 

986.7 

(->) 2.9942 

16.73 Ans. 

(«-) 1.2235 

Example 6. Find (1.357 ) 6 . 


Numbers 

Logarithms 

1 367 

(->) 0.1326 

(1 367)' = 4.602 

Ans. 0.6630 

Example 6. Find the cube root of 30.11, 

Numbers 

Logarithms 

30 11 

* (->) 1.4787 

V30.ll = 3.111 Ans («-) 0 4929 

Example; 7. Find the cube root of 0.08244. 

Numbers 

Logarithms 

0.08%t4 

28 9161 - 30 

v^O. 08244 = 0.4362 

Ans. (*-) 9.6387 - 10 

EXERCISES 

Compute the value of each of the following expressions using the table 

on pp. 636-637. 


1. 34 96 x 4.66. 

8. (34.16 x .238) s . 

2. 618.7 x 9.02 x *.0472. 

6. 8.672 x 1.978 x (.8723)2. 

3 0.6683 

7 648.8 t 

0.3216 

> (21.4)* 

i 6.007 x 2.183 

6.624 x r.ll0‘ 

8. JM. 

>2791 
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9. 


10 . 


4 

4 


2. 8076 x 3 184 
( 2 . 012 )® 

( 2941 x 17 82 
2173 X 18 76 


n -fro 00732 
V736 

12. (20.027)i. 


1 #. 2 *°°. 

14. \/l60 2 - 100 5 . 
16. (0.02786)1. 

16. ^8276 

(2 01)1 


17. The stretch 8 of a brass wire when a weight m is hung at its free 

end is given by the formula , 

where m is the weight applied in gra ns, g = 980, l is the length of the 
wire in centimeters, r is the radius of the wire in centimeters, and A; is a 
constant If m = 844.9 grains, l = 200.9 centimeters, r = 0.30 centi- 
meters when s = 0 066, find k. 

18. The crushing weight P in pounds of a wrought iron column is given 

by the formula -es 

P= 299,600^-, 

where d is the diameter in inches and l is the length in feet. What weight 
will crush a wrought iron column 10 feet long and 2.7 inches m diameter ? 

19 The number n of vibrations per second made by a stretched string 
is given by the relation 

n = 

where l is the length of the string in centimeters, M is the weight in grams 
that stretches the string, m A he weight in grams of cue centimeter of the 
string, and g — 980. Find n when M — 6467 9 grams, l = 78.6 centi- 
meters, m = 0.0066 grams. 

20. The time t of oscillation of a pendulum of length l centimeters is 
given by the formula 

t = 

Find the time of oscillation of a pendulum 73.27 centimeters in length. 

21. The weight w in grams of a cdbic meter of aqueous vapor saturated 
at 17° C. is given by the formula 

1293 x 12.7 * 6 

(1 + jVr)(760 8)' 




Compute to. 
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156. Exponential Equations. An equation in which the 
unknown is contained m an exponent is known as an exponen- 
tial equation . Some such equations may be solved by taking 
the liganthms of both sides after^ the equation has been 
properly transformed. 

Example 1 . Solve the equation 3 2 ** 1 -f 7 =; 15 

Transposing the 7 and taking logarithms of both sides we obtain 


Hence we find 


(2x + 1) log 3 = log 8. 


x 


= lrL9£8_i 

2 Llog 3 


Example 2. Money is placed at interest, compounded annually. Find 
a formula for the amount at the end of n years Also a formula giving 
the number of years necessary to produce a given amount. 

Let C be the original capital and r the given rate of interest ( i.e if 
the interest is 5 per cent, r = 0\)5). The amount A\ at the end of the 

first year is , ^ ^ ^ # v 

Ai= C+ Cr = C(1 + r). 


At the end of two years we have 

A 2 = Ai(l+^ = C(l + r)*. 


At the end of n years, the amount is 

A=A n =C(l + r)\ 


This is the formula^required. To find n, given A, (7, r, we take the 
logarithms of both sides and find 


log 4 = nlog/1 + f r), or n 


log A - log C 
log (1 + r) 


EXERCISES 

1. Solve for x the equation 2* = 5 

2 . Solve for y the equation 3v + 2^= 9. 

3 Solve for x and y the simultaneous equations 3*+v = 4, 2*-» = 3. 

4 . Solve for x and y tlfe simultaneous equations 2*+* = 6*, 3*- 1 = 2*+ l 
5 Find the Amount of %1000 in 26 years at 6 per cent compound 
interest, compounded annually. 
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6 Find the amount of $ 500 in 10 year#at 4 per cent compound inter- 
est, compounded semiannually. 

7 In how many years will a sum of money double itself at 5 per cent 
interest compounded annually ? semiannually? 

8 A thermometer bulb at a temperature of 20° C is exposed to the air 
for 15 seconds, m which time the temperature drops 4 degrees If the 
law of cooling is given by the formula 0 = $oe~ bt , where 0 is the final tem- 
perature, 0 O the initial temperatuie, e the natural base of logarithms, and 
t the time m seconds, find the value of b. 


MISCELLANEOUS EXERCISES 

1. What objections are there to the use of a negative number as the 
base of a system of logarithms ? 

2 . Show that a lo «a x = x 

3 Write each of the following expressions as a single term . 

(a) logx -f log y — log z. (5)3 log x - 2 log y -f 8 log z 

(c) 3 log a - log (z + y)- £ log ( cx + d) 4- log Vw + x. 

4 Solve for x the following equations : 

(a) 2 log 2 x + logo 4 = 1 (c) 2 log 10 x — 3 log 10 2 = 4. 

(b) logs x-3 logs 2=4 (d) 3 log 2 * + 2 log 2 3=1. 

5 How many digits are there in 2 86 ? 3 142 ? 3 12 x 2 8 ? 

6. Which is the greater, (f^) 100 or 100 ? 

7. Find the value of each of the following expressions. (See § 162 ) 

(a) log« 35. (6) logs 34. (c) log 7 245. (d) logi S 26. 

8 Prove thatlog b a log 0 b = 1. 

3. Prove that 

log. = 2 log. [x + v^l]. 

x - \Zx* - 1 

10 The velocity v m feet per second of a body that has fallen 8 feet is 
given by the formula v = V64 3 8 

What is the velocity acquired by the body if it falls 45, ft 7 in. ? 

11 Solve for x and y the equations . 2 * = 16», x + 4 y js 4. 



CHAPTER TX 


NUMERICAL COMPUTATION 

I ERRORS IN COMPUTATION 

157. Absolute and Relative Errors. In § 29 we noted that 
the numerical result of evejy observed measurement is an 
approximation. The difference between the exact value of 
the magnitude and this observed value is a concrete number 
called the absolute error * Often the absolute error is not the 
most serviceable measure c*f the precision of a measurement. 
The relative error , which is defined as # the ratio of the absolute 
error to the exact value, is often found more serviceable. Since 
the relative error is a ratio, it is an abstract number, and is 
therefore sometimes expressed 1 in per cent. For example, if 
the diagonal of a square 10 in. on a side be measured and 
and found to be 14.1 m., the absolute error is less than 1/10 
of an inch. The relative error is less than (1/10 )h- 10 V2 
= 1/141, approx&nately, i.e. less than*0.71 per cent. 

158. Rounded Numbers. Significant Figures. When the 
result of a measurement is expressed in the decimal notation, 
a generally adopted convention makes it possible to determine 
the degree of precision of the measurement from the number 
of significant figures contained in the number expressing the 
measure. This convention sinfply specifies that no more digits 
shall be written than are (probably) correct. Thus a measure- 

* The absolutl error is thewfore positive or negative according as Jhe ob- 
served value is £oo smal) or too largb. 

236 
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ment of a length expressed as 14.1 in. means that the measure 
is exact to the nearest tenth of an inch . If on the other hand 
the measurement of this length were exact to the nearest 
hundredth of an inch, the* measure would have been explessed 
by the number 14.10 

We should note, then, that the two numbers 14.1 and 14.10 
do not mean precisely the same thing, when they express the 
result of a measurement. 

Again we may note that the absolute errors involved in the 
expression 4371.52 ft. and 42.81 ft. are each less than one 
hundredth of a foot ; whereas tlie relative error is in the first 
case less than 1/437152 and in the second only less than 
1/4281. 

Sometimes we are furnished with numbers expressing meas- 
ures which are given with greater accuracy than we can use, or 
care to use. Thus suppose we want to express a measured 
length of 3.5 in. in terms of centimeters. We find in a table 
of equivalent lengths that 1 jn. = 2.54001 cm. It would be 
obviously absurd to use this expression as it stands. We 
accordingly round it off to 2.54 or even to 2.5 and find that 3.5 
m. = 8.9 cm. If, on the other hand, we wish to express 3.50000 
in. in centimeters, we should have to use the vglue 2.54001. 

A number is rounded off by dropping one or more digits at 
the right, and, if the last digit dropped is 5 + , 6, 7, 8, or 9, in- 
creasing the preceding digit by l.f Thus the successive 
approximations to w obtained by rounding off 3.14159 are 
3.1416, 3.142, 3.14, 3.1, 3. 

* In other words * * 14 1 means that the exact value of x lies between 14 05 
and 14.15 ; and x = 14 10 means that t!he exact value of x lies between 14.095 
and 14 105. 

f In rounding off a 5, computers use the |ollow... 6 rule : Always round off 
a 5 to an even digit Thus 1.415 would be founded to 1 42, whereas 1.445 
woulcf be rounded to 1 44. The reason for this rule is that, if used con- 
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The significant figures of a number may now be defined as 
the digits 1, 2, 3, •••, 9 together with such zeros as occur 
between them or as have been properly letamed m rounding 
them 8ff. Thus 34.96 and 3,496,000 are both numbers of four 
significant figures. On the other hand 3,496,000.0 has eight 
significant figures, since the 0 in the first decimal place accord- 
ing to the convention adopted means that the number is exact 
to the nearest tenth. This zero is then essentially a digit 
properly retained in rounding ofi, and should be counted as one 
of the significant figures. 

Confusion can arise in only one case. For example, if the 
number 3999.7 were rounded by dropping the 7, we should 
write it as 4000 which, according to the rule just given, we 
would consider as having only one significant figure, wheieas in 
reality we know from the way in which the number was ob- 
tained that all four of the figures are significant. When such 
a case arises in piactice we may simply remember the fact, or 
we can indicate that the zeros are significant by underscoring 
them, or by some other device. Computers adopt devices of 
their ojm to avoid errors m such cases. 

159. Computation with Rounded Numbers. Addition. 

Since the (absolute) error of any approximate number can be 
at most one half the unit represented by the last digit at the 
right, the sum of n such numbers can be in error by at most 
nj 2 times the unit represented by the last figure. These con- 
siderations lead to the following convention m adding a 
column of approximate numbers first round off the given 
numbers so that not more th^n one column at the right is 
broken ; round off the sum so that the last figure to the right 
conpes in the last unbroken column. This last figure is then 
uncertain. Nevertheless it js usually retained temporarily. 
As q matter of .fact’, even the figure preceding this last one is 



Df, § 160] NUMERICAL COMPUTATION 


239 


not certain, since the errors may accumulate m adding several 
numbers. 

For example, in adding 21.64 

3.8576 

5.259743 

10.31 

we first round off 21.64 

3.858 
5.260 
10 31 

41.06$ = 41.07 

The final sum is written 41.07, but even the last figure 7 is 
open to question. Show that the true result may be as low as 
41.06 or as high as 41.08. 

To retain all the figures m the second and third of the num- 
bers originally given would be absurd and would give in the 
result a misleading pretense of a curacy which does not exist 
m fact. 

In subtraction round off similarly 

160 . Multiplication. Let a and b be apjJiuAiiutttc uum ucio 
and let their relative errors be a and ft respectively. The 
exact numbers are then (nearly) a -f aa and b + bft. Their 
product is a £ a abaft. 

The error committed m using ab as the product is then 
ab(a + ft + aft) 

and the relative error is therefore nearly 

a -f ft + aft. 

Now in practice a and ft are small fractions, so that aft is in- 
* * * § 
significant when compared with a -f- ft. (For example, if a and 
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/3 are both equal approximately to 0.001, a/3 is equal approxi- 
mately to 0.000001.) Hence, we conclude that the relative 
error of the product of two numbers is approximately equal to the 
sum 6 / the relative errors of the factors. 

Hence, m finding the product of two approximate numbers, 
round off so that the two numbers have the same number of 
significant figures , and retain only this number of significant 
figures in the product .* Even then the last figure retained may 
be unreliable. 

Example Multiply 27 17 by S^HlSO. Round off the second factor to 
8.142, and multiply 

27 17 x 3.142 
6434 
10868 
27V 
8161 

86.36814 = 86.37 « 


Even the figure 7 may be in error Show that the true answer may be as 
low as 86.36 

The labor involved in such a multiplication may be considerably re- 
duced by slightly modifying the method used, as follows 
27 170 x 3*142 ^h er having equalized the number of significant fig- 

8 16 1 0 ures annex a zero t0 fc k e multiplicand Multiply by the 

first figure on the left of the multiplier. Drop the last 
figure of the multiplicand and multiply by the second 
^ figure of ^he multiplier. Drop the next figure of the 

" 86868 — 86 37 multi P licand and multiply by the third figure of the 
~ * multiplier (but “carry” the amount from the figure 

dropped thus in the example having dropped the 7 and multiplying by 4, 
we say 4 x 7 = 28, carry 8, 4 x 1 = 4, +3 = 7, which is the first figure 
we write), and so on, arranging all the partial products so that the last 
figures from the left *£ all into the same vertical column , then add in the 
usual way. 


* Since y = 8 1428571, while r = 3 1415927, the value may be used for *■ 
when the unc^tainty of the other, factors in a product in which it fcppe&rs 
Ir crrMRtar than 1 n&rt ill 3000 fannroximatelvl 
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161. Division. In case either ttie dividend (N) or the 
divisor (Z>) is an approximate number, the following shortened 
method may be used : 

1. Equalize the relative accuracy of N and D ; but if %D is 
larger at the left, keep one extra figure on N (as in the example 
below). 

2. Divide as in long division, but drop successive figures in 
D y instead of adding successive zeros to JV. 

Example Find 295 079 7.53 (As 7 is greater than 2, we retain 

four figures in the dividend.) 

7 53 [ 295.7 |39 3 

225 9 [3 x 753] 

09 8 [divide by 75, gives 9] 

07 8 [9 x 3 = 27, cany 3 , 9 x 75 = 075, + 3 = 078] 

2 0 [divide by 7, gives 3 (nearer than 2)] 

’exercises 

1 Add the following numbers, each representing the result of a meas- 
urement: 26 02, 341 718, 2 02394, 28.^125 

2 . Express 6.210 inches m centimeters. 

3 Express 63.291 cm. in inches 

4 . A rectangular table top is measured, and is found *to be 
2'4".6 x 3'0" 4 Find its area. Find the error caused in this area if the 
measurements are each 0".l*too short. Find the relative error in the 
area 

3 . Assuming that you can estimate the length and the breadth of a 
room which is about 15' by 18' to within 2', how nearly can you estimate 
its area ? 

6 Assuming that you can measure each of the dimensions of the room 
of Ex. 6 with a yardstick to within 1" error, how nearly can you find the 
area of the floor ? If the height of the room is about 10', how nearly can 
you find the volume of the room by measurement ? ’ 

7. Assuming that you can measure the radius t of a circle about 6" in 
diameter to within O'M error, how nearly -can you find its area ? How 
nearly ^ould you find by measurement the volume of a cylmder about 6" 
high and about 5" in diameter ? 
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II. LOGARITHMIC SOLUTION OF TRIANGLES 

162. Logarithmic Computation. We have already had 
occasion to observe that many computations in engineering, 
astronomy, etc., are carried out by means of logarithms. In 
the last chapter a few examples of the use of logarithms m 
computation were given m connection with a four-place table. 
Such a table suffices for data and results accurate to four sig- 
nificant figures. When greater accuracy is desired we use a 
five-, six-, or seven-place table. 

The methods used m connection with such a table differ 
slightly from those used ordinarily with a four-place table. 
Accordingly we take up briefly at this point some problems in- 
volving computation with a five-place table of logarithms. 

No subject is better adapted to illustrate the use of logarith- 
mic computation than the solution of triangles, which we shall 
consider in some detail Five-place tables and logarithmic 
solutions ordinarily are used at the same time, since both tend 
toward greater speed and accuracy . 

163L Five-place Tables of Logarithms and Trigonometric 
Functions. The use of a five-place table of logarithms differs 
from that of a four-place table m the general use of so-called 
“ interpolation tables ” or “ tables of proportional parts,” to facil- 
itate interpolation. Sijice the use of such tables of proportional 
parts is fully explained in every good set of tables, it is unnec- 
essary to give such an explanation here. It will be assumed 
that the student has made himself familiar with their use.* 

In the logarithmic solution of a triangle we nearly always 
need to find the foganthms of* certain trigonometric functions. 

* For this chapter, such a five-place table should be purchased. See, forex- 
ample. Tka Macmillan Tables, which contain all the tables mentioned here 
with an exnlaAation ot their use. 
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For example, if the angles A and j3 § and the side a are given, 
we find the side b from the law of sines given in § 125, 

5 — a 8111 

sm A 

To use logarithms we should then have to find log a, log (sin B) 
and log (sin A). With only a table of natural functions and a 
table of logarithms at our disposal, we should have to find first 
sin A y and then log sin A. For example, if A = 36° 20', 
we would find sin 36° 20' = 0.59248, and from this would find 
log sin 36° 20' = log 0.59248 = 9.77268 - 10 This double use 
of tables has been made unnecessary by the direct tabulation 
of the logarithms of the trigonometric functions in terms of 
the angles. Such tables are called tables of logarithmic sines, 
logarithmic cosines, etc. Their use is explained in any good 
set of tables. 

The following exercises are for the purpose of familiarizing 
the student with the use of such tables. 

EXERCISES 

1 Find the following logarithms 

(а) log cos 27° 40'.5. 

(б) log tan 85° 20' 2. 

(c) log sm 45° 40'. 7 

2 Find Ay when 

(а) log sin A = 9.81632 - 10. 

(б) log cos A = 9 97970 - 10 

(c) log tan A = 0.45704 

3 Find 0, if tan 0 = 476 32 - x - 8 ? 

87326 

4 . Given a triangle ABCy m whicji Zi = 32°, A B = 27°, a = 6.2, find 
b by use of logarithms 

* Five-place logarithms are properly used When angles ar§ measured to the 
neare^ tenth of a minute. For accuracy to the nearest second six places 
should be used. 


(d) log ctn 80° 63' % 

(e) log cos 87° 0' 2 
(/) log co* 30° 63'.3. 


(d ) • log sin A = 9 78332 - 10. 

(e) log ctn i A = 0.70362. 

(/) log tan £ A = 9.94306 - 10 

.710 
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164 . The Logarithmic Solution of Triangles. The effective 
use of logarithms in numerical computation depends largely on a 
proper arrangement of the work. In order to secure this, the 
arrangement should be carefully planned beforehand by con- 
structing a blank form , which is afterwards filled in. Moreover 
a practical computation is not complete until its accuracy has 
been checked. The blank form should provide also for a good 
check. Most computers find it advantageous to arrange the 
work in two columns, the one at the left containing the given 
numbers and the computed results , the one on the right contain- 
ing the logarithms of the nunibers each m the same horizontal 
line with its number. The work should be so ai ranged that 
every number or logarithm that appears is properly labeled ; 
for it often happens that the same number or logarithm is used 
several times in the same computation and it should be possible 
to locate it at a glance when it is wanted. 

The solution of triangles may be conveniently classified 
under four cases • 

Case I. Given two angles and one side. 

Casjp II. Given two sides and the angle opposite one of the 
sides . 

Case III. Gi^en two sides and the {ncluded angle . 

Case IV. Given the three sides. 

In each case it is desirable (1) to draw a figure represen tmg 
the triangle to be solved with sufficient accuracy to serve as a 
rough check on the results ; (2) to write out all the formulas 
needed for the solution and the check ; (3) to prepare a blank 
form for the logarithmic solution on the basis of these 
formulas ; (4) to fill m the blank form and thus to complete 
the solution. 

We give a Sample of adblank form under Case I ; the student 
should prepare his cwn forms for the other cases. 
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165. Case I. Given two Angles ano one oiae. 

Example Gwen . a=430.17, A=47° 13' .2, B= 62°29'.6. 
To find C, 6, c. 

Formulas * 

C=180°-(^+5), 


(Fig. 184) 


b = - 


sm.4 

a 


sin B , 


sm C. 


Check ' 


sin A 
c—b __ tan C— B) 
c + b tan \ ( 0+ B) 



The following is a convenient blank form for the logarithmic solu- 
tion The sign ( + ) indicates that the numbers should be added; the 
sign ( — ) indicates that the number should be subtracted from the one just 
above it 

Numbers Logarithms 

A = . . 

< + )* = 

A + B = 

C = 
a = 
sm A = 


179° 60' 0 


= sin 

a/ sin A 
sin B — sm 
b = . . 


a /sin A 

sm C = sin 
c — . 


c-b = . . 
c -f b = . . 

C-B = . 

C + B = 

tan |(C — B) = tan 
tan )(<? + £)= tan 


■»* 

*0 (-) 

+) (+) 

S-) 

■» (+) 
H 

Cheek 

-*•) 

->) (-) 


►) 


( 1 ) 

(Logs (1) and (2) 
. , should be equal 


►) (— ) f . . . . for check.) 


( 2 ) 
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Fitting in this blank foiui, wc obtain the solution as follows. 

Numbers Logarithms 

A = 47° 13' 2 
B = 52°29' 6 
A -f B = 1 ) 9 ° 42' 8 
179° 60' 0 
C = ~80°l7'~2 


a = 430 17 (-» 

sin A = sin 47° 13' 2 (->) (-) 
a/sin A 

sm B = sin 62° 29' 6 (-►) ( + ) 
b = 464 94 Ans (-«-*) 
a/sin A 

sin C — sin 80° 17' 2 (->) ( + ) 
c = 677 70 Ans (<-) 


2 63364 
9 86667 - 10 
2 76797 
9 89943 - 10 
2 66740 
2 76797 
9 99373 
2 76170 


c - b = 1 12 76 (- 

c + 6 = 1042 64 (- 

C-B= 27° 47' 6 
C + J? = 132° 46' 8 
tan i(C - B) = tan 13° 63' 8 (- 
tan iCC -i B) = tan 66° 23' 4 (- 


Check 

■» (~) 


2 1)6215 

3 01813 

9 03402 - 10 


►) 9 39342- 10 

„) (_) 0 35942 

9 03 400 - 10 J 


Check 


EXERCISES 

Solve and check the following triangles ABC 
1. a = 372 5, A = 25° 30', i? = 47° 50' 

2 c = 327 86, A = 110° 52' 9, B = 40° 31' 7 Ans C = 28° 36' 4 

a = 640.11, b = 446 20, 

3 a = 63 276, A *= 108° 50' 0, C<= 67° 13' 2 

4 . 6 = 22.766, J9 = 1|1° 69' 1, C = 25° 12' 4. 

5. 6 = 1000.0, 5 = 30° 30' 5, C = 60° 50'.8. 

*. a = 267.1, A = 43° 26', B 32 ° 26 '. 
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166. Case II. Given two Sides and an Angle opposite 
one of them. 

If A y a, b are given, B may be determined from the relation 

N y> b sin A 

(1) sm B = — - 

If log sin B — 0, the triangle is a right triangle. Why ? 

If log sin B > 0, the triangle is impossible. Why ? 

If log sin B < 0, there are two possible values B x , B 2 of By 
which are supplementary. 

Hence there may be two solutions of the triangle. (See Ex. 1, 
page 249 ) 

No confusion need arise from the various possibilities if the 
corresponding figure is constructed and kept in mind. 

It is desirable to go through tin computation for log sm B 
before making out the rgst of the blank form, unless the data 
obviously show what the conditions of the problem actually 
are. 

Example 1 Given A - 46° 22 ' 2 , a = 1 4063, 6 = 2 1048 (Fig. 136) 
To find B, <7, c 

Formula sm B = 8in ^ . 

a 



Fig 135 


Numbers Logarithms 

b = 2 1048 (->) 0 3232J 

sm A = sin 40° 22' 2 (-4*) ( + ) 9 85062 - 10 
b sin A 0.18283 

a = 1 4063 (-►) (-) 0 14808 

sin B (-«-) * 0 03475 

Hence the triangle is impossible. #Why 
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Example 2. Given : a = $3,221, b = 101.53, A = 40° 22'.3. (Fig. 180) 
To find: B, C, c 

Formula : sin B = — — — 
a 

Numbers Logarithms 

6 = 101 63 (->) 2 00660 

sin A =sin 40° 22' 3 (->) ( + ) 9 81140 - 10 
b sin A 11 81800 — 10 

a = 73.221 (->)(-) 1 80404 

sin B 9 96330 - 10 



The triangle is therefore possible and 
has two solutions (as the figure shows). 
We then proceed with the solution as 
follows 

We find one value B\ of B from 
the value of log sin B. The other 
value Bi of B is then given by B<i = 
•180° — B\. 


Other formulas . 

C = 180° -(4 + 5). 

c — qsm C 

sin A 


\jt*ec1c : 


c-b _ tan \(C-B) 
c + b tan J(C + 5) 


Numbers 

sin B 

Bi = 03° 66' 2 
179^60' 0 
52 = 110° 4' 8 

A + B x = 104° 17'. 6 
179° 60' 0 
C\ — 76° 42' 6 


Logarithms 
1 9.96330 - 10 


a <?->) 1.80464 

sin A (->) (-) 981140-10 

a / sin A 2 06324 

Ci = sin 7»> 42.'6 (-*■) ( + ) 9 98034 - 10 
Ci =*109.54 ’ (•«-) .2.08958 
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d-6 = 8 01 (-*) 0.90363 

Ci + 6 = 211 07 (->) 2.32443 

8.67920- 10 

11° 47'. 3 
Ci + Ri = 139° 37' 7 

tan i( Ci - B{) = tan 6°*53' 6 (-►) 9.01377 - 10 

tan 1( Ci 4- B\) = tan 69° 48'.8 (-*) 0.43466 

8 67922 - 10 

One solution of the tnangle gives, therefore, 5=63° 66' 2, C = 76° 42'. 6, 
c = 109 64 

To obtain the second solution, we begin with B 2 = 116° 4'. 8. We find 
C 2 from C 2 = 180° — (A -f 2? 2 ), i.e C 2 — 23° 32' 9 The rest of the com- 
putation is similar to that above and i$ left as an exercise. 


CKefk* 


EXERCISES 

1. Show that, given A, a, 6, if A is obtuse, or if A is acute and a > 6, 
there cannot be more than one solution. M 

Solve the following triangles and check the solutions : 

2 . a = 32 479, 6 = 40 176, A = 37° 26' 1. 

3 6=4168.2, c = 3179.8, B = 61° 21' 4. 

4 a = 2.4621, 6 = 4 1347, JS =1 101° 37' 3. 

5 a = 421 6, c = 632.7, A = 49° 21' 8. 

6 a = 461 5, c= 121.2, C = 22° 31'. 6. 

7 . Find the areas of the triangles in Exs. 2-6. 


167. Case III. Given two Sides and the Included Angle. 


Example Given * a =214.1 7, 6=366.21, 
C = 62° 21'.4. (Fig 137) 

To find A , J3, c. 

Formulas * 

tan 1 (J3— A) = tan \ (B + A ) ; 
ofo 

B + A = 180° - C = W°$8'.0 , 

c = q 8 * n — — &J5inje 

sm A sin 2? 



(7 b»8se n A 

Fio. 137 


A small discrepancy ir *he last figure need not qpuse concern. Why ? 
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b — a = 
b -4" a = 

(6 - a)/(b + a) 
tan$ (B + A) = 
tan } (B-A) = 
/ .4 = 
B- 


(-» 
(-» 

tan 68° 49' 3 (-*■) 
tan 22° 22' 2 (-«-) 
30° 27' 1 -4ns. 
81° 11'. 5 Ana 


Logarithms 
2 15241 
(-) 2 75010 

9.39026 - 10 
{ + ) 0 21817 

9 61442 - 10 


Numbers 
142.04 
670.38 


a = 214.17 (->) 

sin 41 = sin 30° 27' 1 (->) 
a/sm A 

sin C= sin 02° 21' 4 (->) 
c = 319 32 Ana. (*-) 
Check by finding log (6/sin B). 


2 33070 

(-) 9 77389 — 10 
2.66087 

( + ) 9 94738 — 10 
2 60423 


EXERCISES 

Solve and check each of the following triangles 
1. a = 74 801, b = 37 502, C = 03° 35'.5 

2 a = 423 84, 6 = 360.11, C = 43° 14' V 

3 . b = 276, c = 316, A = 30° 30' 

4 . a = 160.17, c = 261.09, B =.40° 40' .2. 

# o = 0 26089, 6 = 0 30007, C = 42° 30' 20" 
6. Find the areas of the triangles in Exs 1-6. 


168. Case IV. Given the three 

« 

Sides. 

Examplk Given : a = 5^61 02, 

6 = 322 42, 
c = 291 48. 

To find -4, B } C. 

Formulaa 

a =5 i (a -f b + c). 

r = J( S -«)1? r_ b )(, s ~ C V Fio.138 

* 

tan 1 vl = — L T) tan 1 £ = — — t tan } C = — — . 

s — a * s — 6 s — c 

CTieefc; -4 -f 5 + C«= 180°. 



(§ 143 ) 
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Numbers Logarithms 

a = 261.62 
6 = 822.42 
c = 291 48 


2s = 875 62 
5 = 437 76 


s-a = 176.14 

(-*) 

2 24586 

s- 6= 116 34 

(-» 

2.06198 

s - c = 146 28 

(-» 

( + ) 2 16518 

2 s = 875 62 

{Check ) 

6.47302 

s = 437.76 

(-►) 

(-) 2 64124 

r 2 


3 83178 

r 


1.91689 

s — a 


2.24586 

tan I J. = tan 25° 4'.1 (-«— ) 

9 67003 - 10 

r 


1 91580 

s — b 


2 06198 

tan \ B = tan 36° 

32' 4 {<-) 

9 85391 - 10 

r = 


1.91589 

8 — c = 


2 16618 

tan \ C — tan 29° 

23' 4+ (- 4 -) 

9 75071 - 10 


A = 50° 8' 2 Ans . 

J? = 71° 4' 8 
C= 68° 46' 9 Jins. 

179° 69'. 9 CTiecA; 

EXERCISES 

Solve and check each of the following triangles 

1. a = 2 4169, 5 = 3 2417, c = 4 6293. 

2. a = 21 637, 6 = 10 429, c = 14 221 

3 a = 528 62, 6 = 499 82, c = 321 77 

4 a = 2179.1, b = 3467 0, c = 6G61.8. 

5. a = 0 1214, 6=0.0961, c = 0.1673. 

6 Find the areas of the triangles in Exs. 1-5 

7. 'Find the areas of the inscribed circles of the tnanglns in Ex 1-6. 
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III. THE LOGARITHMIC SCALE — THE SLIDE RULE 

169. The Logarithmic Scale. Let us lay off, on a straight 
line, segments issuing from the same origin and proportional 
to th% logarithms of the numbers 1, # 2, 3, 4, •••. The base of 
the system of logarithms is immaterial. Let us label the end- 
points of these segments by the corresponding numbers. This 
gives a non-uniform scale, which is called a logarithmic scale . 
Such a scale is pictured m Fig. 139. 



Fig 139 

A scale of this kind is easily constructed from the graph of 
the logarithmic function (Fig. 133). 


170. The Slide Rule. The slide rule is an instrument often 
used by engineers and others who d® much computing.* It 
consists of a rule (usually made of wood faced with celluloid) 



Fig 140 


along the center of which a slip of the same material slides 
in a groove. This slip is called the slide. The face of the 
slide is level with the face of the rule. 

♦Engineers usually purchase rather expensive slide rules made of wood 
and celluloid. These are on sale in all stores which carry draftsmen’s supplies. 
A very simple slide rul$ sufficiently accurate for class purposes is printed on 
hard pasteboard and is obtainable at reasonably small cost through any one 
of several manufacturers oj instruments Figure 140 is reproduced on a larger 
scale on the first fly-leaf at the back of the book. By cutting out this leaf 
and carefully cutflng up the figure, a slide rule can be made by the student. 
This will not bewery accurate, but it will suffice to illustrate the principles. 
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Along the upper edge of the groove are engraved two loga- 
rithmic scales, usually labeled A and B , the scale A being on 
the rule, the scale B on the slide. (See Fig. 141.) 

The scales A and B are identical. The slide is siAply a 
mechanical device for adding graphically the segments on 



Fig id 


these scales. Since the segments represent the logarithms of 
the numbers found on the scale, the operation of adding the 
segments is equivalent to multiplying the corresponding num- 
bers. Thus, to find the product 2.5 x 3.2 move the slide to the 
right until the point marked 1 at the extreme left# of the 
slide (scale B) is in contact with the point 2.5 on scale A 
(Fig. 141 shows the positions of scales A >and B after this 
operation). The point 3.2 on scale B is then opposite the point 
8.0 on scale A. The latter number is the required product : 
2.5 x 3.2 = 8.0. A little reflection should make quite clear 
how the operation just performed is equivalent to adding the 
logarithms of 2.5 and 3.2 and then reading from the scale the 
number corresponding to the sum. We may note further that 
with slide set as m the example just worked it is set for 
multiplying any number by 2.5 ; i.e ., every number of the scale 
A is the product of 2.5 by the number below it 5n scale B. 

The slide is therefore also set for division by 2.5. Every 
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number of scale B is the result of dividing the number above 
it by 2.5. Thus we read from the scale (set as before) that 
7.2 2.5 = 2.9 approximately. 

Hating now shown very briefly hQW the slide rule may be 
used for multiplication and division, let us examine it a little 
more closely. Scales A and B are labeled with the numbers 
1,2, 3, 4, 5, 6, 7, 8, 9, 1,2,..., 9,1. 

It is natural to ask why the number following the 9 in the 
middle of these scales is not labeled 10 ? The answer is that 
the numbers on the slide rule are given without any reference 
to the position of the decimal point, just as the numbers in a 
table of logarithms are given without reference to the decimal 
point. The number 1 at the extreme left of the scale may 
represent either 1, or 10, or 100, or 1000, etc , or .1, or .01, or 
.001, etc. If the 1 at the extreme left of the scale represents 
1, then the other numbers on the flrst < half of the scale repre- 
sent 2, 3, ..*, 9, the 1 in the middle represents 10, the 2 represents 
20, and the successive numbersr represent 30, 40, —, 100 (the 
last being represented by the 1 at the extreme right of the 
scale). % If on the other hand the 1 at the left represents 100, 
the successive numbers represent 200, 300, •••, 900, 1000, 2000, 
..., 10,000. If th^ 1 at the left represents .1, the successive 
numbers represent .2, .3, «••, .9, 1.0, 2.0, 10.0 ; and so on. 

The reading of the subdivisions on the scales (A and B) 
should now offer little difficulty. Whenever an interval be- 
tween two successive numbers is divided by certain lines of the 
same length into 10 parts, each of these parts represents one 
tenth of the number represented by the interval in question. 
Thus, if we fix our attention on the division between 2 and 3, 
we note that a certanf set of lines divides this interval into 10 
parts ; if the 2 represent 2, these divisions represent respec- 
tively 2.1, 2.2^ 2.9. On the other haqd, if the 2 is thought 
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of as representing 20, these divisions represent 21, 22, ... , 29 : 
and so on. These divisions into ten are at some parts of the 
scale subdivided further into five or two parts. These parts 
then represent fifths or halves of the interval that represented 
a tenth. Thus we may readily locate on the scale the point 
representing 1.42 or the point representing 3.65. 

Turning our attention to scales C and D along the lower 
edge of the groove on the slide and the rule respectively, 
we note first that these two scales are also identical. Compar- 
ing them with scales A and B , we see that the unit chosen for 
C and D is just twice the unit of A and B . Hence the scales 
C and D can be used for multiplying and dividing just as 
scales A and B are used ; however on C and D our range is 
smaller. The range of numbers on A and B is from 1 to 100 ; 
on C and I) only from 1 to 10. To make up for this limitation, 
scales C and D give greater accuracy. 

However, the principal reason for the existence of the second 
pair of scales is the fact that the two pairs of scales thus ob- 
tained furnish a table of squares and square roots. In view of 
the relation between the units with respect to which the two 
pairs of scales are constructed, every number of scalS A is the 
square of the number vertically below it on scale I). Why ? 
In order that corresponding numbers on scales A and D may be 
accurately read off, every slide rule is provided with a runiier , 
the vertical line on which connects corresponding numbers of 
the upper and lower scales. The runner also enables us to 
perform calculations consisting of several operations without 
reading off the intermediate results, thus saving time and 
securing greater accuracy in tne final result. The actual use 
of the slide rule will be explained m the next article. 

The successful use of the slide rule depends largely on the 
ability to read the scales readily and accurately, accuracy 
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often necessitating the estimating of numbers falling between 
the lines of division. The ability mentioned can be secured 
only by practice. A proficient operator, with a ten-inch slide 
rule/ can always secure results acqprate to three significant 
figures. This degree of accuracy is sufficient for many of the 
computations of applied science, manufacturing, etc., m which 
the slide rule is proving more and more useful. 

171. The Use of the Slide Rule. All calculations in mul- 
tiplication, division, proportion, etc., are worked on scales <7 and 
D unless the answer is so large that it does not lie on the scale. 
In that case scales A and B are used. Let us begin with pro- 
portion. On this topic, and on the corresponding property of 
the slide rule, all computations involving multiplication or 
division, or both, may be made to depend m a very simple way. 

The property of the slide rule referred to is as follows . No 
matter where the slide be placed, all the numbers on the slide 
bear the same ratio to the corresponding numbers on the rule (due 
regard being had to the position of the decimal point). For 
example, if the slide be set so that 2 of C coincides with 4 of 
D, it will be observed that the same ratio 2 4 exists between 
every pair of corresponding numbers . 1 . 2, 3 : 6, 42 . 84, 
125 : 250, etc. Explain why this is true. This leads at once to 
the rule for finding the fourth term of a proportion, when the 
first three are given. Y/e give this rule m diagrammatic form, 
as follows : 

To find the fourth term of a proportion : 


G 

Set first term 

Under third term 

D 

over second term. 

find fourth term. 


* In this article we have followed to a considerable extent the treatment 
given in the Manual for the use of the Mannheim Slide Rule, published by 
the Keuffel and ‘Esse r Cc , New York. 







257 


IX, § 171] NUMERICAL COMPUTATION 

This gives the solution of the equation 

a __ c 

b x 

To find the product ab , solve the proportion 
l = b' 
a x 

To find the quotient solve the proportion 

a_ x 

b~ 1 

The following examples will make clear the procedure. 
Example 1. Solve the proportion 13/24 = 32/a; 


c 

Set 13 

Under 32 

D 

over 24 

t find 59 1 Am 


Example 2 Solve the pfoportion : 13/24 = 76/x 

Since the first two terms of the proportion are the same as in the pre- 
ceding example, we set the slide as before We now find, however, that 
75 on C is beyond the extremity of b We accordingly set the runner on 
the left-hand 1 of C, and then set the right-hand 1 of C on the runner. 
We find under 75 the number 138.5, the required value of x * (Justify 
the above use of the runner ) 

The same example can be done on scales A and B with oue setting, 
without using the runner. 

Example 3 Find the product 23 2 x 5.3. 


C 

Set 1 ' 

1 

Under 5.3 

D 

over 23 2 

find 123.0 Ans 


Here we set the right-hand 1 on 23.2 Use whichever 1 serves. The 
decimal point, in this as in the other examples, is |imply located by in 
spection and a brief mental estimate t>f the answer. Here we see readily 
that the answer is something over 100 the decimal 

point at the place to give us 123.0. 

* Thte 5 in this answer must be estimated Usually, if more than three 
significant figures are obtained from the rule, the Iasi* is uncertain. 
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Example 4. Find the vafke of 364 115. 


c 

Set 364 

Find 3 17, Ans, 

D 

over 116 

over 1 


Example 6 Find the circumference of a circle whose diameter is 42 
ft We multiply the diameter by t = 3.14,* Hence, 


c 

Set 1 

Under 42 

D 

over 3 14 

find 132 0 Ans. 


By ordinary multiplication we get 131 88 , an example of the inaccur- 
acy of the fourth significant figure 

Example 0 Find the continued product 16x42x63x28 
The abbreviation R denotes the runner on the slide-rule 


c 

Set 1 

R to 4 2 

L 

1 to R. 

R. to 5.3 

1 to R 

Under 2 8 

D 

over 1 6 


— 

— 

— 

find 99 7 Ans 


We add a few more rules for computing various types of expressions 
involving scales A and B as well as C and D 

(l) c To find a- x b ‘ 


A 

B 

C 

D 

Set 1 

over a 

Find a 2 6, Ans 
over b. 

vd a 2 — 

6* 


A 


Find a 2 — 6, Ans 

B 

Set b 

over 1. 

C 



D 

c over a 


-i 




* The nuralfer w is usually marked on the scaje 
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(3) To find geometric mean betvoeen numbers a and b; i e find aj, 
so that a/x = x/b. Let a < b 


A 



B 

Set % a 

Below b 

C 



D 

over a 

find x = G M 


(4) To reduce fractions to decimals 


a 

Set numerator 

Find equivalent decimal 

1) 

over denominator 

above 1 


These rules are not to be memorized They will be used almost in- 
stinctively by one who has made the reason for each rule thoroughly clear 
to himself and who is in practice 


EXERCISES 

1 With a slide rule compute the value of 


(a) 

2 13 x 4 42 

(A) 

2,866,000 

X 266,700,000. 

(6) 

1 98 x 6 24 


6 43 x 31 


(«) 

2 77 x 3 14 x 4 26. 


21.4 


(d) 

8 27/2 03. 

( i) 

7 04 x 4-14 

(0 

6 48/3.20 


21.2 


(/) 

10/3 14 

(b\ 

4J7 4 x 26 

6x 19 7 

(ff) 

0.000116 x 0 0392 


4 04 x 

18 4 


2 With a slide rule compute the value of 

{a) (2 86) 2 3 4 . (c) (1.80)3. 

(i b ) 3 72 x (2.23)2 (d) (0.24)2/26.3 

3 Find the circumference and t6e area of a circle whose radios is 

4 10 in. 

4 What is the length in feet of 27.3 niters, given shat 26 meterss: 
82 feet ? Solve with one setting of th< slide. 
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IV. LOGARITHMIC PAPER 

172. Logarithmic Paper. Ruled paper is printed, on which 
the rulings m both directions are spaced according to -the 
logarithmic scale (§ 169), i.e precisely as on a slide rule.* 
Such paper is called logarithmic paper. Samples of this ruling 
are shown in Figs. 142-143. 

173. Plotting Powers on Logarithmic Paper. The graphs 
of equations of the type 

(1) y = kx n 

can be plotted very readily on logarithmic paper. For, if we 
take the logarithms of both sides, we find 

(2) log y = log k + n log x 

Let us set F=logy, K * - log k, X=loga?; 
then (2) becomes 

(3) F=/f+nX. 

Now the equation (3) represents* a straight line if X and Y be 
taken as the variables. This is precisely what happens if we 
plot the values of x and y from equation (1) on logarithmic 
paper ; for, when we plot a value for x on logarithmic paper, the 
distance from the left border is nothing else than log x, i.e . X ; 
and similarly for Y. 

Moreover, the slope ofvthe straight line represented by (3) is 
w, the exponent of x m (1) ; and the intercept on the Y axis is 
K = log k. Hence if values of x and y from (1) are plotted on 
logarithmic paper, the value of n in (1) appears as the slope of 
the straight line graph, and the value of k can be read off 
directly on the vertical axis. 

* On this account, it is possible to make a crude slide rule by using the 
edges of two sheets of logarithmic paper, sliding them along each other after 
the manner of a elide rule 
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Example 1 . , Draw, the graph of the equation y = x 2 on logarithmio 
paper. 

Take *=1, then y = 1 Take x = 10, then y = 100. Plot these two 
points A (1, 1) and B (10, 100) (Fig. 142). Connect A and B by a 
straight line. This is the required graph. 

The graph may be drawn also by noticing that its slope is the exponent 



of x in the given equation, i.e. 2. Hence we may # draw from A a line 
whose slope is 2. Show that this gifes the same line, AB 

We may use this graph to find squares or square roots. Thus, if a: = 4, 
we can note the point on the graph directly over 4, and read the_corre- 
gponcyng value of y, which is 10. Reversals the proce& gives \/10 = 4. 
Likewise, if x = 4.6, we fijid y = 20.2+*, and Vlfi^ 3 8, approximately. 
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Conversely, given a straight line on logarithmic paper, we 
know that its equation must be of the form (1). We can find 
n by actually measuring the slope, and we can read off k on the 
vertical line through the point marked (1, 1), smce if we place 
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x = 1 in equation (2), we have log y = log k, whence y = k. 
Any other value of x may be used instead of x = 1, but x = 1 is 
most convenient because log 1 = 0. 

i 

Example 2. A strong rubber band stretched under a pull of p kg. 
shows an elongation of e cm. The following values were found an 
experiment . 
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If these values are plotted on logarithmic paper, it is evident 
that they lie reasonably near a straight line, buch as that drawn in 
Fig 143. 

By measurement in the figure, the slope of this line is found to be 1.6, 
approximately. Hence if we set 

P - log p, E- log 

we have E — K -f 1 6 P, 

where JT is a constant not yet determined ; whence 
loge= K+ 1 6 logp 
or e = kp 1 °, 

where K ■= log k. If p = 1 , e = k ; from the figure, if p = 1, e = 0 3 ; 

hence k = 0 3, and • ^ t 

e = 03 


EXERCISES 

1 Plot on logarithmic paper the graph of each of the following equa- 
tions 

(a) y = x 8 (c) y = x 6 (e) y = 

( b) y = x i (d) y — x 2d (/)y = 46a; 16 . 

2. Draw the graph of y == x~ 2 . Note that the negative exponent — 2 
gives simply what we ordinarily call a negative slope of — 2 for the 
straight line graph. 

3. When air expands or is compressed (as in an air compressor), with- 
out appreciable loss or gam of heat, the pressure p and the volume v are 
connected by the formula 

p = far 1 -*, approximately. 

Pressure is often measured in atmospheres, and Volume in cubic feet. 
If we start with one cubic foot of air at one atqjosphere of pressure, it is 
obvious that k = 1 Draw the graph for this case, and from it find p 
whenm = 0.5 cu. fh Find v when p = 5* atmospherel. Find v when 
p = 0.5 atmospheres 
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4 The intercollegiate track records for foot races (1916) are as 
follows, where d means the distance run, and t means the recoid time . 


d 

100 yd. 

220 yd 

440 yd. 

880 yd 

1 mi 

2 mi. 

t 

0:09* 

0 21* 

0 48 

*1 • 64* 

4 16* 

9 28* 


Plot the logarithms of these values on squared paper (or plot the given 
values themselves on logarithmic paper). Find a relation of the form 
t — kd n . What should be the record time for a race of 1320 yd.? 

(See Kennelly, Popular Science Monthly , Nov. 1908 ) 

5 . In each of the following tables, the quantities are the results of 
actual experiments , the two variables are supposed theoretically to be 
connected by an equation of the form y = kx n . Draw a logarithmic graph 
and determine k and n, approximately 

(a) (Steam pressure , v = volume, p = pressure ) 


c 




4 

0 « 

8 

10 



31 3 

19 8 

14 3 

11 3 


(Saxelby.) 

( b ) (Gas engine mixture , notation as above.) 


H 

«• 3 54 

4.13 

4 73 

5.35 

6 94 

6 55 

7 14 

7 73 

8 05 

■ 

1413 

e 16 

95 

81 4 ! 

71 2 <j 

63 5 

64.6 

507 

45 


(Gibson ) 
e 

(c) (Head of water h , and time t of discharge of a given amount ) 


h 


0.057 



0 100 

t 

1260 

640 

275 

170 

138 


(Gibson ) 

















CHAPTER X 


THE IMPLICIT QUADRATIC FUNCTIONS 
Two-valued Functions 

I. THE FORMS Ax 2 + Ey + C = 0 AND By 2 H- Dx + C = 0 

174. The General Implicit Quadratic Function. We shall 

now return to the discussion of algebraic functions. We first 
discussed the explicit linear function y=zmx-\-b, and the function 
y defined by the implicit relation* Ax + By + C = 0 (Chapter 
III). Then we discussed the explicit quadratic function of 
the form y = ax 2 + bx + c (Chapter IV). We now propose to 
take up the discussion of the functions y defined by implicit 
quadratic relations, such as 4 y 2 — 5 x = 0, x 1 — 4 y 2 + 2 x— 4y— 1 
= 0, etc. The most general form of such an equation is 

(1) Ax 2 -f- Fxy + By 2 + Dx -f- Ey + (7=0.* f 

The graphs of equations of this form are important curves, 
with interesting geometric properties, which we shall discuss 
m a later chapter. Our present purpose is to determine the 
general nature of these graphs (their shape, etc.) and to develop 
methods whereby the graph of a given equation of the type 
considered may be readily drawn. 

We may note at the outset that the function defined by an 
implicit quadratic relation between x and y will usually be 
two-valued , i.e. to each value of x will correspond, in general, 
two distinct values of y . This is du§ to the fact that if any 
particular value be assigned to tc in equation (1) above, the 
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corresponding values oi y cue determined by a quadratic equa- 
tion, unless B = 0. 

We shall approach the discussion of equations of type (1) by 
considering m order certain simple^ forms of this general 
type. First, we shall discuss equations of the two types 

Ax 2 + Ey -f C = 0 and By 2 + Dx + C = 0. 

176. The Equations x 2 — y — 0 and y 2 - x= 0. We can dis- 
pose of the equations x 2 — y = 0 and y 2 — x = 0 very quickly. 
The first equation is equivalent to the equation y = # 2 , already 
discussed in § 72. The second equation is equivalent to the 
equation 

(2) 2 = a, 

or u = ± Va. 

We can either plot the points ( x , y) wtose coordinates satisfy 
this relation and thus obtain the graph desired * , or, we can 
note that the equation y 2 = x is obtained from the equation 
x 2 = y by simply interchanging x and y. Hence, the graph of 
y 2 = x is obtained from the graph of y = x 2 by turning the 
plane 6f the graph of y = x 2 over about the line through the 
origin bisecting the first and third quadrants. For, this opera- 
tion will interchange the x- and y-axes llh the desired way. The 
two graphs are shown m Fig, 144. 

Certain properties of the graph of the equation y 2 = x are at 
once evident from the form of the equation : The graph is 
symmetric with respect to the x*-axis ; for, if a point ( h , k) 
satisfies the equation, the point ( h , — k) also satisfies the 
equation. Why ? 4 The graph jies at the right of the a-axis ; 
for, any negative vajue of x would give rise to imaginary 
values of y. w hy ? 


* \ table of square roo'ts will facilitate the work. 
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Fig 144 


The most important properties of the double-valued function 
± V# to be noted are the following : 

(1) For every positive value of x there are two values of the 
function, viz -f- V# and — V&. Therefore the function is two- 
valued. 

(2) As x increases numerically, the corresponding values of 
V x increase numerically, i e. the numerical value of V# is an 
increasing function of x. 


176. The Form By 2 4- Dx = 0. B =*= 0. 

may always write the equation in the form 

(3) f = 

i e in the form 


Since B =£ # 0, we 


.2* 

B ’ 


Y 

y 





~ 


0 J t 

graph is 

n>o . n<o 

..s 



Fig 145 


y 2 = nx, 


where n — — Df B . r 
then similar to that of x 2 = vy, the 
only difference being that the roles 
of the x- and y-axes are interchanged. If the coefficient n is 
positive, the graph is at the right of, the ty-axis ; if n is nega- 
tive, Ijie graph is at the left of the y-ax is (Fig. 145). In both 
cases the graph is symmetric with respect* to thtf ir-axis, and 
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passes through the origin, at which point it has a vertical tan- 
gent. Why ? The curve defined by an equation of the type 
considered is called a parabola if D =£ 0. (See Chapter IY.) 
To ^cetch such a curve rapidly, knqwing its general shape, we 
need only plot a few corresponding values of x and y. If Z)=0, 
the equation becomes By 2 =Q. Its graph is then the x-axis. 

177. The Slope of the Curve By 2 -f Dx = 0. To determine 
the slope of the tangent to the curve 
By 2 + Dx = 0, 

we may proceed by the method used for similar problems in 
Chapters IY and Y. To this end we first calculate the change 
ratio A y/Ax, which is the slope of the chord PQ (Fig. 146). The 



Fig. 146 


slope* of^ the tangent at P is then the limit which this ratio 
approaches when Ax approaches the value 0. 

Let P(x l9 y x ) be any point on the curve, and Q(x x -f- Ax, y x -f Ay) 
be another such point. Then we have 

B(y x + Ay) 2 + D(x t + Ax) = 0, 

and 

ByJ+Dxx = 0 . 


Expanding the first of these equations, and subtracting the 
second from it, we get 

2 PyAy + Bby 2 + DAx = 0, 
or 

(2&yi+ K B±y)^L = -D 
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Hence, the desired change ratio is 

A D 

Ax 2 By i + BAy 

When Ax approaches zerd, Ay also approaches zero. Why? 
The desired slope of the cuive 

By 2 -f- Dx =s 0 


at the point (x u y x ) is, therefoie, 


w 


m = - 


D 

2B V ; 


The expression for the slope exhibits certain properties of 
the curve : 

(1) The curve has a vertical tangent at the origin (y x = 0). 

(2) The slope of the curve above # the a>axis is positive, if B 
and D have opposite signs , and negative, if B and D have the 
same sign. 

(3) The slope of the curve decreases indefinitely in absolute 
value as the point (x u yi) recedes indefinitely from the origin. 


EXERCISES 

1 For each of the following equations, determine the slope at the point 
(&i, 2/i ) and sketch the curve Represented For each ijpint plotted deter- 
mine the slope of the tangent and draw the tangent 

(a) y 2 — 4x = 0 , (6) y 2 + 2x = 0, (c) 4 x 2 — 3y = 0 , 

(d) 4 y 2 + 9 x = 0 , (e) y 2 = 6 x 

2 . Derive the equation of the tangent to each of the curves in Ex. 1 at 
the point indicated : 

(a) (1,2); (6) (—2, — 2); (c)(-3, 12), (d) (-4,-3), («) (6,6). 

3 . Show that the equation of the tangent to the c 2 = 2 px at the 
point (jci, yi) on the curve is y\y = p (x + x x ) 

4. Draw the curves y 2 = nx for several diffe values of n on the 

same sheet of paper. It is suggested that the falues n = 1, 2, 6, — 1, — 2, 
0 be included. 
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n. THE FORM As 2 + By* 4 G = 0 
178. The Case A = B. The Equation x 2 4 y 2 = a 2 . It s< 

happens that, if the units on the x- and y-axes are equal, we car 
interpret the left-hand member of tins equation geometrically 
For, it is evident from the figure (Fig. 147) that, under th< 



hypothesis of equal units, a* 2 4- y 2 is the square of the distant 
of the point (x, y) from the origin. ence the equation 

(5) x 2 +y 2 = a 2 

states that the point (x, y) is distant a units from the origin 
It follows that the points (x, y) satisfying this equation are al 
on the circle described about 0 as center with the radius a, anc 
conversely the coordinates of every point on this circle wil 
satisfy the equation. The graph of t^e equation x 2 -f y 2 = a 2 n 
then a circle, if the units on the two axes are equal. 

If the units on the «axes are unequal, the ordinates of th< 
above circle must be shortened or lengthened in a certain ratio 
according as the unit on the y-axis is less than or greater thai 
the unit on the a?-axis. In either case the graph of the equa 
tion will be a closed curve. ' 

4 * 

Throughout the remainder ot this chapter, however, we shal 
assume, m order to fix ideas, that the units on the axes are equal 
If A as B (* AB =£ 0), t^ie equation 

(6) 1^ + By 2 4(7=0. 
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may be written in the form x 2 + y 2 = — — • 

A 

The graph of this equation is a circle, if — C/A is positive. If 
— C/ A is negative, the equation has no graph, i.e. no pafr of 
real values of x and y can satisfy it. If C = 0, the only point 
satisfying the equation is the origin.* 

179. The Case A > 0 , B > 0 . Consider first the special 
case x 2 + 4 y 2 = 9. If we solve this equation for y, we have 

00 y = ± |V9^T2. 

Now, we know from § 178 that the graph of the function 
(8) y = ± V9 — x 2 

is a circle with center at the origin and radius equal to 3. 
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Fig. 148 


The ordinates of the points of (7) are then equal to one half 
the corresponding ordinates of the points on the circle (8). The 
construction of the graph of (7) should then be clear from the 
figure (Fig. 148). The graph in question is, a closed curve, 
having a greatest length of 6 units and a greatest width of 3 
units. It is symmetric with respect to both axes. 

* The last locus may be considered as a # drcle*with radius equal to 0; it is 
sometimes called a point circle 
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The general form 


( 9 ) 


ax* ■+• jay 2 + 0=0 


can^be treated similarly, if A and B are both positive. The 
equation may be written in the forih 


( 10 ) 


a , + *?—£. 

A J A 


This shows that there is no graph if the right-hand member is 
negative. If the right-hand member is 0, the point (0, 0) is the 
only point satisfying the equation. There remains only the 
case where — C/A is positive. 

Equation (10) gives ___ 

( 11 ) 2 / = ± Vf • V-l-* 2 - 

Now, the equation f 

( 12 ) y = ±yJ-.Cf- x i 


represents a circle. Equation (11) tells us that the desired 
graph is obtained by shortening or lengthening the ordinates 
of this circle in the ratio - \/A/B to 1. 

Example. If we solve the equation 9x 2 
+ 4 y 2 = 80 for y , we obtain y = ± f \/4 — x 2 , 
this tells us that the graph of the given 
equation is obtained from that of the circle 
«' y = ± V4 — A by lengthening the ordinates 
of the latter to three halves their original 
length Figure 149 exhibits the result. 

The graph of an equation of the form 
Ax 2 +By 2 +C=0 under the hypothesis 
that A and B are both positiVe and that C is negative, is then 
a closed curve symfhetnc with respect to both axes. 

The curv% represented by an equation of the form (9} above 
is called afi ellipse. An ellipse is symmetric with respect to 
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each of two perpendicular lines, callecf the axes of the ellipse. 
The intersection of the axes of an ellipse is called the center 
of the ellipse. Knowing the general shape of the curve, the 
quickest way to sketch it from the equation is to find '•the 
intercepts on the axes and draw a symmetric curve through 
the four points thus obtained. In the example 9 x? + 4 y* as 36 
already considered, we find the intercepts to be x =* ± 2 (found 
by placing y = 0) and y = ± 3 (when x = 0). If we mark the 
four corresponding points, the curve can be sketched readily. 

EXERCISES 

1 Discuss the locus of each of the following equations and, if the 
equation has a locus, sketch it and show how it is related to a certain 
circle (if the locus is not itself a circle) . 

(а) x 2 + y 2 = 16. (d) 4z 2 + y 2 + 1§ = 0. (g) 4x 2 + Sy 2 = 12. 

(б) 3c 2 -h4y 2 - 1(1=0. (c) x 2 + 9y 2 = 0. ^ y 2 _ 1 

(c) 4% 2 -\-y* — 10=0 (/) ix 2 + 2y 2 = 6. 4 + 0 ~ 

2 . For what values of x in each of the equations in Ex 1 doesy become 

imaginary ? For what values of y does x become imaginary ? 

3 Show directly from the equations thht each of the graphs in Ex. 1, 
if it exists, is symmetric with respect to both the ar-axis and the j/-axis. 

4 According to the definition above, is a circle an ellipse ? 

180 . The Slope of thev Curve represented by By 2 

-p C = 0. Here again we calculate the change ratio A yftXx } 
which is the slope of the secant joining tile points P(x if y x ) and 
Q(xx -f Ax, yi -f Ay) on the curve, and then find the limit which 
this ratio approaches when Q approaches P along the curve, i.e. 
when Ax and, consequently, Ay approach 0. The calculation is 
as follows . 

Since P and Q both lie on the curve 

Ax? + By % -h O 0, 

Az{ + B yi *+'C=0, 


we have 
(13) 
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la, & isu 


and 

(14) 


A(x x + Ax) 2 + B(y 1 4- Ay) 2 4-0=0. 


Expanding the squares in the last equation and subtracting 
(13) from (14), we have 

2 Ax x Ax 4- .4 Ax 2 4- 2 By x Ay 4- JBAy 2 = 0, 

or (2 By i 4- BAy) Ay = — (2 Ax x 4- AAx) Ax, 


whence we obtain the slope of the line PQ , 


Ay __ __ 2 ylx! 4- ^4 Ax 
Ax 2 4- BAy 


(B* 0 ). 


When Ax and Ay both approach 0, we get for the slope of the 
curve at the point (x x , y x ) * 


(15) 


m = — 


Ax t 
By i 


An interesting verification of this result may be noticed. It is well 
known that the tangent to a circle at a point P is perpendicular to the 
radius OP. Now consider a circle with center at the origin The slope of 
the radius through (xi, y x ) is then clearly y x /x x The slope of the tan- 
gent should, therefore, be — x x /y x . But this is exactly what the preceding 
formula for the slope gives, when the equation represents a circle, i.e. 
when A — B. 


EXERCISES 

1. Show from the result of the last article that at the points where the 
curve Ax 2 4 By 2 +0=0 ( ABC =£ 0) crosses the y-axis its tangents are 
horizontal , and that at the points where it crosses the x-axis its tangents 
are vertical 

2. Find the equation of the tangent to each of the following curves at 
the point indicated. Check the result by sketching the curve carefully 
and drawing the tangeht from its equation. 

(a) 4*2 +V* = 26at (%S) (6) x 2 + 4 y 2 = 8 at {2, 1). 

^(c) 3 x 2 + 4 y 2 = 16 at (2, - 1). 1 
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181. The Case A > 0 , B < 0 . \\fe may always write the 
equation (9) so that A is positive. The case where A and B 
have unlike signs leads to a new type of graph. 

The Graph of x 2 — y 2 = 9. In seeking the graph o& this 
equation, we observe first the following facts . 

(1) The graph crosses the a-axis at the points (3, 0) and 
(— 3, 0), and does not cross the y-axis. Why? 

(2) The curve is symmetric with respect to both axes. For, 
if the point (h, k) is on the curve, so also is the point (h f — A:). 
Hence, the curve is symmetric with respect to the a?-axis. 
Similarly, if the point (A, k is on the curve, so also is the 
point (— h, k). Hence the curve is symmetric with respect 
to the y-axis. 

(3) Solving the equation for y gives us 

(16) y = ± Va 2 ~- 9. 

This incidentally again Establishes the symmetry of the curve 
with respect to the a^axis. But it shows further that, if a; 2 <9, 
y is imaginary. Hence, no part of the curve lies in the strip 
of the plane between the lines x = 3 and x = — 3. In other 
words all values of x between 3 and — 3 are excluded. Solv- 
mg the equation for x gives 

a; = ± vV + 9. 

This shows that no values of y are excluded, since y 2 + 9 is 
positive for every real value of y. 

(4) The slope of the curve at the point (x lf y x ) is by § 180, 



This shows that the curve crosses the a^axis vertically, i.e. the 
lines x = 3 and x = — 3 are taiigent to the curve at (3, 0) and 
(— 3, 0) respectively. 

With these results m mmd we now falculate the coordinates 
of a few points on the curve and the slope of the curve at these 
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4 

points. We thus get the following table : 


X 

3 

4 

5 

6 

y 

0 

Vi 

■ 4 

3V3 

m 

00 

*V7 

i 

fV3 


We plot these points and those symmetrically situated with 
respect to the two axes and get Fig. 150. We know from 
equation (16) that y increases numerically from 0 as x increases 



^ia 150 


numerically from 3. We have already seen that the curve 
consists of two branches. It remains only to consider what the 
character of the curve is for numerically large values of x. 

Equation (16) tells us that y increases numerically without 
limit, as x increases indefinitely \n absolute value ; i.e. the curve 
recedes indefinitely fiom both axes. It recedes, however, in a 
very definite way. For, consider the slope m of the curve at 
any point (»a y x ). From § 180 we have, for ^1 = 1, B = — 1, 
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===9 

Vi ±vV-9 


the upper sign being used if y x is positive j the lower, if is 
negative. To fix ideas, lef (x,, y t ) be a point in the first quad- 
rant and let it move out along the curve indefinitely. We de- 
sire to see what happens to the slope of the curve under this 
condition ; i.e . when x x becomes indefinitely large. To this end 
we write m in a more convenient form, as follows : 

1 1 

m =-- T — a- — — - — , 

Vx t 2 — 9 L JT 

x t * 


which shows that as x x increases indefinitely, m approaches 
more and more nearly the value 1. This shows that the 
further the point (x l9 y x ) travels out along the curve in the first 
quadrant, the more nearly does the direction of its motion 
make an angle of 45° with the x-axis. 

Consider now the equation of the tangent to the curve at 
the point (x u y x ) . 

y-y i 

Vi 


or, 


- y\ y = - ViS 


or, 


- y\ y = 9- 


This may be written 



9 

Vi 


As Xi and y x become indefinitely large, tlje slope x l /y u as we 
have seen, approaches the value 4* 1, while the tqrm 9 /y x evi- 
dent!/ approaches the value 0. Therefore, the tangent to the 
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curve at the point (x lf yi) approaches the line 

y = x. 

A f lme, which is the limiting position which the tangent to a 
curve approaches, as the point of contact recedes indefinitely 
along an infinite branch of the curve, is called an asymptote of 
the curve. 

If the point (x u y x ) recedes indefinitely along the curve in 
the third quadrant (x L < 0, y x < 0), the slope is positive and the 
tangent approaches the same limiting position as before, 
namely, y = x. Similar considerations (or the symmetry of the 
curve) show that the line 


y = -x 

« 

is also an asymptote. The two asymptotes are also shown in 
the figure as they are a great help in drawing the curve. 

The Graph of x 2 — y 2 = a 2 . If, m place of the 9 m the 
equation x 2 — y 2 = 9 just considered, we have any other positive 
number, say a 2 , the discussion is very similar and accordingly we 
can b§ brief. The curve of the equation a 2 — y 2 = a 2 crosses the x - 



Fig 151 


axis at the points (a, 0) and (—a, 0), 
and doestnot cross the y-axis. It 
is symmetric with respect to both 
axes. We have y = ± ^/ x 2 __ a 2 
and m^=Xi/y v We find also 

m = ± 



from which we conclude that the curve approaches indefinitely 
near the straight lines y==a? and y= —a?. The curve is, then, as 
drawn in Fig. 151. 



X, § 181] IMPLICIT QUADRATIC FUNCTIONS 


279 


The General Case, when C is Negative. Any equation 
of the form 

Ax 2 4- By 2 + C = 0, 

where A is positive and B> and C are both negative, may^iow 
be treated without much difficulty. Any such equation can be 
written m the form 

(17) x 2 — n 2 y 2 = a 2 . 

From this we obtain 

y = ± — Vx 2 — a 2 , 
n 

But this shows at once, by com- 
parison with the last equation 
considered, that the ordinates of 
points on the curve x 2 — n 2 y 2 = a 2 
are to the correspondmg^rdmates of the curve x 2 — y 2 = a 2 as 
1/n is to 1. In Fig. 152 we have drawn both the curve 
x 2 — y 2 = a 2 and the curve x 2 — 4 y 2 = a 2 , the ordinates of the 
latter being just one half of the corresponding ordinates of the 
former. The asymptotes of the latter are the lines y = \ x and 
y = -$x. 

Since the asymptotes are a great help in sketching the curve, 
we should have a means of obtaining their equations quickly 
from the equation of the curve. Frpm the result of § 180 
(-4=1, n 2 ) and considerations similar to those used in 

the discussion of x 2 —y 2 = 9, we find the equations of the 
asymptotes to be ' 

7 =-* and y = — - x, 
n n 

or x — ny = 0 and x + ny = 0. But these ^equations are found 
by placing equal to zero each of the factors of the left-hand 
member of the equation of the curve a? — nty 2 = a 2 .* 
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An example will show 1 iese various results may be applied in 
sketching a curve whose equation is of the form considered. To sketch 

the graph of 4 a; 2 — 9 y 2 = 30, we draw 
first the asymptotes 2 x— 3 y =0 and 
2 x + 3 = 0 (Fig. 153). We next 
place y — 0, in the given equation and 
find the a>mtercepts to be x = 3 and 
x = — 3. We can now sketch the 
curve with considerable accuracy, since 
we know what its general charac- 
teristics are. 

The graph of any equation of the form 

x 2 _ n 2y2 a 2 (n =£ 0, a =£ 0) 

is a curve called a hyperbola . We have seen that it consists 
of two branches ; it is symmetric with respect to each of 

two lines, which are called the axes of the curve. One of 

* 

these cuts the curve in two points and is called the frans- 
verse axis ; the other axis does not meet the curve at all. The 
intersection of the axes of the curve is called the center of the 
curve. The branches of the curve extend indefinitely and 
approach two straight lines, the asymptotes of the curve, 
which pass through the center. 

We may now%complete the discussion of the graph of any 
equation of the form Ax 2 + By 2 +(7=0, under the hypothesis 
that A is positive and B negative. We have already disposed 
of the case C < 0, by considering the form x 2 — n^y 2 = a 2 . The 
case O > 0 leads similarly to the form x 2 —n 2 y 2 =—a 2 . By 
interchanging x and y this reduces to the form n*x 2 — y 2 = a 2 , 
which on division by n 2 reduces to the case (7 < 0 already con- 
sidered. The graph of an equation Ax 2 + By 2 + (7=0, when 
A is positive, B negative, and (7 positive, is therefore a hyper- 
bola with th£ center at the origin and with its transverse axis 
coinciding With tha y-axis. 
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The following example will illustrate fbe method of sketching the 
curve : Sketch the graph of x 2 — 4 y 2 -f 4 = 0. The asymptotes are x — 2 y = 0 
and x 4*2 y = 0* (Fig. 154). Placing x = 0, 
we find the ^-intercepts to be + 1 and — 1. 

Having marked the corresponding points and 
drawn the asymptotes the graph is readily 
drawn. 

Finally, when (7=0, the equation 
may be written in the form x 2 — n 2 y 2 = 0. 

This may be written 

( x — ny)(x 4- ny) = 0. This equation will be 
satisfied by all points which satisfy either 
x— ny = 0 or a-f-7iy = 0, and by no others. 
The locus of the equation is then two straight 
lines passing through the origin. Figure 155 
shows the locus §f the equation 4 x 2 — 9 y 2 =0. 

182. The Case A = 0 <jr B = 0. If A— 0, B > 0, the equation 
Ax 2 +By 2 +C=0 becomes By 2 4- C = 0. If G is positive, there 
is no graph. If C is negative, the graph consists of two lines 
parallel to the x- axis. If C is zero, the graph is the x- axis. 
When 22=0, A > 0, the graph of the equation consists similarly 
of two straight lines parallel to the y-axis, if C is negjatiwe ; of 
the y-axis, if O is zero ; and there is no graph, if C is positive. 

EXERCISES 

1. Sketch the graph of each of the following equations : 

(а) x 2 -9y 2 = 10. (d) 9 x‘ 2 — 16 y 2 4 16 = 0. ( g ) 3 x 2 - 2 y 2 = 0 

(б) x 2 -9y 2 =- 10. (e) 9 x 2 - 10y 2 - 10 = 0. (h) 3x 2 -12 = 0 

(c) x 2 - 9y 2 = 0. (/) 9x 2 - 10 y 2 = 0. (i) 3x 2 4 1 = 0. 

2 . Give a detailed discussion of the graph of the equation x 2 — y 2 =— 9 
(analogous to the discussion of x 2 — y 2 = 9 given in the text). 

3 Give a detailed discussion of th% graph of x 2 — n 2 y 2 = — a 2 . Prove, in 
particular, that the asymptotes of this hyperbola |re given by x 2 — n 2 y 2 = 0. 

4 Prove that no tangent to the curve x 2 — y 2 = a 2 has a slope that lies 
betwefvi 4 1 and — *1. Prove, in general, tHat no tangent to the curve 
x a — nty 2 = a 2 (a 0) hast a slope that* lies between 1 /n add — 1 jn. 


£ 




3? 



Fig. 164 
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III. THE FORM Ax 2 + By 2 + Dx + Ey + C = 0 

183. Recapitulation and Extension of Previous Results. 

We have seen in the previous sections of this chapter that an 
equation of one of the forms 

Ax 2 + Ey = 0, 

By 2 -b Dx = 0, 
or Ax 2 + By 2 + G = 0 

represents either 

(a) a parabola , with vertex at the origin and axis coinciding 
with the x - axis or the y-axis ; or, 

( b ) an ellipse , with center at the origin and axes coinciding 
with the axes of coordinates ; or 

(c) a hyperbola , with center at the origin and transverse axis 
coinciding with the #-axis or the y- axis , or 

(d) two straight lines (which may epmcide) ; or 

(e) a single point (the point (0, 0)) , or 

(/) no locus . 

If we replace x by x — h and y by y — k , m any of the above 
forms, we know that the graph of the resulting equation is ob- 
tained from the graph of the original equation by moving the 
latter so that the origin moves to the point (h, k ) (the axes re- 
maining parallel % to their original positions). 

We may then conclude that an equation of any one of the 
forms 

(18) A(x - h) 2 + E{y - k) = 0, B(y - k) 2 + D(x - Ji) = 0, 
or A(x - h) 2 + B(y -k) 2 +C = 0 

represents either^ 

(a) a parabola with vertex dt the point ( h , k) and axis coin- 
ciding with the line $s — h = 0 or the line y — k = 0 ; or 

(b) an ellipse with colter at the point ( h , k) and axes coin- 
ciding with the Iuiqs x — h =* 0 and 7 — L fc = 0 ; or 
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(c) a hyperbola with center at the point ( h , k) and transverse 
axis coinciding with the line ^=0, or the line y— &=0; or 

( d ) two straight lines (which may coincide), or 

(e) a single point (the ppint (h, k )) ; or 
(/) no locus. 

Now, any equation of the form 
(19) Ax 2 + By 2 -f Dx 4- Ey + C = 0 

can be put m one of the forms (18) by completing the squares. 
The following examples show how this may be done. 



Fig. 156 


Example 1 Discuss and sketch the graph of y 2 — 2y42x47 = 0, 
This equation may be written in the form 

y2-.2yzz-.2x-7, 

or 

y 2 — 2y4-lzz— 2x — 7 + 1, 

(y — l) 2 z=— 2(x 4* 3). 

It is accordingly a parabola with vertex at ( — 3, 1) and axis y = 1. The 
graph is given in Fig. 166. 

Example 2. Discuss and sketch the graph 
of x 2 + y 2 — 4 x — 6 y 4- 9 = 0. 

This equation may be written in the form 

( X 2_4 x + 4)4.( y 2_ 6y + 9 ) = _9 + 4 + 9, 
or 

(x — 2) 2 4 (y ~ S) 2 = 4. 

Therefore the given equation represents a 
circle ^rith center at (2, 8) and radius equals 
to 2. (See Fig 167.) 



Fig. 167 
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Example 3 Discuss ana sketch the graph of 9x 1 2 -f 10 y 2 — 18 s 
4- 04 y — 8 = 0. 

This equation may be written in the form 

9(x 2 — 2x+ )+16(y 2 + 42/+ ) = 8, 

or 

9(x 2 -2x-fl) + 16(y 2 +4y+4) =8+9+84=81, 



Fig 158 

i 

Hence this equation represents an ellipse whose center is at (1, — 2) 
and whose axes coincide with the lines x = 1? y = — 2. The remainder of 
the discussion is left as an exercise. The graph is given in Fig. 158. 

Example 4. Discuss and sketch the graph 
of 9 x 2 — 36 x — 4 y 2 + 24 y = 36. 

This equation may be written in the form 

9(x - 2) 2 - 4(y - 3) 2 = 36, 

which is a hyperbola whose center is at (2, 3) 
(Fig 159). It ic left as an exercise to com- 
plete the discussion and prove that the equa- 
tions of the asymptotes are 3(x — 2) 4- 
2(y -3) =0 and 3(x - 2)~ 2(y - 3)= 0. 



Fig 159 


EXERCISES 

Discuss and sketch the graph of each of the following equations . 


1. x* + 42/ + 4=0. 

2. x a 4- y 2 + 4 x — 8 y 4- 1 = 0. 

3 . x a — y 2 4- 2 x = 0. # 

4. x 2 — 4 x -f- y 2 4- 2 y 4- 4 = 0. 

5. x 2 + 4x^f-2j/ 2 -h4j/ -f 1 = tf. 


6. 9 x 2 -f- 4 y 2 — 36 x — 8 y 4 = 0. 

7. 9 x 2 — 4 y 2 — 36 x 4- 8 y = 4. 

8. j/ 2 -f 2 y — 12 x — 11 = 0. 

9. x 2 + 15 2/ 3 4 5 4- 4 x 4* 60 j/ -j- J[6 = 0. 
10 . x 2 -.3 2/ 2 — 2x — 6y4*7 = 0. 



X, § 184] IMPLICIT QUADRATIC FUNCTIONS 


285 


184. The Slope of the Curve Ax 2 + By 2 + Dx +Ey + C = 0. 

Let P{x 1} 2 / 1 ) and Q(x l + Ax, y, -f A?/) be any two points on 
the curve. Then 

Ax? + By,*+ Dx, + Ey, + C = 0, 

A(x, + Ax) 2 + B(y , + Ay) 2 -f- D(x \ + Ax) + E(y, + Ay) + C == 0. 

Expanding the second of these equations and subtracting the 
first from it, we have 

(2 Ax, AAx + D) Ax + (2 By, -f B&y -f- E) Ay = 0. 

Therefore the change ratio, or the slope, of the secant PQ, is 

Ay __ 2 Ax, 4- A Ax -f D 

Ax 2 By, + PAy -f P 

If we let Ax approach zero, A y will ^approach zero also. Why ? 
Therefore the slope of the curve at any point (x x , y,) is 

2 Ax, + D 

m --= — ' 

252 /, + ^ 

Example Find the equations of the tangent and the normal to the 
curve x 2 -f 4 y 2 — 4 x -f 2 y — 3=0 at the point (1, 1). 

Solution The slope of the tangent at any point (xi, y\) is» 


At the point (1,1) this slope is £ Therefore the equation of the tangent 
is y — 1 = J(x — 1) and the equation of the normal is y — 1 = — 6(x — 1). 

EXERCISES 

1. Find the slope of the tangent to each of the following curves at 
the point specified. 

(а) x 2 H- 2y — 3 = 0 at (1, 1); 

( б ) * 24 - 3 / 2-4 = 0 af (1, V3); 

(c) * 2 _ 2 y2 5 — o at (1, VS)* 

(d) 4*2 + j,2_2*_33/- 10 = 0 at (2, 1). 

2 . Vinii the equation of the tangent.to each of the curves of Ex. 1, at 
the point specified. 
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IV. THE FORM Fxy + Dx 4- Ey 4- C = 0 
186. The Graph of xy = a . The graph of the curve 

xy = a 0 

is symmetric with respect to the origin ; for, if the coordinates 
(h, k) satisfy the equation, the coordinates (— h, — k) also 
satisfy it. Since y = a/a?, it is evident that x may assume all 




Fia 160 Fia 161 

values except 0. (See § 36.) As x increases numerically 
without limit, the curve approaches the line y = 0, i.e. y = 0 is 
an asymptote. Similarly as y increases without limit, the 
curve approaches the line x = 0 as an asymptote. It will be 
proved later that the (Airve is a hyperbola, provided a is not 
equal to zero. If a is positive, the graph is as in Fig. 160. If 
a is negative, the graph is as in Fig. 161. If a is zero, the 
graph consists of the two axes x = 0 and y == 0. 

186. The Graph of Fxy +■ Dx -f Ey -f C = 0. If in the equa- 
tion xy = a we replace x by x — h and y by y — k, we know 
that the graph of th8 resulting equation is obtained from the 
graph of the Original equation by moving the latter so that the 
origin moves to the point (&/&), the axee remaining parallel to 
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their original positions. It follows that the equation 
(x — h)(y — k) = a (a 0) 

represents a hyperbola whose asymptotes are x = h, k. 
If a = 0, the equation repfesents the two lines x = h, y = k. 

Example. Discuss and sketch the 
graph of xy + 4x4-2y = l. 

First we write 

(x± ?)(y ± ?) = 1. 

Then from inspection we see that the 
given equation may be written in the form 

(x + 2)(y + 4)= 9 

That is, the graph is a hyperbola whose 
asymptotes are x = — 2, y = — 4. (See 
Fig. 162 ) 

187. The Slope of ths Curve Fxy + Dx + Ey +C = 0. It 

is left as an exercise to show that the slope of the curve 



Fxy -f Dx -f Ey -f- (7 = 0 


at any point (x ly y x ) is 


m 


jgVi -1- D 

Fx x -f E 


EXERCISES 

1 Discuss and draw the graph of each of tJje following curves 
(a) xy = 1 , (6) xy = - 1 ; (c) xy = 2 , (d) xy =- 2. 

2 . Discuss and draw the graph of each of the following curves. 

(a) xy + 2 x = 8 ; (6) xy *f 2 x + 4 y = 8 , (c) xy - 4 x + 8 j/ =2. 

3. Draw the family of curves xy = a, taking several positive and 
several negative values of a. How does xy = 0, compare with these ? 

4. Show that any equation of the form 

= ax + b 
V cx + d 

can be reduced to the form ^pven in § 186. 
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V. THE GENERAL FORM Ax 2 + Fxy + By 2 + Dz + G = 0 


188. The Graph. Methods of drawing the graph of an 
equation in the above form will be illustrated by means of the 
following examples. 


Example 1. Discuss and sketch the graph of 

x 2 + 2xy + y 2 - 2a; -2 = 0. 

Solving for y, we have y = — x ±\/2x + 2 All values of x less than 
— 1 must be excluded, for these values make 2 x -f 2 negative. Similarly, 
since *= — (y — X)±v / — 2 y 4 - 3, it follows that all values of y greater than 

f must be excluded , for these values make 
- 22 / 4-3 negative The ^-intercepts are 
the roots of the equation x 2 — 2 x — 2 = 0 , 
i.e. 1 ± V3. The y-intercepts are the roots 
of the equation y 2 — 2=0, i.e ± V2. From 
V 2 x 4 * % it is seen that x may 
start with the value — 1 and increase 
without limit. + Similarly from x = — (y — 1 ) 
± yj — 2 y 4 - 3 we see that y may start with 
the value § and decrease without limit. 
Using the above data and plotting the 
points 



Fig. 163 


X 

-l 

* 0 

1 

2 

1±V3 

y 

l 

±y/2 

l.'-S 

— 2 ± VO 

0 


we obtain the graph in Fig* 163 
This problem may be approached from an 
entirely different standpoint. Suppose we let 
yi ±-y/2x + 2 and y ft = — x. Plotting these 

curves* (Fig. 164), adding the ordinates of 
y f = ± \/2 x 4- 2 to tjie ordinates of y n = — ae, 
gives us the desired graph. This* may be 
done graphically. We ^ave here a shear of 
y* ~± y/2 x 4- 2 with respect to the line y n = 



Fig. 164 
-a. (See §90.} 


* Observe tffat the equation y' *=i: V2 x 4- 2 is equivalent to y' 2 — 2 (* + 1). 
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Example 2. Discuss and sketch the 
graph of 

y 2 — 2 xy -j- 2 x 2 — 6 x + 4 = 0. 

Solving for y , we have 

y = x± V — x 2 -f 5 a; — 4. 

Hence, we merely have to shear the circle 

t/ - 1) (4 - x ), 

\.e 

x 2 + y 2 — 4-4 = 0, 

with respect to the line y" = x in order to 
obtain the desired result. (See Fig. 166 ) 

The complete discussion is left as an exercise 
Example 3. Discuss and sketch the graph of 
7 x 2 + 36 xy - 36 y 2 - 26 = 0 
Solving for y y we have 

y = i*± W 16 a* -25, 



Fig 165 



Fig 166 


which shows that the desired graph may be obtained biy shearing 
y = ± J'v/l6*x 2 —25, 

% 6m 

16 x 2 — 86 y 2 —25 = 0 7 

with respect to the line y = £ x (See Fig. 166. f The complete discussion 
is left as an exercise. 
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EXERCISES 

Discuss and sketch the graph of each of the following equations . 

1. 4 as 2 4j/ 2 — ixy — x 4 3 = 0. 4 . 4 y 2 - 4xy 4 x 2 = 1 — x. 

2. y 2 — 2 xy 4 3 x = 2. 5 9 y 2 —'12 xy 4 3 x 2 4- 5ac = 6. 

3. y 2 — 8 xy 4 16 a 2 = 1 — x 2 . 6 y 2 — 8 xy 4- 8 x 2 — 10 x — 25 = 0. 

189. The Slope of the Curve Ax 2 + By 2 + Fxy + Dx + Ey 

4- C = 0. It is left as an exercise to prove that the slope m at 

any point (x h y x ) is 

m _ 2Ax l +Fy i + D 
2 By i 4* Fx\ 4 B 

EXERCISES 

Find the equations of the tangent and the normal to each of the follow- 
ing curves at the points indicated 

1. 48x 2 -ll xy- 17 2 / 2 - 129x + 24y4'81 =0; (2, 1), (3, -3). 

2. xy 4 2 x - x 2 4 y 2 + 0 y = 0 , (0, 0), (0, - 6). 

3 . 81 1 / 2 + 72xj/ 4 16 x 2 - 90x = 378 y — 144 , (3, 2). 

190. A General Theorem The results of the examples and exercises of 
§ 188 cuggest that the graphs of equations of the second degree involving an 
xy-term are similar to the graphs of equations of the second degree in which 
the xs/-term is lacking. We may now prove that this is a fact. The 
theorem is as follows : 

Any equation of the form Ax 2 4 Fxy 4 By 2 4 Dx Ey + (7 = 0 repre- 
sents either an ellipse, or a hyperbola, or a parabola, or two straight lines 
(which may coincide), or a single point, or no locus. 

We shall prove this theorem by showing that if the locus of the 
equation 

(20) Ax? 4 Fxy 4 By 2 4 Dx 4 Ey 4 O = 0 

be rotated about the origin through a properly chosen angle 0, its equation 
will be of the form r 

(21) ,4'x 2 4 B'y 2 4 D’x 4 B f y 4 C = 0 
The theorem" then follows from § 183. 
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We saw in § 137 that, if any point P(x, y , be rotated about the origin 
through an angle 0 to a new position P(x', y'), the coordinates of P and 
P are connected by the relations 


( 22 ) 


x 1 — x cos 0 — y sin 0, 
y f = cs sin 0 -f y cos 0. 


Solving these equations for x and y in terms of x 1 , y\ we obtain 


(23) 


x — x' cos 0 + 2/' sm 0, 
y = — x' sin 0 + y 1 cos 0 


If P(x, y) satisfies equation (20), P(x', y’) will satisfy the equation ob- 
tained by substituting the values of x, y from (23) in equation (20) . 

The result of this substitution is as follows . 

A (x f cos 0 + y' sin 0) 2 + F(x ' cos 0 + y' sm 0) ( — x f sm 0 -f y' cos 0) 

-f Z?( — x* sm 0 -f ?/' cos 0) 2 
-f D(x r cos 0 + y f sm 0) 

-f- E( — x 1 sm 0 -f y' cos 0) + C = 0. 


When expanded and rearranged according to the terms in x ', y f , we 
obtain 

(24) A'x 12 + F'x y -r B'y f * + D'x ' + E'y' + C = 0, 

where A 1 = A cos 2 0 + B sin 2 0 — F sin 0 cos 0. 

F' = 2(A — B) sin 0 cos 0 + P(cos 2 0 — sm 2 0). 

J5' = A sin 2 0 + B cos 2 0 + F sin 0 cos 0. 

D* = Z) cos 0 — E sm 0 
E* — D sm 0 + P cos 0. 

a = c 

Equation (24) will be of the desired form (21), if me angie 0 is so chosen 
that F = 0 Now, F may be written 

(26) F — (A — B) sin 2 0 + F cos 2 0 


P will, therefore, be equal to zero, it, 


A value of 0 satisfying the condition (26) can thon always be found. 
This completes the proof of the theorem. 

The following exercises will illustrate the above proof. The method 
mav also be used to draw the graphs of equations involving the xy- term. 

♦If P = A, we take 2 0 = 90”, i.e.0«45° 

» ’ ’ » 
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ZEROISES 

Determine the angle 0 through which the loci of the following equations 
must be rotated in order that their new equations shall contain no xy-term. 
Determine the new equation and use it to draw the locus of the original. 

1. 8 x 2 + 4 xy + 6 y 2 — 36 = 0. 

Solution • After substituting x = x' cos 0 + y f sin 0, y = — x' sin 0 
+ y 1 cos 0, the equation becomes 
(1) (8 cos 2 0 -f 6 sin 2 0 — 4 sin 0 cos 0)x' 2 

-f [0 sin 0 cos 0+ 4 (cos 2 0 — sin 2 0)]x'y' 

+ (8 sin 2 0+5 cos 2 0 + 4 sin 0 cos 0)y 12 — 30 = 0. 

Therefore, tan 2 0 = — - = — 2 tan - — 

3 1 - tan 2 0 


Solving this equation for tan 0, we have 

4 tan 2 0 - 0 tan 0 - 4 = 0, 
or tan 0 = 2 or — J. 



We choose tan 0 — 2 (0 m first quad- 
rant) , therefore 

2 1 

sin 0 = — , cos 0 = — . 

V6 V6 


Substituting these values in (1) we 
° btai “ 4z» + 9f = 30. 


The desired graph is obtained from the 
graph of this equation by rotating it 
through the angle — 0 about the origin. 
The construction of the adjacent figure 
explains itself. 


2. x 2 - y 2 + 2 xy — 12 = 0 5 3 x 2 - 2 xy + y 2 + 6 = 0. 

3. x 2 — y 2 + 2 xy + 2 x — 12 = 0. 6 8 x 2 — 12 xy + 3 y 2 — 30 = 0. 

4. xy = 4. 7. 2 x 2 — 12 xy — 3 y 2 + 42 = 0. 

8. 5 x 2 + 4 xy — y 2 + 48 x — 12 y — 10 = 0. 

9. 9y 2 + x 2 + 2% = 0. 

10. Prove that the locus of xy = c may be rotated about the origin so 
as to coincide with the locus of x 2 — y 2 = a 2 , provided a 2 = ± 2 c. 

11. With thfe notation" o4 § 190, prove that A J +B f = A + B a$d that 
{A‘ - B f ) 2 + F 2 = ( A r B) 2 + F s. 



PART III. APPLICATIONS TO GEOMETRY 


CHAPTER XI 

THE STRAIGHT LINE 

191. Introduction. We have hitherto used coordinates pri- 
marily for the purpose of representing functions graphically 
and investigating the properties of those functions. We have 
seen that every continuous function defines a curve or a 
straight line, the graph of the function. Thus far, we have 
laid emphasis only on thtf discovery of the characteristics of the 
functions from the known properties of the curves that repre- 
sent them. 

Conversely, we have seen that every curve or straight line, 
m the plane of a system of rectangular coordinates, defines a 
function , i.e. the points of any such curve associate w"ith every 
value of x one or more values of y. If this function can be 
determined when the curve is given, the properties of the 
curve may be studied from the properties of the function. 
This function is usually expressed by means of an equation in 
x and y , called the equation of the curve. We propose now to 
study the properties of various curves by means of their equa- 
tions. (See § 62.) 

Up to this time, we have uifed different scales on the two 
axes whenever it was convenient to do so. Throughout this and 
the next four chapters we shall assuirg, unless the contrary is 
specifically stated , that the units on the x- and y-axes are equal . 

293 
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192. The Distance between two Points. Given the two 
pomts (# b y x ) and P 2 (# 2 > y 2 )* let us find the length of the 
segment P X P 2 . If a line be drawn through P x parallel to the 
aj-axts and another through P 2 parallel to the y-axis to form 
the right triangle P 1 QP 2 (Fig. 167), we have at once 

a) m=^W+W. 



The segment PiQ is equal to the projection M X M 2 of PiP 2 on 
the x - axis and QP 2 is equal to the projection N X N 2 of P X P 2 on 
the y-axis. By the result of § 37, we have 

PiQ= 2 == 

QP 2 = N x N 2 = y 2 — y x . 

Substituting these values in (1), we have the desired formula : 

(2) = V(x s -*!)* + (& -ft)*. 

193. The Simple Ratio. Given two distinct pomts P l9 P 2 
and any point P (distinct from P 2 ) on the line PiP 2 , the ratio 
PjP/PP 2 is called the simple ratio of P with respect to P l9 P 2 . 

The line-segments in this definition are directed segments. 
Accordingly the simple ratio of P with respect to P l9 P 2 is 
positive if P*is between Pi and P 2 , and negative if P Jls on 
either prolongation pf the seginent P X P 2 + 
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194. Point of Division. The coordinates (x, y ) of the point 
P on the line joining I\ (x u y^) to P 2 (x 2 , y 2 ) such that the 
simple ratio 


are given by the formulas 

(3) fTT’ y l+T 

Proof. Draw lines through P u P 2 , 

P parallel to the axes, meeting the 
x - axis in Mi, M 2 , M, and the y-axis 

in N h N 2 , N , respectively (Fig. 168). J 

Then, since PiP/PP 2 = A, we have ] 

MiM _ , NiN _ , * 

MM 2 ’ ' NN 2 ’ 

The first of these relations gives (by § 37) 
x — Xi __ v 


\M Wl 


izz: 

P, N, 


Fia 168 


Solving this equation for x gives 

xss *i + **t . 

l + \ 

Similarly from the second relation above we obtain 

V 1+A 

The mid-point of P X P 2 is obtained from the value A = 1. Why ? 

Accordmgly the coordinates of the midpoint of P X P 2 are 

( X 1 + h y± ±9t \ 

La ’ * 2 ) 
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EXERCISES 

1. Find the distance between the following pairs of points . (1,2) 
and (5, 3) j (- 1, 0) and (2, - 3) , (- 2, - 1) and (- 1, 4) ; (- 3, 4) 
and (H, 4). 

2 Find the lengths of the sides of the triangle whose vertices are 
(—1, 1), (4, — 4), and (1, 3). Prove that it is a right triangle. 

[Hint A right triangle is the only kind of triangle in which the square 
of one side is equal to the sum of the squares of the other two sides ] 

S. An isosceles triangle has its vertex at (4, 4) and the vertex of one 
of its base angles at (0, — 1) . The vertex of the other base angle is on 
the a>axis. Find the coordinates of the latter vertex. 

[Hint • Let the unknown point be ( x , 0) and equate the equal sides. 
How many solutions are there ?] 

4 . Find the coordinates of the point whose simple ratio with respect 
to (2, 1) and (—4, 7) is 2. f Find the coordinates of another point 
whose simple ratio with respect to the same two given points is — 2 

Draw a figure illustrating this problem • 

5 . Check the result of Ex. 4 by calculating the lengths of the seg- 
ments involved. 

6 Find the coordinates of the point which divides the segment from 
(2, — 1) to (— 4, 3) internally in the ratio 1.4. v 

7 . Find the coordinates of the mid-points of the sides of the triangle 
in Ex. 2. 

8. A quadrilateral has its vertices at ftie points (—2, 1), (3, 1), 
(6, 3), and (0, 8) Show that its diagonals bisect each other. What 
kind of a quadrilateral is it l 

9 Find the coordinates of the points of trisection of the segment 
from (8, — 6) to (0, 8) 

10 . A triangle has its vertices at the the points (0, 4), (2, — 0), (— 2, 
— 2). Find the coordinates of the points two thirds of the way from 
each vertex to the uftddle point of i^ie opposite side, and thus show that 
the three medians of the triangle all pass through the same point. 

11 . The vertices of a triangle are (asi, yi), (* 2 » Vi ) , (as* ys)* Find 
the co6rdinates*of the point «>f intersection of the medians. 

12. Show tfiat the triangle A( 4, 1), J3(l, 4)t (7(6, 6) is isosceles. 
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13 . One end of a line whose length is id units, is at the point (3, 8). 
The ordinate of the other end is 8. What is its abcsissa ? 

14 . The middle point of a line is (2, 3) and one end of the line is at 
the point (4, 7). What are the coordinates of the other end ? 

15 The points (2, 1), (3, 4), (— 1, 7) are the mid-points of the sides 
of a triangle. Find the coordinates of the vertices. 

16 Find the area of the isosceles triangle whose vertices are (4, 1), 
(1, 4), (6, 6) by finding the length of the base and the altitude. 

17 What equation must be satisfied if the points (a:, y), (2, 1), (1, 4) 
form an isosceles triangle the equal sides of which meet in (as, y) ? 

18 Prove that the points (— 2, — 1), (1, 0), (4, 3) and (1, 2) are the 
vertices of a parallelogram. 

19 . The line from (aq, y\) to ( e 2 , y 2 ) is divided into 6 equal parte. 
Find the coordinates of the points of division. 

20 . A point is equidistant from the points (2, 1) and (— 2, 1) and 7 
units distant from the origin Find its coordinates. 

QUESTIONS FOR DISCUSSION 

1. Does the distance between two points depend on the order m 
which the points are taken ? Does the formula for the distance give the 
same result no matter in which order the points are taken ? Why ? 

2 . Does the simple ratio of a point with respect to Pi, P 2 depend on 
the order in which the points Pi, P 2 are taken ? What is the relation 
between the simple ratio of P with respect to Pi, P 2 and the simple ratio 
of P with respect to P 2 , Pi f 

[Hint. The answer to this question follows most easily from the defini- 
tion of simple ratio. Prove the relation in question by means of the 
formulas in § 194.] 

3 . Can the simple ratio of a point P with respect to Pi, P 2 be — 1 ? 
Why ? As the simple rsftio approaches —1 what is the motion of P? 

4 . What can be said of the position of the point P, if its simple ratio 
with respect to Pi, P 2 is positive ? #if its simple raflo lies between 0 and 
— 1 ? if its simple ratio is less than — 1 ? 

5 . If the simple ratio of P with respect to Pi, P 2 is X, what is the 
simpl% ratio of P\ with respect to P and A ? of P 2 wifti respect to Pi 
and P? 
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195. The Area oi a iriangle. One Vertex at the Origin. 

Let us try to find the area of a triangle whose vertices are 
0(0, 0), P x (x x , y x ), and P 2 (x 2 , y 2 ). Let the angles XOPi and 
XOP 2 be denoted by 0 X and $ 2 , respectively, and let the angle 
PiOP 2 of the triangle have the absolute measure 6 (Fig. 169). 



The area of the triangle ic then equal to \ OP x • OP 2 sin 0. 
Now, the directed angle P x OP 2 differ^ from 0 2 — 0 X , if at all, 
only by multiples of 360° (§ 101). Therefore 

sin 0 = ± sin (P x OP 2 )= ± sin (0 2 — 0 X ). 


The area of the triangle OP x P 2 is, then, 


A = OP x • OP 2 sin(0 2 — 0j) 

= ± | OP x • OP^inJ) 2 cos 0 X — cos 0 2 sin 0 X ) 

(§ 138) 


= ±?op 1 .op 2 (a. 


#2 , Vl \ 

OP 2 opJ 


= ± Ks/2»1 ~ ^l)- 


The area of the triangle OP x P 2 , in the ordinary sense of the 
term, is therefore *equal to the qbsolute value of the expression 

\(x x y 2 - x 2 y x ). 

For some purposes it ie convenient, however, to regarjl the 
area enclosed by a gurve as a ‘signed quantity, just as we have 
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found it convenient to regard line-segments and angles as 
signed quantities. 

To this end, we observe that a point moving on the boundary 
of an area may make thg circuit in either of two opposite 
directions (Fig. 170). With each of these directions is asso- 
ciated a definite rotation about a 
point within the area. If the bound- 
ary is traversed in a direction which 

produces a positive rotation about a Positive Circuit Negative Circuit 

point within the area, the circuit and FlG * 170 

the area are regarded as positive ; if the boundary is traversed 
in the opposite direction, the circuit and the area are regarded 
as negative. Hence if an area is represented by a signed 
number, the sign of this number tells us the direction in which 
the boundary is* traversed. 

In case of a triangle *OP 1 P 2 (Fig. 169) the order in which 
the vertices are written determines a direction of traversing 
the boundary. If OPiP 2 1S positive, OP 2 P\ is negative, and 
vice versa . Now m going around the triangle in the direction 
OP x P 2 , a segment OP joining 0 to a point P moving on P\P 2 
generates a directed angle P x OP 2 . This angle is positive or 
negative according as th^ circuit OPiP 2 is posjtive or negative. 
Moreover the measure of the angle PiOP 2 differs from 
if at all, only by multiples of 360°. Thf* expression 

i OPx • OP 2 sin (0 2 — 0 X ) 

is, therefore, positive or negative according as the circuit OPiP 2 
is positive or negative. We have then finall}*: 

The area of a triangle OPiP 2 is given fn magnitude and 
sign by the formula 

(4) Area OP.P, = ?(*!& - x^. 
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196. The Area of Any Triangle. The convention as to the 
sign of an area is serviceable in deriving a formula for the area 
of any triangle in terms of the coordinates of its vertices. 
Let* the vertices be Pi(x h t/j), P 2 (x 2x y 2 ), P 3 (a? 3 , y 3 ). Join these 
vertices to the origin by lines OP l9 OP 2 , OP 3 . We now con- 
sider the three possible cases, according as the origin is inside 




(Fig. 171), outside (Fig. 172), or onf a side (Fig. 173) of the 
triangle P X P 2 P 3 . Then in \ all cases , we have - 

A P X P 2 P 3 = A OP x P 2 + A C)P 2 P 3 + AOP 3 P xj 

if due regard is taken of the signs of the areas. Hence 
(5) Area of A / > ,P 2 P 3 = | (y 2 x l - x 2 y t + y 3 x 2 - x 3 y 2 + y lXi - x^). 

It might appear that this formula is difficult to apply The following 
method makes it very simple Write the coordinates of the Xl y x 

vertices in two vertical columns as indicated, repeating the Xi y 2 

coordinates of the first vertex Multiply each x by the y in X3 y s 
the next row and add the products This gives x\ y\ 

Then multiply each y by the x in the next row and add the 
products This gives y \x 2 4 - 2 / 2^3 4 - 2 / 3^1 • Subtract the second sum from 
the fret and divide the result by 2. The final result will be the area 
sought, with its proper sign * A similar method may be used for finding 
the area of any convex polygon whose vertices are given. See Exs. 
6, 7, 8, pp. 301, 30 

* The student familiar with the elements of the theory of determinants 
will observe that the a refi nan be expressed as 

*1 v\ 1 

Vi 1 

*s v» 1 

* 


A = f 
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Example. Find the area of the triangle whose vertices are P x (— 4, 3), 
p 2 (— 1, — 2 ), P«(— 3, — 1 ). We write the coordinates of the 
vertices in two columns, repeating those of the first vertex — 
Performing the first step described in the previous paragraph 
we obtain 8 + 1 — 9 = 0 , th® second step gives — 3 + 64-4 ^ ^ 

= 7 , the third step gives 0 — 7 = — 7 , dividing this by 2, ~ 
we obtain — 3^ as the area of triangle P 1 P 2 P 3 . The magnitude of the 
area is 3J square units, and the direction Pi to P 2 to P 3 is negative. 
Draw the figure and verify the latter statement 

197. Condition for Collinearity of three Points. If three 
points P x , P 2 , P z are collmear, the area of the triangle formed 
by them is zero ; conversely, if the area of a triangle is zero, 
the three vertices are collmear Therefore, a necessary and 
sufficient condition that three points be colli near, is that the right 
hand member of (5), p. 300 be equal to zero . 

EXERCISES 

1. Find the areas of the following triangles and interpret the sign of 
the result in each case. Illustrate by appropriate figures 

(а) (1, 3), (4, 2), (2, 5). (c) (- 5, 2), (- 4, - 3), (1, -1). 

(б) (2, 4), (- 3, 1), (1, - 7) (d) (a, a), (- b, - ft,) (c, d). 

2. Show that the following sets of three points are collmear* 

(а) (0, 1), (2, 6), (- 1, T 1). (c) (1, - 2), (0, 1), (—4, -6). 

(б) (2, 1), (- 4, 4), (4, 0). (d) (0, - b ), (1, a-6), (a, a*-ft). 

3. The point (ft, ft) is collinear with (2, §) and (6, — 3). Find its 
coordinates. 

4. Find the point on the y- axis collinear with (2, 5) and (5, — 8). 

5. Under what conditions on a, ft, c, and d are the points in Ex 1 (d) 
collinear ? Interpret each of the conditions geometrically. 

6 . Area of any polygon . Show that the method t)f § 196 may be ex- 
tended to derive a formula for the area of any polygon m which two 
sides do not cross each other, and that if P 1 P 2 P 3 P n are the vertices of 
the polygon taken in order around the polygon, we have ,, 

Area**>f polygon = A OP 1 P 2 4- A OP 2 P 8 4* & OP^Pi + ••• 4- A OP n Pi, 
if due regard is paid to signs. 
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7 . Find the area of the quadrilateral whose vertices are (1, 2), 
(-2,8), (-8, -4), and (4, -5) 

8 . Find the area of the polygon whose vertices are (4, 1), (2, 3), 
(0,4>, (-2,8), (-4,1) 

9. Prove that the points (1, 2), (3, 6), ( — 1, — 2) are collinear. 

10 . Show that the area of the triangle whose vertices are (2, 6), 
(— 4, 3), (—2, 7) is four times the area of the triangle formed by join- 
ing the middle points of the sides. 


198. Applications to the Proof of Geometric Theorems. 

We shall now give a few elementary examples to show how 
the methods hitherto developed may be used m the proof of 
geometric theorems 


Example 1. Prove that the line joining the vertex of any right tri- 
angle to the mid-point of the hypotenuse is equal to half the hypotenuse. 

Let ABC be any right triangle. In order to apply the methods of 
coordinates we must first locate a pair of coordinate axes Any two 
perpendicular lines will serve the purpose, but the 
work incident to the solution of many problems 
may usually be greatly simplified if we choose 
the axes judiciously. In this case it is convenient 
to choose the legs of the triangle as axes. The 
coordinates of the vertices are then (Fig 174) 
(0, 0), (a, 0), and (0, b) The midpoint of the 
hypotenuse is (§ 194) (a/2, 6/2). The length of the line joining this 
point to (0, 0) is \J(a/2) 2 + (b/2) 2 = jVa 2 V b 2 . But the length of the 
hypotenuse is Va 2 + b 2 This proves the theorem 

Example 2 Prove that the diagonals of a parallelogram bisect each 
other. 

Let ABCD be any parallelogram. Let a side of the parallelogram lie 



(«’°> X 
F*3 174 


jPO>,c) Cfa+b.d) 




on the a;-axis a vertex being at the origin. 

(See Fig. 175 ) We may assign the coordinates 
(a, 0) to the vertex B, and (6, c) to # the vertex 
D. The coordinates of C will then be (a-f 6, c). 

Why? 

We now calculate tne coordinates of the 
mid-point of AC and also of the^ mid-point of J5D, by the forrffula of 
§ 194. It will then be ceen that the midpoints coincide. 


B(a,o) X 
Fia. 175 



XI, § 198] 


THE STRAIGHT LINE 


303 


Example 3 Prove that if the lines joining two of the vertices of 
a triangle to the mid-points of the opposite sides are equal, the triangle 
is isosceles. 

Let ABC be the triangle, M, N the mid-points of 
the sides AC , BC y respectively, with AN = BM Let 
the sc-axis lie along the side AB and let the y-axis 
pass through the vertex C (Fig. 176) Let the coordi- 
nates of A, i?, C be (a, 0), (&, 0), (0, c) respectively * 

We must first state the hypothesis of the theorem 
analytically, i.e in terms of the coordinates. To this 
end we note that the mid-point of AC is M — {a/ 2, c/2), and that 

Similarly, we have AN 2 + ^ 



By hypothesis, AN = BM Hence w^ have 


This condition gives 




which, when simplified, gives either a = b or a = — b The first result 
would imply that the points A and B coincide, which is contrary to the 
hypothesis, and is therefore rejected The second result yields readily 
that AC — BC , which was to* be proved. 


EXERCISES 

1. Prove analytically that the diagonals of a rectangle are equal. 

2 Prove analytically that the line joining the mid-points of two sides 
of a triangle is half the third side. 

* In the figure a is a negative numbeu However, the discussion that follows 
applies at the outset to any numbers, a, b , c. It will appear later in the dis- 
cussion that, under the hypothesis of the theorem, a »nd b must have opposite 
signs One of the advantages of the analytic method is the fact that it is 
general? and that ordinarily special cases do not have to be considered 
separately. 
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3 . Prove analytically that two triangles with the same base and 
equal altitudes have the same area. 

4 . ABCD is a parallelogram, with A , C as opposite vertices M and 
N arj5 the mid-points of the sides AB and CD respectively. Prove ana- 
lytically that the lines AN and CM trisect «the diagonal BD. 

5 If P is any point in the plane of a rectangle, prove analytically 
that the sum of the squares of the distances from P to two opposite 
vertices of the rectangle is equal to the sum of the squares of the dis- 
tances from P to the other two vertices. 

6 . Prove analytically that, if the diagonals of a parallelogram are 
equal, the figure is a rectangle 

7 Prove analytically that the two straight lines which join the 
mid-points of the opposite sides of a quadrilateral bisect each other. 

8 Show analytically that the figure formed by joining the middle 
points of the sides of any quadrilateral is a parallelogram. 

9. If M is the mid-point of the side BC of any triangle ABC , prove 
that A&A AC 2 = 2 (AM* + MC 2 ) 

10 . Prove analytically that the distance between the middle points of 
the non-parallel sides of a trapezoid is equal to half the sum of the 
parallel sides 

11 . The difference of the squares of any two sides of a triangle is equal 
to the difference of the squares of their projections on the third side 

13 Prove that the sum of the squares of the sides of any quadrilateral 
is equal 1 p the sum of the squares of the diagonals plus four times the 
square of the distance between the middle points of the diagonals 

13 . If A, B, C,tD are four points of a bne prove the relation (due to 
Euler) AB CDAAC DBA AD BC= 0 (The segments are directed. ) 

14 If M and N, respectively, are the mid-points of two segments AB and 
CD on the same line, show that 2 MN— AC + BD— AD A BC. 

15 . If M is the mid-point of AB and P any other point of the line AB , 
show that PA PB = PM 2 - MA 2 . 

16 . Two sources of light of intensity a and /3 are situated at the points 
A and B respectively of a line Find the position of a point on the line 
which is lighted with the same intensity by the two points. How many 
points satisfy the relation ? 

[Hint . The intensity of light at a point varies inversely as the square 
of the distance of the poirA from the source of light and director as the 
intensity of the source.] 
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17 . Two objects of weights wu w* are s^u^ed at the points A%, A 2 . 
The center of gravity of the two objects is defined to be the point of the 
line A 1 A 2 , whose simple ratio with respect to A\, A 2 is w 2 /wi. If A\ , A 2 
are on the ie-axis, and their coordinates are x 2y find the coordinate of 
the center of gravity. Show tl^at the center of gravity does not exiil, if 
wi = — w 2 . Give an interpretation to a negative to, 

18 Given n weights wi, w 2 , •••, w n situated at the points A \ , A 2 , •• , A n 
on a line. Find the center of gravity of A \ , A 2 with weights W\, w 2 , 
then the center of gravity of the point found taken with the weight 
wi -f 102 and As with the weight 103 ; then the center of gravity of this 
new point taken with the weight Wi + w 2 + m and A 4 with’ the weight io 4 , 
and so on Show that when all the n points have been used, there is 
obtained a point which is independent of the order in which the points 
were taken. The point thus determined is called the center of gravity of 
the n points. When does no center of gravity exist ? Under what con- 
ditions is it indeterminate ? Show that if the latter conditions hold, each 
of the given points is the center of gravity of the remaining ones each 
taken with the weight assigned to it 

19 The first (or static) moment of a point P of weight to about a line 
l is defined to be the product of w by the distance of P from l Given n 
points P t = (x„ y t )(i = 1, 2, •••, n) in a plane with weights w t , respec- 
tively, determine the coordinates of a point P of weight % + W 2 + ••• + %o n 
such that its moment about the x-axis shall be equal to the sum of the 
moments about the ce-axis of the points P x and such that its moment 
about the y - axis shall be the sum of the moments about the y-aifis of the 
points P,. The point P is the center of gravity of the set of points. Com- 
pare with the result of Ex. 18 * 

20. The second moment or the moment of inertia of a point P with 
respect to a line l is defined to be the product of the weight to of P by the 
square of its distance from the line. Given n points P % in a plane whose 
distances from a fixed line l are x % , and whose weights are w t respectively. 
Let Mi be the sum 'of the first moments, M 2 the sum of the second 
moments of these points about the line l. Let V be a second line, paral- 
lel to the first and h units from it (to,the right or left according as h is 
positive or negative), and let M 1 and M 7 2 be the sum of the first and sec- 
ond moments of the given points about V. L8t W be the sum of 
the weights + w 2 + ••• 4- w n . Show that 

ilf 1 = Mi - hK and W 2 =^-2 hMu+ h*W 
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199. Directed Lines and Angles. An angle from a directed 
line l x to a directed line Z 2 is an angle through which l x must 
be rotated to make its direction coincide with that of Z 2 . 

Any such angle we denote by (Zi Z 2 ). Clearly 
if Zj and Z 2 intersect in a point M (Fig. 177), 
(Z x Z 2 ) is the directed angle from l x to Z 2 as 
defined in § 98 since the directions of l x and Z 2 
define uniquely the half-lines issuing from M. As we observed 
in § 101, an angle (Zx Z 2 ) may have various determinations 
differing from each other by multiples of 360°. 

The angle from the sc-axis to a directed line Z is called the 
inclination of Z (Fig. 178). If the inclination of a directed line 
li is 0 X and the inclination of a directed line Z 2 
is 0 2 , the angle from l x to Z 2 is given (§ 101) by 
the equation 

(6) ft U)= e 2 - 6i, 

where the equality sign means equal except 
possibly for multiples of 360 °. 




Fig 177 


200. Undirected Lines and Angles. If two lines l x and Z 2 
are notr directed, an angle from l x to Z 2 , defined as an angle 
through which l x must be rotated to make it parallel to Z 2 , will 
have various determinations which differ by 
l i multiples of 180° (Fig. 179). The smallest 
positive (or zero) angle from l x to Z 2 is then 
Fiq. 179 unique and less than 180°. The inclination of 
an undirected line is defined as the smallest positive (or zero) 
angle through which it is necessary to rotate the a>-axis m order 
to make it parallel to the line. In Chapter III we used the 
slope m of a line tq measure its inclination. It follows almost 
immediately from the definition of slope m and inclination 6 



that we have 


m = tan 0. 
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To calculate the angle from a line l x to a line Z 2 we make use 
of (6), § 199, if the inclinations 6 U 0 2 of l h l 2 are known. If 
the slopes m l9 m 2 of l h l 2 are given, we find from (6), § 138 


tan Qi Z 2 ) = tan (fi 2 — 0^ 


tan $ 2 — tan 0 X 
1 + tan @ 2 tan $ x 


But tan = m x and tan 0 2 = m 2 . Hence we have 


( 7 ) 


tan (fa l 2 ) 


m 2 — m l 
1 + m 2 m 1 * 


As special cases of this relation we obtain the familiar condi- 
tion for parallelism and perpendicularity (§§ 64, 65). For, if 
the lines are parallel, (l x Z 2 ) = 0° or 180° ; hence m x = m 2 . 

If the lines are perpendicular, (Z,, Z 2 )= 90° or 270° ; hence 

1 -b m l m 2 = 0, 8r m x — — 
t m 2 

201. Standard Forms of the Equation of a Straight Line. 

We recall here for reference the standard forms of the equation 
of a straight line derived m Chapter III : 

The general equation . Ax -f By + C = 0. 

The slope form : y — mx -j-' b . 

The point-slope form y — y x = m(x — Xx). 


The last two forms are not general , since they will not serve to 
represent lines parallel to the y-axis. The first is general. If 
the first represents a line not parallel to the y-axis (B 0), it is 
readily reduced to the slope form, by solving the equation for y : 


y B 


This yields, as was shown in § 63, 

A 
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«*3RCISES 

1. Construct a line through the point (— 2, 3) having an inclination 
of 60°. What is the slope ? Write the equation of the line. Find the 
poinjp at which the line crosses the *-axis and the y-axis. 

2 . Proceed as in Ex. 1 for a line passing through the point (2, — 8) 
with an inclination of 136°. 

3 Find, to the nearest minute, the inclination of each of the follow- 
ing lines Use a table of natural functions 

(a) 2 * — 3 y = 0. (c) * = 2 1 y + 3.5. (c) * — y + 249 = 0. 

(5) y = 0.4 x + 1 7. (d) 7 x + 3y - 8 = 0 (/) x 4- 2 2/ + 6 = 0 

4 Find the tangent of the angle from the first line to the second line 
of each of the following pairs. Then find the angle 

(a) 2 x — 3 y = 0, (c) x 4* 3 y - 3 = 0, 

x + 2y + 7 = 0 3 x — y + 6 = 0. 

(6) 5x + 2y — 10 = 0, (d) y = 2x+3, 

2*4-32/4-0 = 0 3*4-2/— 0 = 0 

0 . Find the equation of the line through (4, 5) and parallel to the 
line joining ( — 1 , 2) and (2, — 3). 

6. Find the equation of a line through the intersection of 2*4-$/ — 5=0 
and * — 32/4-6 = 0, and perpendicular to the line 2* — 32/4-0 = 0. 

7. An isosceles triangle has for its base the line *— 2 2/4 - 2=0 and for 
its vertex the point (—3, 6). The base angles are 45°. Find the equations 
of the other two sides and the coordinates of the other two vertices. 

e 

8. Given the lines a\X 4- b\y 4- ci = 0 and a^x 4- b%y 4- c 2 = 0. Show 
that they are parallel, if and only if — a 2 &i = 0 ; and that they are 
perpendicular, if and only if aia 2 4- &1&2 = 0. 

9 The sides of a triangle have slopes equal to J, 1, and 2. Show 
that the triangle is isoscelei 

10 Find the angles of the triangle whose vertices are (3, 4), (— 3, 0), 
and (2, - 1). 

11 . Find the slope of the bisector of the angle which a line of slope — 2 
makes with a line of slope 3. 

c 

12 . The slope of a line AB is 2.** Find the equation of a line through 
the origin which makes with AB an angle whose tangent is — 1. 

13. P is any point on the curve whose equation is y 2 = 4 *. Show that 
the tangent to the curve at P bisects the angle which the line jomi#g P to 
the point ( 1 , 0 ) makes with the lifie through P m and parallel to the *-axis. 
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202. The Expression Ax x + Byi+ C. The expression x — 2y 
4- 3 has the value + 2 when x = 1 and y = 1 ; the value 0 when 
x = — 1 and y = 1 ; the value — 2 when as = — 3 and y = 1. 
The only interpretation we are able thus far to give to these 
facts is that the second set of values for x and y are the coordi- 
nates of a point (— 1, 1) which is on the line whose equation is 
#4-2y-|-3=0, while the other sets of values are the coordi- 
nates of points not on this line. 

It seems reasonable to expect, however, that the value of 
the expression x x — 2 y x + 3, where (x l9 yi) is any point in the 
plane, must have some relation to the line whose equation is 
x-—2y + 3 =0. This relation is indeed very simple. The 
reader should have no difficulty m proving that the value 4- 2 
obtained above from the point (1,1) represents m sign and 
magnitude the directed segment drawn parallel to the z-axis 
from the line to the pcflnt (1, 1). Similarly, the value — 2 
represents the segment drawn parallel to the a?-axis from the 
line to the point (—3, 1). 

We proceed to show that a similar result applies to the 
values of the left-hand member of the equation of any line in 
the form Ax 4- By 4- C = 0. 

Let the line l (Fig. 180) be the line whose equation is 
Ax-\-By+ (7=0, where we assume ^4^0, 
and suppose the equation has been # 
written so that A is positive . Why is 
this last always possible? The line is 
then not parallel to the aj-axis. Why ? 

Let Pi^, yi) be any point m the plane 
and let Q(h , y x ) be the point in which 
the line through P parallel to the &-axis »meets l . Since Q is 



on l } we have 


Ah -f- By i 4" O =*0, 


B yi ^C = -Ah. 


or 
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The value of Ax x -f- ny x + o', which we are seeking, is therefore 
equal to Ax x — Ah , or A(x x — h). But x x — h represents, in sign 
and magnitude, the segment QP X . We have then, 

Ax x + J 3y x + Cf = A • QP l . 

We conclude that, if A is positive, the number Ax x *f By x -f C is 
positive if (x u y x ) is to the right of the line Ax+By+C—0, and 
negative if (x u y^) is to the left of this line . Moreover , Ax x -j- By x + C 
is proportional to the horizontal distance from the line to the point 

Finally, if ^4 = 0 and B 0, we may suppose the equa- 
tion By -f C = 0 so written that B is positive. The line l is 
then parallel to the#-axis. Writing its equation in the form 
y = — C/B , it is readily seen that the expression 



7 


P 1 (*%, Vi) 

..... i 




O 

X 


represents the directed segment drawn parallel to the y-axis 
from the line to the point Pj (Fig. 181). We may then con- 
clude that, B being positive , the number By x + C 
is positive if the point (x u y x ) is above the line 
Py -4-0 = 0, and negative if the point (x h y x ) 
is below this line Moreover , By x + G is pro - 
portioned to the distance of the point from the 
line. 

By the preceding results, we may distinguish 
between the positive and negative sides of a line. If the equa- 
tion of a line is written in the form Ax -f By 4~ C = 0 and so 
that its first term is positive, tfie right-hand side of the line is 
positive and the lefft-hand side is negative, unless the line is 
parallel to the a>-axis. «In the latter case the upper side is 
positive and the iQwer side *is negative, 


Fio. 181 
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203. The Distance of a Point from a Line. The results of 
the last article enable us to find the perpendicular distance 
of a point Pi(x u y x ) from the line whose 
equation is Ax -f By -f JO = 0. If 
A =£ 0, the required distance d = MP 1 
(Eig. 182) is evidently equal to QP l sm0, 
where 0 is the inclination of the line 
This is true whether the inclination is 
acute or obtuse, and whether P x is on 
the positive or negative side of the 
given line. Since 0° <1 0 < 180°, sin 0 is necessarily positive, and 
d = QPi sin 6 will have the same sign as QP X ; i.e. it will be 
positive when P x is on the positive side of the line, and nega- 
tive when P x is on the negative snje. 

We have, from the preceding article, 

QP X == ~f~ ^ 

A 

and, since tan 0 = — A/B, we have 

sin 6 = — — 

Va*+b- 

Hence, the required distance is 

( 8 ) MP 1 =d = Ax X ±Mi +£ . 

K ' y/A^m 



If A = 0, the required distance, by § 202, is simply 


d = yi + 


C 

B 


By { + O 
B 


But this is precisely what (8) becomes for .4 = 0.. Hence (8) is 
true in every case. 

The* distance d is positive if (x u y x ) is on the pd&itive side of 
the line, and negative if (x u y x ) is bn the negative side, provided 
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the equation is written in the standard form tvith the first term 
positive. 

Example 1 To find the distance from the line 2 sc — 5 y — 10=0to 
the ^)omt ( — 3, 1) Since the equation js in standard form the desired 
result is obtained by substituting the coordinates of the given point in the 
left-hand member of the equation and dividing by the square root of the 
sum of the squares of the coefficients of x and y Hence the distance d 

18 d _ 2(— 3) — 5 1-10 _ — 21 

V2 2 +(- 6) 2 V29 

The negative sign indicates that the point is at the left of the line. 

Example 2 Find the equation of the bisector of the acute angle 
between the lines 8a; — 4 y -f 12 = 0 and 4x — 3 y -f 8 = 0. 

First draw the lines (Fig. 183). We 
know from geometry that the bisector of 
an angle is the locus of the points equidis- 
tant from the sides of the angle. Let (x, y ) 
be any point on the desired bisector. In- 
spection of the figure shows that (x, y ) is 
on the positive side of one of the lines and 
on the negative side of the other Hence, 
any point on the desired bisector must 
satisfy the condition that its distance from 
one of the lines is equal to minus its dis- 
tance from the other. This condition is 
expressed by the equation 


(0) 

* 3x — 4 y+12_ 4x 
5 

-*3y + 6 
6 

or 

« 


(10) 

7x — 7y-fl8=0. 



Moreover, any point which satisfies relation (9) is a point of the bisector. 
Hence, we conclude that the equation 7 x — 7 y -f 18 = 0 is the required 
equation. 

Note. Had the*equation of the bisector of the obtuse angle been 
desired the figure shows that in this case a point on the bisector is either 
qn the positive side of both lines or on the negative side of both lines. 
Hence, any such point must satisfy the relation obtained by placing its 
distance from one line equSl to its distance from the other lm& The 
equation of this bisector is x 4- y -f 6 = 0. 
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Example 3 Prove that the locus of a point which moves so that the 
algebraic sum of its distances from any number of fixed lines is constant, 
is a straight line. 

Each of the given straight lines has an equation of the form 
ax+by + c=z 0. The distance of any point (a, y) from such a llhe is 

ax + by -\- c 

VaF+b 3 

The equation of the required locus is, therefore, of the form 
aix ± b\y + ci , . , a n x + b n y + c n _ 0 
V«i 2 + bi 2 Vci n 2 + 2 

Since this is an equation of the first degree, the locus is a straight line. 


EXERCISES 


1 Without using a figure determine whether the following points are 
at the right or the left of the line 2x 4- 3y — 5 = 0: (1, 2), (1, — 1), 
(—2, 1),(1, 1), (4, — 2), (7, — 2), (4, — 1) Then, draw a figure con- 
taining the line and the points and verify the results obtained. 


2 Find the distance of tlte point (3, —2) from the line 4x— 3y-f6=0. 

3 Find the distance of each of the following points from the line 
associated with it In each case interpret the sign of the result. 

(а) (2, 5), 4 s + 3i/ -2 =0 (e) (- 4, 1), 3 y - 2 = 0 

(б) (—3, 7), 6x -f 12 2/4-24=0. (/) (a, a), x -f y - a = 0. 

(c) (2, - 2), 3*-4y =0. (g) (6, a), ax + by = 0. 

(d) (6, 2), 2 a + 5 = 0. (i h ) (l,8),y = 2*+»6. 


4. Determine the region of the plane defined by each of the following 
sets of relations, 

(a) s + 2y + 4>0, (6) 2x- 1/+2>0, (c) 2x-3y + 6>0, 

x — 2 y — 6>0. y — 2 < 0 1 Sx + 2y — 12 <0, 

x—y— 1 <0 

5. Define by inequalities (as in Ex. 4) the inside of the triangle 
.whose sides are given by the expressions in Ex. 4, (c) equated to zero. 

6 Define by means of inequalities the inside of the triangle whose 
vertices are (— 2, 5), (4, 1), (—1, ^). 

7 Find the distance between the two parallel lines 3a — 0 y + 5 = 0 
and 3a — 0 y — 2 = 0 

8. "Sind the equation of the bisector of Ae acute angle between the 
lines 2a+3y — 4 = 0 ,a;~ 22 / + 7:=0*. 
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9 . Find the equation of the bisector of the obtuse angle between the 
lines in Ex. 8 

10 . Prove that the bisectors of the angles formed by the two lines 
aix + % biy + ci = 0 and a^x -j- b%y -f = 0 are perpendicular to each other 

11 Find the lengths of the altitudes of *che triangle whose vertices are 
(1» 2), (— 2, 3), and (— 3, — 4). 

12 . Find the area of the triangle in Ex. 1 1 by multiplying half the 
length of one of the sides by the corresponding altitude, and check the 
result by finding the area by the fornlula of § 196 

13 Find the distance of the point (1, 2) from the line 3x -f 4 y + 12 
= 0 by finding the coordinates of the foot of the perpendicular dropped 
from the point on the line and then using the formula for the distance 
between two points Check by means of § 203. 

14 If the equations of two parallel lines are ax -f by -f* c = 0 and 
ax 4- by -f c' = 0, prove that the distance between them is the absolute 
value of (c — c r )/Va 2 -f b 2 

15 Prove that the bisectors the angles of a triangle meet in a point 

[Hint Choose a convenient relation between the triangle and the 

axes ] 

16 . Find the altitudes of the triangle formed by the lines 

x + 2y — 3 = 0, x — y = 0, 4a: — 2 / — 1=0. 

17 . Prove that the altitudes on the legs of an isosceles triangle are 
equal. 

18 . Pro^e that the three altitudes of an equilateral triangle are equal. 

19 . Prove that the sum of the absolute distances of any point within 
an equilateral tnangfie from the sides of the thangle is constant. 

201 Two Equations* representing the same Line. If of 

two equations of the first degree one can be obtained from the 
other by multiplying the latter by a constant, the equations 
obviously represent the same line, since all the points which, 
satisfy one equation must then satisfy the other also. We 
now proceed to prove the converse of this statement : 

t If the equations Av + By + (7=0 and A'x + B'y + C7' = 0 
represent the same line ) either one can be obtained from the other 
by multiplication by a constant: * 
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Let us suppose first that none of the numbers A , A\ B , B\ 
<7, C' is zero. The intercepts of the two lines on the aj-axis are 
then — C/A and — 0/A\ on the y-axis — C/B and — C'/B'. 
Since the lines are by hypothesis identical, we have 


A 

C 



S' 

c r 


From these relations follow at once 
A ^21 C * 
A f B ' C" 5 


where k is a constant It follows that 

A = kA\ B = kB'y C = kC'. 

If C (or (7) is zero, the corresponding line passes through the 
origin, and hence the other line ijiust also pass through the 
origin ; hence C f (or C } is also zero. We leave the rest of 
the proof as an exercise, with the suggestion that the slopes 
of the two lines be compared. 

205. The Intercept Form. Hesse’s Normal Form. We 

have called attention thus far to three forms of the equation 
of a straight line . (1) the general equation ; (2) the slope 
form ; (3) the point-slope form. Two other forms are some- 
times of great convenience. These are the so-called intercept 
form and normal form . The intercept form is 

( 11 ) 1 + 1 = 1, (ab* 0) 

where a and b represent, respectively, the x- and y-intercepts 
of the line. This equation may be derived by finding the 
equation of the line through t he, points (a, 0) and (0, b). The 
derivation is left as an exercise. (See Ex. 21, p. 89.) This 
form is not applicable if the straight # line passes through the 
origin, or if it is parallel to either axis. Why ? 
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The normal form is associated with the name of Hesse,* who 
used it extensively. It uses the length p of the perpendicular 
dropped from the origin upon the line and the angle a which 
this«perpendicular makes with the x-slxiq to determine the line. 

To derive the equation when p and a are given, we try to 
find a relation which is satisfied by the coordinates (a?, y ) of 
every point P on the line and which is 
not satisfied by the coordinates of any 
other point. To this end (Fig. 184) we 
note that the projection of the broken 
line OMP on the perpendicular OQ is 
equal to p , if and only if P is on the 
line. The projections of the parts OM 
and MP on OQ are, respectively, x cos a and y sm a. The 
desired equation is, therefore, 

(12) x cos a + y sin a = p. 



We shall take the positive direction of OQ , or p, from the origin 
towards the line, and choose the positive angle XOQ to be a. It is then 
evident that the position of any line is determined by a pair of values of 
p and a, it being understood that p and a are positive and that a is less 
than 360° 

Moreover every line determines a single positive value of p and a single 
positive angle a less than 360°, unless p = 0. When p — 0 the line evi- 
dently passes through the origin and the above rule for the positive 
direction of p becomes meaningless. When p = 0, it is customary to 
choose a < 180°. 


To reduce the general equation Ax + By + C = 0 to the 
normal form, we need merely observe that in the latter form 
an essential condition is that the coefficients of x and y are 
numbers the sum <?f whose squares is 1, since sin 2 a -f- cos 2 a = 1. 
We must then multiply all the coefficients of Ax + By + C = 0 
by a number 7c , so chosen that (TcA) 2 +(7cB) 2 = 1. This condi- 


* Ludwig Otto Hesse (1811-18/4), a noted German mathematician. 
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tion will be satisfied if 

* = ± -^= 

VA 2 + B- 

Therefore the desired reduction is obtained by dividing the 
equation through by ± V A 2 + B 2 , and transposing the constant 
term to the right-hand side of the equation : 

A x4 B y=z - 0 
± V A 2 +B 2 ± VA 2 + B 2 y ± v^IT+lP 

The sign of the radical must be chosen opposite to the sign of 
C , or if C = 0, the same as that of B. Why ? 

One advantage of the normal form is that every line may have its equa- 
tion written m the normal form. Whether the line passes through the 
oi lgm or is parallel to an axis is immaterial. 

EXERCISES 

1. Reduce the following equations to the normal form. Find in each 
case the values of a and p 

(a) 4 a; + 3 y — 10 = 0. ( d ) 3x — 2 y 4- 0 = 0 

(b) x — y+6=0 (e)y=2x — 3. 

(c) x + V3 y = 0 (/) x = 2y — 5 

( g ) The equation of the line whose intercepts are - 6 and 2, respectively. 

2. Reduce to the intercept form each of the lines in Ex. 1 for which 
such reduction is possible. 

3. What are the normal forms of the equations ac= 3, 2 x +3=0, y— 1=0? 

4. Derive the process of reducing the equation Ax + By -f C = 0 to the 
normal form by using the fact (derived from § 203) that p = — <7/V A? + J3 3 . 

5. What system of lines is obtained from the normal form, if a has a 
fixed value, while p is allowed to assume different values ? If p has a 
fixed value and a is allowed to assume different values ? 

6 Find the equations of the lines which pass through the point (1, 2) 
and are two units distant from the c*igm. 

7. Find the equations of the lines parallel to 5# + 12 y = 13 and 3 units 
distance from it. 

# ?ind the equations of the lines narallel to 3 x + 4 y = 13 and 7 
units distance from it. 
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MISCELLANEOUS EXERCISES 

1. Find the equation of the straight line passing through the point 
(3, 4), such that the segment of the line between the axes is bisected at 
that floint. 

2 Show that the lines y = ax -f- a, for all values of a, pass through 
a fixed point. 

3 Given a\x 4- biy 4- ci = 0, aix + biy 4- c 2 = 0, a 3 x + bay + c 3 = 0, 
the equations of three lines forming a triangle. Show that the equation 
of any line Ax 4- By 4- C = 0 in the plane may be written in the form 

ki(ciix + b x y + Ci) 4- & 2 (a 2 x 4- biy 4- c 2 ) 4- k 3 (a 9 x 4- b z y 4* «a)= 0, 
where k\, ki , & 3 are constants. 

4 Find the ratio in which the line 3 y — 6 — x divides the segment 
joining the points (6, 1) and (— 3, 2). 

5 Find the equation of the line that passes through the point (1, 7) 
and makes an angle of 45° with the line x + 2 y = 1. 

6. Find the equation of the«line that passes through the point (1, 7) 
and makes an angle of — 45° with the line 2 y = 1 

7. Prove analytically that the perpendicular bisectors of the sides of 
a triangle meet in a point. 

8. Prove analytically that the altitudes of a triangle meet m a point. 

9. Prove analytically that the bisectors of the interior angles of a 
triangle meet m a point. 

10 Prqve analytically that the bisectors of two exterior angles of a 
triangle and of the third interior angle meet in a point. 

11 . The equations of two sides of a parallelogram are sc— 2y=l, sc4-y=3. 
Find the equations of the other two sides if one vertex is at (0, — 1 ) 

12. Find the equation of the line passing through the point (1, 1) and 
dividing the segment from (—7, — 2) to (7, — 1) m the ratio 2 : 5. 

13. Two vertices of an equilateral triangle are (1, 1) and (4, 1) 
Find the coordinates of the third vertex. There are two solutions. 

14. Find the equation of the line passing through the point (1, 2) and 
intersecting the linear 4- y = 4 at a distance J\/l0 from this point. 

15. Find the equation of the line through the point (1, 2) which forms 
the base of an isosceles triangle with the sides 2 ® — y = 1, x + y = 1. 

16. A straight line moves so that the sum of the reciprocals of its 
intercepts on the two axes is f constant. Show that the line passes ftirough 
a fixed point. 
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17 . If a straight line be sucn mat me sum or me perpendiculars upon 
it from any number of fixed points is zero, show that it will pass through 
a fixed point. 

18 . Find the equations of the sides of the square of which tw o opjyjsite 
vertices are (3, — 4) and (1,1) 

19 . Derive the formula for the distance of a point (xi, y{) from the 
line Ax + By -f C = 0 by finding the intersection of the perpendicular 
through the given point and the given line, and then using the formula for 
the distance between two points. 

20. Piove that if the sum of the first moments of n points with respect 
to each of two given perpendicular lines is zero, the sum of the moments 
of these points with respect to any line in the plane through the inter- 
section of the given lines is zero. (See Ex 19, p 306 ) 

[Hint Take the given perpendicular lines to be the axes of 
coordinates. ] 

21 . If with the center of gravity of n points in a plane is associated 
the sum of the weights of the n points, prove that the sum of the first 
moments of the n points witl* respect to any line m the plane is equal to 
the first moment of the center of gravity with respect to the same line. 

22 . Given two half-lines r, s issuing from a point P, a third half-line t 
through P is completely determined if the ratio sin ( rt ) /sin ( ts ) — k is 
known The ratio k is called the simple ratio of t with respect to r, s. 
Prove that the equations l — 0 and m = 0 of r and s, respectively, may be 
so written that, for all positions of £, the equation of Ms l •— kfn = 0. 

23 Given two points Pi(xi, y{) and P 2 (x 2 , y 2 ) and a straight line 
ax + by + c = 0 which meets the line P 1 P 2 in Q Find the simple ratio 
Pi Q/QP2. 

[Hint This can be obtained very readil/from a figure by observing 
the relation between the desired ratio and the ratio of the distances of 
Pi, P 2 from the given line.] 

24 . From the last exercise derive the theorem of Menelaus If a 
straight line cuts the sides of a triangle ABC m three points A\ B f , O', 
the product of simple ratios 

AC' BA’ # CB[ 

C’B ’ A'C ’ B t A 

is — 1 » The point A 1 is on the side opposite A, B f on the ide opposite P, 
O on the side opposite C. 
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THE CIRCLE 

206. Review. The circle is the locus of a point which moves 
so that its distance from a fixed point, called the center , is con- 
stant. This constant distance is called the radius of the circle. 

If the center of a circle is at the point ( h , k) and the radius 
is r, the equation of the circle is 

(1) (x -*)■ + (*- ft)** r* 

For, this equation expresses directly the fact that the square of 
the distance from the giveft point (7i, k) to the variable point 
(x, y) is r 2 . Hence, every point orf the circle satisfies this 
equation and, conversely, any point not on the circle does not 
satisfy it. 

In particular, if the center is at the origin (h = 0, k = 0), the 
equation becomes 

(2) a 2 + y 2 = r 2 . 

We note also that equation (1) when expanded has the form 

(3) a 2 + y 2 -f Dx + Ey 4- <7= 0. 

It follows that every circle in the plane may be represented 
by an equation of this form. To what extent is the converse 
true? Under what conditions does an equation of the form 
(3) represent a circle ? The answer to this question may be 
obtained by reference to the method of § 183. 

We desire to complete the square on the terms in x , and also on 
the terms in y. Therefore we rewrite the equation in the form 

(a? 1 -f- Dx 4- ) 4- (y* 5 4 *I£y 4- . ) * — C. 

820 
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To complete the squares in the two parentheses we need to add 
Z> 2 /4 to the first and E 2 / 4 to the second; to maintain the 
validity of the equation we must add the same terms to the 
right-hand member. We then obtain 

or 

(*+§H * + #)'=- ±J ^ ±S - 

Since the sum of the squares of two real numbers is positive or 
zero, the left-hand member is positive or zero if x , y, D, E are real 
numbers. Hence the equation can be satisfied by real coordi- 
nates x, y only if D 2 -f D 2 — 40 is a positive number or zero. 

If D 2 + E 2 — 4 C is positive, equation (3) represents a circle 
with center at (— D/2, — E/2) and radius equal to 

| VD 2 + E* - 4 a 

If D 2 + D 2 — 4 (7 is zero, equation (3) is satisfied by the codr- 
dinates of the point (—D/2, — E/2) and by the coordinates of 
no other (real) point. 

If D 2 + E 2 — 4 C is negative, equation (3) represents no real 
locus. The answer to ou,r question may then formulated as 
follows : If (3) represents a curve at all, it represents a circle. 

207 . The Equation of a Circle satisfying given Conditions. 

The problem of finding the equation of a circle satisfying 
given conditions resolves itself simply into the problem of 
determining from the given conditions the values of h, k, r in 
equation (1), or of D , E, C in equation (3) o£ § 206. The fol- 
lowing examples will illustrate the methods that may be used : 

Example 1. Find the equation of the circle passing through the three 
points £3, — 5), (3, 1), and (4, 0). 

The desired equation must be of the ‘form (3), and must be satisfied by 
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the coordinates of each of the three given points. If the first point satis- 
fies this equation, Z), E, and C must be such that 

3 2 + ( — 6) 2 -j- D 8 + tf(-6)+ <7=0, 

i.e. such that 

3 D — & E + C = - 34 

We find similarly from the second and third of the given points, 

3 E + E + C = - 10, 

4Z> + <7=-16 

Solving these three linear equations for D, E ) C, we obtain 
D=- 2, E = 4, C =— 8 
The desired equation is, therefore, 

x 2 + y 2 — 2 x + 4 y — 8 = 0. 

Another method of solving this problem would be to regard ( ft , &) as 
unknown coordinates of the center They must satisfy the two equations 
(3 - ft) 2 + (- 6 - k) 2 =(3 — h) 2 + (1 - A;) 2 , 

(4 - ft)2 -f (0 — ft } 2 = ( 3 _ h)8 + (1 - k) 2 (Why ?) 

By solving these equations we can determine h and k Having found the 
center, it is easy to determine the radius f fhen the desired equation can 
be written down m form (1) The completion of the work here sug- 
gested is left as an exercise. What other method could be used to solve 
this problem ? 

Example 2 Find the equation of the 
circle inscribed in the triangle ichose sides 
are y— 3=0, 3x— 4y— 9=0, and 12x+5 y 
+ 9 = 0. 

Let (ft, k) be the center of the circle It 
must be equidistant from the three sides 
The distances of (ft, k) from the three given 
lines are —(k — 3), — \(3 ft — 4 k — 9), and 
3^(12 ft + 6 k + 9), the signs being so chosen 
that each of these numbers is positive when 
(ft, k) is within the triangle. (See Fig 186.) 
By placing the first of these distances equal to the second and third, re- 
spectively, we obtain two equations involving ft and k . The solution of 
these two equations yields ft = 1, k = 1. Hence the center is the point 
(1, 1). The radius is evidently equal to 2. Why ? Therefore the 
required equaEftm is 

(x — l) 2 + (y — l) 2 = 4, or x 2 + y 2 — c 2 x — 2 y — 2 = l. 


■■ 

■ 

■ 

■ 


B 

B 

IBI 

IBI 

■■■ 

3 

fl 

B 

■ 

IBB 

IBB 

■■ 

■■ 

■ 

■ 

■ 

■ 

d 

■■■ 

IBI 


a 

S8jj 

■■ 

■ 

i 

B 

IBI 


■ 

IBB 

■■ 

■■ 

■ 

■ 


KS 

•m 

IBS 

■■■ 


■ 

Bfl 

■■ 

■■ 

■ 

■ 

11 

B 

m 

V 

■■■ 

imi 

mmmp 


W. 

m 

BE 

flfl 

■ 

■ 

■ 

fl 

fl 

■i 

kl 

B 

■5 

mm 

m 


B 

B 

■ 

SB 

■■ 

■ 

■ 

■ 

a 

wm 

fl 

■ 

fl 

« 


■ 

B 

SB 

■■ 

■■ 

BBBB 

B 

■ 

■■ 

■ 

B 

wm 

■ 

> 

U 

■ 


B 

B 

■ 

BB 

■■ 

■■ 


■ 

B 

■ 

B 

■ 

B 


■ 

B 

■■ 


Fio 185 


XII, § 207] 


THE CIRCLE 


323 


EXERCISES 

1. Write the equations of the circles described below: 

(a) Center at the origin, radius equal to 5 

(i b ) Center at (1, 2), radius = 4. 

(c) Center at (—3, — 2), radius = 3. 

(d) Center at (a, a) and radius = a. 

( e ) Center at (—2, 1) and passing through the point (3, — 2). 

(/) Center at (2, 1) and tangent to the as-axis 

2 Discuss fully the locus of each of the following equations • 

(а) x 2 -f y 2 — 2 x + 4 y -f 1 = 0 ( d ) x 2 + y 2 + 1=0 

(б) x 2 -f 2/ 2 — 4 x - 6 y = 0 (e ) x 2 -f y 2 -f 2 x — 0 y + 10 = 0. 

(c) + y 2 + 3 x — 4 = 0 (/) 2 c 2 + y 2 -f 2 as + 2 a 2 — 0. 

( g ) 3a; 2 -f-3?/ 2 -h25c — 4y — 8 =0. 

3 What can be said of the coefficients D, E, and C in the general 
equation if the equation represents a circle which 

(а) passes through the origin ? 

(б) has its center on the se-axis ? on the j/-axis ? 

(c) has its center on the line x + y =T0 ? 

(d) touches both axes ? 

(e) has its radius equal to 2 ? 

4 Find the equations of the circles described below 

(а) Passing through the points (0, 2), (1, 4), (1, 0) 

(б) Circumscribing the triangle whose sides are the lines x+ y — 3=0, 
sc — 2y+6 = 0, sc-f-2 = 0 

(c) Inscribed in the triangle whose vertices are (0, 2), (0; — 4), and 

(-4,1). 

(d) Having ( — 2, 4) and (4, — 2) as the extremit’es of a diameter. 

(e) Passing through the points (1, 2) and (2, 1) and having its center 
on the line 2x + 2 / + 2=:0. 

(/) Tangent to both coordinate axes and passing through the point 
(2, 1). How many solutions are there ? 

5 Prove analytically that any angle inscribed in a semicircle is a 
right angle. 

6 Prove that the locus of a point which moves so that the sum of 
the squares of its distances from ar.y number of fixed points is constant 
is a circle Find the coordinates of the center of this circle in terms 
of the coordinates of the fixed points If the number of fixed points is 
three, how is the center of the circle relate 1 to the trfthgle whose ver- 
tices are at the fixed points ? 
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7 . Find tlie equation of the locus of a point which moves so that the 
ratio of its distances from two fixed points is constant and equal to k. 
Determine fully this locus. Examine especially the case k = 1. 

[Hint Let the two fixed points be (a, 0) and ( — a, 0)] 

8 . Draw the loci of Ex. 7 for different values of k Prove that if 
any one of these loci crosses the line joining the two given points in P and 
Q , respectively, and the mid-point of the segment joining the given*points 
is M \ we have MP • MQ equal to the square of half the segment. 


208. Tangent to a Circle. Point Form. In § 184 we saw 

how the slope of the curve Ax 2 4- By 2 -f Dx 4- Ey 4- C = 0 at 
any point (x x , y x ) on the curve could be derived. Applying 
this method to the circle 

x 2 + y 2 Dx ■+■ Ey + C = 0, 


we find the slope m at ( x x ,y x ) on the curve to be 

• 2x x + D 
2yi + Ei 


The equation of the tangent at the point (x x , y x ) is, therefore, 


_ _____ 2x x 


y-yi 


D 


2y x 4~ E 


(x - Xx). 


Simplifying, we obtain 

(4) 2 x x k + 2y$ + Dx + Ey — 2x^ — 2 yf — Dx x — Ey x = 0. 


But (a? x , y x ) is on* the curve, and hence* 

x x 2 + y 2 4- Dx i 4- Ey x 4 * 0= 0. 

If this identity be multiplied by 2 and added to (4) we obtain 

2 x x x 4 - 2 y$ 4 - Dx 4 - Ey 4- Dx x 4 * Ey x 4 - C = 0, 
or 

(5) x,x + y# + 1 D(x + x t ) + 1 E(y + y{) + C = 0. 

As a special case of this equation (for D = 0, 2£= 0, <7 = 
— r 2 ) we obtain thq equation of the tangent to the circle 
sc* -j- y 2 ss r 2 qjb the pointy (a^, y x ) to be 

(6) x& + y^y = r* 



XII, § 209] 


THE CIPHLE 


325 


209. Tangent to a Circle. Slope Form. Another form of 
the equation of a tangent to the circle x 2 + y 2 = r 2 is often very 
serviceable. It is derived as follows. The straight line 
y = mx 4- b meets the <jircle x 2 + y 2 = r 2 m points \frhose 
abscissas are given by the equation 

x 2 4- (mx 4- b) 2 = r*. 


When expanded this equation becomes 

(1 + m 2 )x 2 -f 2 mbx 4. b 2 — r 2 = C . 


The roots of this equation will be real and distinct, real and 
coincident, or imaginary, according as 

4 m 2 b 2 — 4(1 4* m 2 )(b 2 — r 2 ) 


is positive, zero, or negative. 

Translated into geometric terms, this means that the line 

y = mx-j-b will meet 'fche circle in two distinct points, two 

coincident points, or not at all, according as the expression 

above is positive, zero, or negative. If the line meets the 

circle in two coincident points, the line is a tangent. The 

condition . OWTO _ 

4 m 2 b 2 — 4(1 4- m 2 )(b 2 — r 2 ) = 0 


yields, after simplification, 

b 2 = (1 4- m 2 ) r 2 , 

or, b = ± rv/l 4- w?. 


Hence, for all values of m the equation 
(T) y = mx ± r VI 4- m 2 

represents a tangent to the circle x 2 4* y 2 = r 2 . 

9 

It follows at once that for all values of m the equation 
y — k == m(x — h) ± r Vl 4- *n 2 ) 
represents a tangent to the circle (x — h) 2 +(y v— fc) 2 = r 2 . 
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EXERCISES 

1. Write the equations of the tangents to the following circles at the 
points indicated . 

(a) x 2 + y 2 = 26, at (3, — 4). 

(b) x 2 + y 2 = 6, at (- 1, 2). 

(c) x 2 + y 2 = 4, at (0, 2). 

(d) x 2 + y 2 = 13, at the points where x — 3. 

(e) x 2 -f y 2 = 10, at the points where y = 1. 
if ) x 2 + y 2 + 2 x - 4 y = 0, at (1, 1) 

2. Derive the equation of the tangent to the circle (x — h) 2 -f (y — k) 2 
. = r 2 at the point (xi, yi) by making use of the fact that the tangent is 

perpendicular to the radius through the point of contact 

3. Find the intersections of the following circles with the lines in- 
dicated . 

(а) x 2 + y 2 = 6 and y = 3 x + 6. (c) x 2 -by 2 =13and3 x-f 2 y— 13=0. 

(б) x 2 4* y 2 = 26 andx — 2 y — 6 =* 0. (d) x 2 + y 2 = 10 and y = 3 x + 10 

(e) x 2 + y 2 = 4, and y = -2x + 4, y = -2x + 2 V6, y = — 2 x + 5 

Draw a careful figure showing the circle and the three lines 

4 Write the equations of the tangents to the following circles, the 
slopes of the tangents being as indicated. Find the points of contact. 

(a) x 2 + y 2 = 10, slope = — 3 (d) x 2 y 2 — 26, slope = 0. 

(b) x 2 + y 2 = 5, slope = ( e ) (x-l) 2 -f (y-f 2) 2 =10, slope =3. 

(c) x 2 -h = 13, slope = | 

5. Will the equation y = nix ± rVl +P represent any tangent to the 

circle x 2 -h y 2 = r 2 . 4 Why ? 4 

6. What is the point of contact of the tangent y = mx + r VI -f m 2 
to the circle x 2 -f y 2 = r 2 *? From this result derive the equation 
x\x + yiy = r 2 . 

7. Any circle through the origin has an equation of the form 
x 2 +y 2 +Dx+Ey=0 Why? Prove that the equation of the tangent at 
the origin is Dx+^y=0. This may be done in at least two different ways. 

8 Prove analytically that from fen external point two real tangents 

can be drawn to a circle. 

« 

9. Derive the equation y = mx ± r Vl -f m 2 directly from the property 
that a tangent to a circle is perpendicular to the radius through tht point 
of contact. 
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210. The Value and Sign of the Expression x x 2 + y x 2 4- Dx x 

4- Ey x + C. The left-hand member of the standard equation 
(x — h ) 2 + (y — k ) 2 = r 2 represents the square of the distance 
from the point (x, y ) to the point (h, k), Hence the expression 

(8) (x x — h ) 2 + — k ) 2 _ r 2 

?$ positive , negative , or zero according as (x ly y x ) is outside , in- 
side, or on i/ie ci^ie whose equation is (x — &) 2 4- (y — k ) 2 = r 2 . 

Moreover, from Fig. 186 it follows that if (x u y x ) is a point 
outside the circle, the expression (8) 
is equal to the square of the length 
of a tangent drawn from the point 
(o?i, y x ) to the circle. Since the left- 
hand member of the general equation 
x 2 + y 2 4- Dx 4- Ey -h 0 = 0 may be writ- 
ten m the form ( x — h) 2 '+ ( y — k ) 2 — r 2 
we Aay conclude that the sign of the 
expression x x 2 4- y x 2 4- Dx x -f- Ey x 4- C is 
positive or negative according as the point (x h y x ) is outside or 
inside the circle x 2 4- y 2 4- Dx 4- Ey 4- C= 0 ; and, if positive, it 
represents the square of the length of a tangent drawn from the 
point (x h y{) to the circle, # 

211. The Equations of the Tangents from an External 
Point. Suppose we desire to find the equations of the tan- 
gents drawn from an external point (x x , y{) to the circle 
x 2 4- y 2 = r 2 . Three methods will be discussed: 

Example. Find the equations of the tangents drawn from the point 
(4, — 3) to the circle x 2 4- y 2 = 5 

Method 1 Let (xi, yi) be the pomi o i contact of one of the tangents 
The equation of the tangent at this point is x x x + ViV = 5* However, 
since this tangent passes through the point f£, — 3) we have 

(9) 4 xi — 3 3/1 = 6. 




328 MATHEMATICAL ANALYSIS [XII, § 211 

But the point (xi, y\) is on the circle x 2 + y 2 = 6. Therefore 

(10) xi* + yi* = 6. 

Solving equations (9) and (10), we find the points of contact to be (2, 1) 
and (i~ 2/6, — 11/6). Therefore the required tangents are 2 x + y — 6 = 0 
and 2 x + H y 4* 26 = 0. 

Method 2. From § 209 it follows that any tangent (not parallel to 
the y- axis) to the circle x 2 + y 2 = & is of the form y = mx ± V6V1 -f m 2 . 
Since this tangent is to pass through the point (4, — 3) we have 

-3 = 4m ± V5V1 + m 2 , 

which simplifies to 11 w 2 -f 24 m + 4 = 0 , th is gives m = — 2, or — 2/11. 
Substituting these values in y = mx ± V6V1 4- m 2 and simplifying we 
have 2x + y - b = 0 and 2x-flly4-26=0 

Method 3 The equation of any line through the point (4, — 3) is of 
the form y + 3 = m(x— 4) Eliminating y between this equation and 
x 2 + y 2 — b we have 

(11) (m 2 + l)x 2 + x(-8m 2 -6m) + (16m 2 + 24m + 4)=0. 

Now since we desire y -f 3 = m(x — 4) to be tangent, equation (11) must 
have equal roots, i.e (—8 m 2 — 6 m) 2 — 4 (m 2 -f l)(10m 2 + 24m4-4) = O 
or 11 m 2 + 24 m -f 4 = 0 which gives m = — 2, or — 2/11 Theiefore 
the equations of the tangents are2x + y — 5 = 0 and 2x-f-lly+25 = 0. 

212. The Polar of a Point with respect to a Circle. Let 

us apply the first method of § 211 for finding the equations of 
the tangents from an external point to a circle, to the general 
problem of finding the equations of thp tangent from the point 
(a?i, y x ) to the circle x 2 + y 2 = r 2 . The coordinates ( x\ y ') of the 
point of contact are then found by solving simultaneously the 
pair of equations x'x x + y'y x = r 2 , x 12 + y' 2 = r 2 . The first equa- 
tion expresses the fact that the point (x x , y x ) is on the tangent 
x'x + y'y = r 2 ; the second, that (x f , y *) is on the circle. 

This shows tha£ the straight line x x x + y x y = r 2 , where (x x , y x ) 
is any external point, meets the* circle in the points of contact 
of the tangents drawn from (x l9 y x ). In other words, 

(12) x x x + y x y = r 2 

is the eauation of the line joining the points of contact of the 
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tangents through (x Xf y x ), if the latter point is outside the circle. 
If this point is on the circle, we know that (12) is the equation 
of the tangent at the given point. Finally, if (x u y x ) is inside 
the circle, (12) represent^ a definite straight line determined 
by the point and the circle. This straight line (12), whether 
(x u Vi) is outside, on, or inside the circle, is called the polar of 



Fig 187 


( x h y x ) with respect to the circle. The polar of (x u yi) with 
respect to a circle is then a uniquejy determined line for every 
point (x l9 yi) m the plane, except the center of the circle. 
(See Fig. 187.) Why this exception ? 

EXERCISES 

1. Are the following points inside, outside, or on the circle x 2 + y 2 
__2x + 0y-15 = O? (1,2), (1,0), (1,4), (-3,0), (3,0), (0,2), 
(5, 1). For the points outside, find the length of the tangehts, drawn to 
the circle. Draw carefully a figure to illustrate each of your results. 

2 . What is the length of the tangents drawn from (1, 1) to the circle 
whose equation is2x 2 -f2y 2 -|-3x— 5y — 1 = 0? 

[Caution : The equation is not in the standard form.] 

3 Find the equations of the tangents drawn from the following points 
to the circle indicated ^ 

(а) (-2,4), x 2 + y 2 = 10. (d) (3, 2) ; x 2 + = 4. 

(б) (5, - 1) , x 2 + i/ 2 = 13 (e) (4, 3) ; x 2 + j/ 2 = 16 

(c) (3, -1); x 2 +y 2 = 2 ^ (/) (7, 1), *! + *• = 25. 

4 . Find the equations of the tangents drawn from (0, 4) to the circle 
x 2 + y 2 - 2x + 0y — 15 = 0. * 

5 SJiow that the polar of a point P witk respect to k circle is per- 
pendicular to the radius or radius extended through the point P. 



330 MATHEMATICAL ANALYSIS [XII, § 212 

6. Show that if P is inside the circle, the polar of P is wholly outside 
the circle 

7. Show that if the polar of P with respect to a circle whose center is 0 
cuts the line OP m then OP • OQ=r 2 , where r is the radius of the circle 

I^Iint : Let the center 0 be the origin «and the line OP the ce-axis ] 

8. Show that if the polar of a point with respect to a given circle is 
given, the point is uniquely determined. 

[Hint . This follows directly from the results of Exs. 5 and 7 , or it 
may be proved directly by identifying the given polar ax 4- by + c = 0 
with the equation x& -|- yiy = r 2 In the latter case we should have 
X\/a = yi/b = — r 2 /c, which determines a&i, yi uniquely.] 

9. A straight line is drawn through a given point P, cutting a given 
circle in the points A and B. Calculate the length of the segments PA 
and PB. Let P be chosen as origin and the line through P and the 
center of the circle as z-axis. The equation of the circle is then x 2 4- y 2 
+ Dx + C = 0. If p is one of the segments PA or PB and a is the 
angle which PA makes with the a*-axis, the cooidinates of A or B are 
(p cos a, p sin a). Since this point is on the circle we have the equation 

(p cos a) 2 4- (p sin a) 2 4- Dp cf*s a 4- C ±= 0 
for determining the two values of p. This equation reduces to 
p 2 4- D cos a • p 4- (7=0. 

It may be noted that the product of the roots pip 2 of this equation is C, 
i.e. independent of a What theorem of elementary geometry does this 
prove ? Prove also that the product PA • PB is positive or negative 
according Ks P is outside or inside the circle 

213. The Intersection of Two Circles. Given two circles 
x 2 + y 2 + D\X + E x y 4 - (7i = 0, 
and x 2 4- y 9 - h Djpc + E^y -f 0 2 = 0. 

The coordinates of the points of intersection are found by 
solving the equations simultaneously. Subtracting the equa- 
tions, we have 

(A - D 2 )X + (A + c x - a = 0. 

Every point common to the two circles will satisfy this last 
equation, which is the equation of a straight line. Th^efore 
the problem of finding the points of intersection of two circles 
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is equivalent algebraically to that of finding the intersections of 
a straight line and a circle. This problem leads essentially to 
the solution of a quadratic equation in one unknown. There- 
fore we may conclude that; two circles may intersect in £wo 
distinct points (two real roots), may be tangent to each other 
(coincident roots), or may not intersect at all (imaginary roots).* 

214. Orthogonal Circles. Two circles which intersect at 
right angles are said to be orthogonal . In this case the tan- 
gents to the two circles at a point of 
intersection must be perpendicular, and 
the two tangents pass respectively through 
the centers of the circles (Fig. 188). The 
condition for orthogonality is then simply 
that the sum of the squares of thq radii 
of the circles shall be equal to the square 
of the distance between their centers. If the centers are 
Ci(h l9 k t ) and C 2 (h 2 , k 2 ) and the radii are r t and r 2 respectively, 
the condition for orthogonality is 

rf +r t * = (h l -h t )* + (k l --k i )\ 

If the equations of the circles are 

m x * 2 + y 2 +,A* + E <y + G i = °> , 

' ' X* + y 1 + D& + E$ + C 2 = 0, 

this condition becomes (see § 206) ’ 

A 2 + A 2 — 4 C \ , A 2 + A 2 - 4 c , _ (A - A) 2 , (A - A) 2 

4 + 4 ““ 4 4 ’ 

which when simplified gives 

A A 4- A A -fi(Ci+ C 2 ) = 0.’ 

* The reasoning above breaks down, if Z)j - Z> 2 — O and E\ — E 2 = 0, that is 
when the circles are concentric In this case, unless 0\ — 0 2 — 9 a ^ so (* n which 
case the Wo circles coincide), the two equations are inconsistent and have no 
common solution, real or lmjjiginary. 
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215. Pencil of Circles. Let the left-hand members of the 
equations (13), § 214, be represented by M x and M 2 respectively. 
Let us consider the locus of the equation 
(If) M 1 -kM 2 ^0 1 

where k is an arbitrary constant. This equation may, if k =£ 1, 
be written m the form 


(15) 


x* + y 2 + 


D\ — kD 2 
1 — k 


x + 


E 1 — kE 2 . 
1—k y ^ 


Ci — kC 2 a 
1 -k 3 


which represents a circle for each value of k( ^ 1). When 
k=zl, equation (14) represents the straight line 
(16) (D l - D 2 )x + (E x - E 2 )y + Ci - <? 2 = 0. 

The system of circles obtained by giving different values to 
k , is called the pencil of circles determined by the two given 
circles. The straight line (16) is called the radical axis of 
the two given circles, and of the pencil. 

The following properties of a pencil of circles are readily 
proved : 

If the two given circles intersect in two points A and B y every 
circle of the pencil passes through A and B. 

If the* two given circles are tangent to each other at a point A , 
all the circles of fhe pencil are tangent gt A. 

Through any point in the plane not on the radical axis of the 
circles passes one and ogly one circle of the pencil. The proofs of 
these theorems are left as exercises. 

Further properties of pencils of circles will be found in the 
following exercises. 

EXERCISES 

1. Find the coordinates of the joints of intersection of the following 
pairs of circles : 

(а) x 2 + y 2 — 6 and x a -|-y 2 -h2x — 4j/-hl =0. 

(б) x 2 + x + 2 y = 8 and x 2 + y 2 + 2 x — 4 y = 0. 

(c) x 2 -f y* + 2 x - 17 = 0 and V + y 2 - 13.= 0. 
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2. Write the equation of the radical axis oi each pair of circles given 
in Ex. 1 

3. Prove that the tangents drawn from any point of the radical axis 
of two circles to the two circles are equal. 

4. Prove that the circles x 2 -F- y 2 -f- 6 a? — 2 y + 2 = 0 and x 2 + y 2 + 4 y 
+ 2 = 0 are tangent to each other. Find their point of contact and the 
equation of their common tangent. 

5. Find the equation of the circle through the intersections of the 
circles as 2 + y 2 — 4 x — 4 = 0 and x 2 + y 2 + 2 a — 6 y — 2 = 0 and the point 
(3, 3). [It is not necessary to find the intersections.] 

6 Prove that the following circles are orthogonal x 2 +y 2 — 2cc—4=0 
and x 2 +y 2 — 6 y+4=0 In general for the circles sc 2 + y a + Dsr — 0 = 0 
and a; 2 + y 2 + Ey + O = 0 

7. Determine 0 so that ce 2 + y 2 — 2 x + 4 y — 8 = 0 and x 2 + y 2 + 2 x 
+ 0 = 0 are orthogonal 

8 Prove that the locus of the centers of the circles of a pencil is a 
straight line perpendicular to the radical axis of the pencil. 

9. Prove that if the radicaj axis of a pencil of circles is chosen as the 
y-axis and the line of centers as the x-axis, the equation of any circle of 
the pencil is of the form x 2 + y 2 + kx + <7 = 0, where O is the same for all 
circles of the pencil , and that all circles obtained by varying k in this 
equation are circles of the same pencil 

10 The circles of the pencil in Ex. 9 intersect in distinct points, are 
tangent to each other, or do not intersect at all, according as O is negative, 
zero, or positive. In case O = 0, all the circles of the pencil are* tangent 
to one another at the origin Draw carefully three figures, illustrating 
the three kinds kinds of pencils here indicated 

11 . Find the equation of a circle which is orthogonal to two given 
circles of the pencil in Ex. 9. 

[Hint • Let the two given circles be 

x 2 + y 2 + k\X +(7=0 and x 2 + y 2 + +(7 = 0, 

and let the required circle be x 2 + y 2 + D 2 x + E 2 y + C 2 = 0. If this circle 
is to be orthogonal to each of the given circles we must # have (§ 214) 

Drfci - 2(C + C f ) = 0 ancf D 2 k 2 - 2(0 + 0 2 ) = 0. 

These equations give D 2 = 0 and C 2 = — O. Henc® the required equation 
is x 2 +y 2 +^ 2 y— 0=0 This yields two remarkable results • (1) The coeffi- 
cient E 2 ffe undetermined, and by varying E 2 have a pencil of circles 
each of which satisfies the condition of being orthogonal to the two given 



334 


MATHEMATICAL ANALYSIS [XII, § 215 


circles (2) The equation found is independent of fa, and fa. Hence, 
every circle of the pencil just found is orthogonal to each of the circles of 
the given pencil. Writing l for E 2 to obtain uniformity of notation, we 
ha v « *™nd two pencils of circles 

x 2 + y 2 + kx -f V = 0 
and x 2 + y 2 4- ly — C = 0, 

such that every circle of either pencil is orthogonal to each circle of the 
other pencil. These two pencils of circles are said to form an orthogonal 
system. (See the adjacent figure.)] 



12 In an orthogonal system of circles, the centers of the circles of one 
pencil are on the radical axis of the other pencil. 

13 If the circles of one pencil of an orthogonal system intersect m two 
distinct points A and B , tfie circles of the other system do not intersect at 
all, but pass between the points A and B. 

14 . If the circles of one pencil of an orthogonal system are mutually 
tangent to each other at a point A, the circles of the other pencil are also 
mutually tangent at A. 

15 Prove that the three radical fixes of three circles (not belonging to 
the same pencil) takes two by two intersect in a point This point is 
called the radical center . Show that it is the center of a circle orthogonal 
to each of the*three given circles and that the tangents drawn frt>m it to 
the given circles are equal. 
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MISCELLANEOUS EXERCISES 

1. Find the condition that ax +■ by + c = 0 be tangent to the circle 
x 2 -f y 2 = r 2 . 

2 . Find the equation of the circle passing through the points (0,^0), 
(<z, 0), and (0, 6). 

3 Show that the equation of the circle having the points (xi, y{) and 
(x 2 ) 2 / 2 ) as the extremities of a diameter is (x — xi)(x — X 2 ) 4- (y — y\) 

(: y - y*) = 0 . 

[Hint The circle is the locus of the vertex of a right angle whose 
sides pass through the given points.] 

4 Find the equation of a circle which is tangent to the lines x = 0, 
y = 0, and ax -f by + c = 0 

5 A line is drawn through each of the points (a, 0) and (— a, 0), 
the two lines forming a constant angle 0. Find the equation of the 
locus of their point of intersection. 

6. A stiaight line moves so that the siqn of the perpendiculars drawn 
to it from two fixed points is constant. Show that it is always tangent to 
a fixed circle 

7. Give a geometrical construction for the polar of a point with 
respect to a circle. 

8. If the polar oi F v,***v P passes through $, then the polar of Q 
passes through P. 

9 Find the equations of the common tangents of the circles x 2 +y 2 = 5 
and x 2 H- y 2 — 10 x + 20 = 0. 

10. Find the locus of a point which moves so that the length of a tan- 
gent drawn from it to one given circle is k times the length of a tangent 
drawn from it to another given circle. 

11. Find the equation of a circle through the points of intersection of 
x 2 + y 2 = 4 and x 2 +y 2 — 2 x-f 4y+4=0 and tangent to the line x— 2y=0. 

12 Show that the polars of a given point P with respect to the circles 
of a pencil pass through a fixed point, unless P is on the line of centers 

13 A point moves so that the sum of the squares of % its distances from 
the sides of a given square is constant.* Show that its locus is a circle. 

14. A point P moves so that its distance from a^ixed point A is always 
equal to k times its distance from another fixed point B. Show that its 
locus is m circle, if k l. Show also that*for different* values of k 
these circles have a common radical axi& 
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15. A line rotating about a lixed point 0 meets a fixed line in a point 
P. Find the locus of a point Q on OP such that OP OQ is constant. 

16 Prove that among the circles of a pencil there are at most two which 
are tangent to a given straight line (unless all the circles are tangent to 
the line) . When is there only one ? None ? 

[Hint . Let the given line be the 5e-axis ] 

17 Inversion with Respect to a Circle. Given a circle with center 0 
and radius r. Corresponding to any point P in the plane (distinct from 0) 
there exists a unique point P' on OP such that OP • OP ' = r 2 . The 
point P ' is called the inverse of P with respect to the given circle Prove 
the following propositions : 

(a) If P is the inverse of P, P is the inverse of P f 

( b ) If P is inside the given circle, P is outside , and vice versa. 

(c) Every point on the given circle corresponds to itself. 

(d) If the coordinates of P and its inverse P' are ( x , y) and (sc', y ') 
respectively, referred to two rectangular axes through O, we have 


x' 


r 2 x 

x‘ 2 + y 1 ' 


r*y* 

sc 2 + y 2 ’ 


and 




_ rV 

X t‘2 _|_ yl 2 


( e ) If a point P describes a curve, the inverse P' describes a curve 
called the inverse of the former curve. The inverse of any straight line 
through 0 is this line itself. 

(/ ) The inverse of any line not through O is a circle through 0, and 
the inverses of parallel lines are circles tangent at 0. 

($0 inverse of any circle is a circle, unless the given circle passes 
through 0, in which case its inverse is a straight line. 

( h ) Two orthogonal circles or lines hav f e orthogonal inverses. 

(i) Any circle orthogonal to the given circle is its own inverse. 

(j) The adjoining figure illustrates a 

simple mechanism for changing circular 
motion into rectilinear motion. It is known 
as the inversor of Peaucellier The heavy 
lines represent rigid bars, hinged at their 
extremities. The sides of the quadrilateral 
ABCD are all equal and OB = OZ?= p, 
Pro?e that if 0 is fixed and the mechanism 
is allowed to move in any way it can, C is 
always the inverse of A with respect to a circle with center 0 and radius 
r = v^ 2 — /o 2 , where l is thl side of the rhombus ABCD . Henca, if A de- 
scribes a circle through 0, C will describe a straight line. 




CHAPTER XIII 


THE CONIC SECTIONS 

216. Definition of a Conic. A conic section * or simply a 
conic is defined as the locus of a point which moves so that its 
distance from a fixed point, F u is always equal to a given 
constant, e, times its distance from a fixed line D X D X . 

The fixed point F x is called the focus. The fixed straight 
line D x Di is called the directrix. The constant e is called the 



Fig 189 


eccentricity. It is assumed that e > 0 and that F x does not 
lie on D X D X . 

If P (Fig. 189) is any point on the curve, we have, by 
the preceding definition, 

(1) F X P » e • MP , 

where MP is the perpendicular distance of P from the 
directrix. It must be remembered that F X P and MP are 
absolute quantities, not directed quantities, *and that e is 
positive. 

* The name “conic section” is due to the fact that the curves in question 
were originally obtained as the sections of a Fight circular cone. They 
were discussed from this point of view by the ancient Greeks 
z 837 
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217. The Equation of a Conic. Let the directrix be chosen 
as the y-axis and the line through F x perpendicular to the 
directrix as the as-axis (Fig. 190). The coordi- 
nates of F x may^ then be taken as ( p , 0), 
where p is different from zero. Let P (x, y) 
be any point on the conic. Then 


r 

A 

M 


4 


Z. 




P J$p.o)X 


Fig 190 


and 


F 1 P = >/(x—py + y% 
MP = + x or — x 


according as x is positive or negative. 

then becomes 

V(x — p) 2 -f y 2 = ± ^x. 


Equation (1), § 216 


Squaring both sides of this equation and simplifying, we have 
(2) (1 — e 2 ) a 2 + y 2 — 2 px + p 2 as 0. 

This is the equation of the conic. i For, the coordinates of 
every point (x, y) satisfying the definition of the conic will 
satisfy equation (2), and conversely, every point whose coor- 
dinates satisfy equation (2) will satisfy equation (1). Why ? 

This is an equation of the type considered m § 183. It 
represents an ellipse if 1 — e 2 > 0, a hyperbola if 1 — e 2 < 0, 
and a parabola if 1 — e 2 = 0. Hence we have, 

A conic is an ellipse , a parabola , or a hyperbola according as 
the eccentricity e is less than 1, equal to 1, or greater than 1. 


THE ELLIPSE 

218. Standard Equation of the Ellipse : e < 1. We have 
seen in § 183 how to determine the locus of equation (2) 
by completing the square. . If we apply the same method 
here, equation (2) i^iay be written in the form 


/o\ 


r~ 5 • 2j» 


±jf. "li y 2 


<21 
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or 

W 


fa - - JE — T+- 


jr 


p 2 e 2 


e 2 (1 - e 2 ) 2 


Since 1 — e 2 is positive by hypothesis this equation represents 
an ellipse whose center is at the point (p/( 1 — e 2 ), 0), and 
whose axes coincide with the two y^ 
straight lines x = p/( 1 — e 2 ) and y = 0 
(Fig. 191). 

Let us move the curve parallel 
to the ataxia through a distance 
—p/( 1 — e 2 ), i.e. to the left if p > 0. 

Then its center comes to the origin, 
and its equation becomes 


( 5 ) 

or 

( 6 ) 


x 2 + 


r 



Fig 191 


1-V (1 - e 2 ) 2 ’ 


X 2 


If we place 


(j) 


p2 e 2 

(1 — e 2 ) 2 

j?e 2 


+ 


p 2 e 2 


. 1 . 


(1 - e 2 ) 2 


a-, 


^ 2 -=5 2 , 

1 -e 2 ’ 


the equation of the ellipse in its new position, i.e. with its 
center at the origin (Fig. 192), becomes 



Ffo. 192 


(I*) 


l 2 4.yl=i 

a 2 b 2 


From (7) we have 

(8) b 2 sss a 2 (l 9 — e 2 ), 

which shows that b < a, since e < 1. 
If the ellipsg is given ^n the form 
(I x ), a and b are known. Then the 
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value of e can be found in terms of a and b by solving equation 

(8) ; this gives 

(9) = 

v ' a 2 


219. Properties of the Ellipse. It is important to distin- 
guish between the properties of a curve as such and those 
properties which are concerned merely with the relations the 
curve bears to the coordinate axes. Thus the ellipse, as a 
certain kind of curve, is symmetrical with respect to two 
perpendicular lines called the axes of the curve. The longer 
of the segments on these lines cut off by the curve is called 
the major axis , the shorter one, the minor axis . The inter- 
section of the two axes of the curve is called the center of 
the ellipse. 

Every ellipse, no matter how it is situated in the plane 
of coordmates, has a major axis and a minor axis as well as a 
center. From the way in which the equation was derived, we 
know also that every ellipse has a focus and a directrix. The 
symmetry of the curve with respect to the y-axis shows that 
this same curve could have been obtained from a second focus 
F 2 and a second directrix D 2 D 2 ' on the opposite side of the 
center. 

We shall now investigate how the two foci and the two 
directrices are related to the major axis, the minor axis, and 
the center. 


220. Foci and Directrices. The original position of the 
focus F x was (p, 0) ; the abscissa of its new position is 


P c = P& 
1 -e 2 1 - 


Since from* (7) we know that,pe/(l — e z )= a, we find the 
coordinates of the focus F x in the new position to be ( — ae, 0). 
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(See Fig. 193.) Similarly the equation of the uuectrix D\Di 
in its new position is 


or 

( 10 ) 


* = 

1 - e 2 ’ 


x a 

e 


The second focus F 2 has the 
coordinates (< ae, 0). The second 
directrix D 2 D 2 has the equation 


B 

I I 




BS 

391 

■ 


w&mMnmH 

mrtrmwM 



■ 


1 




9 


Fia. 193 


( 10 ') 


a 

x =-• 
e 


£21. The Ellipse in Other Positions. If the center of 
the ellipse is at the origin and the major axis is on the y-axis, 
the equation of the ellipse is 

• *2 


(I„) 


: + r = i 

&2+V ’ 


where, as before, 2 a is the length of the ’major axis and 2 b is 
the length of the minor axis. The foci of this curve are at the 
points (0, ae), (0, — ae) ; the equations of the directrices are 
y = ± a/e . 

The equation of an ellipse whose center is at the point 
( h , k) and whose axes are parallel to the coodinate axes is 

(ii.) > b ) 

or 

(ii.) («>*) 


according as the major axis is parallel to the«05-axis or to the 
y- axis. Finally we can reduce an equation of the form 


(in) 


Ax 2 -f- By 2 -f Dx + Ey -f C = 0, A > 0, B > 0, 
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222. The Case a = b. The Circle. If a = b the equation 
(I x ) reduces to the equation of a circle. The relation a = b 
implies, however, that e = 0 and this value of e is excluded in 
the definition of a conic. On the other hand it is clear that 
for a given value of a, as the eccentricity approaches zero, the 
ellipse approaches a circle. At the same time, the foci ap- 
proach the center, and the directrices recede indefinitely. 
Why ? Since the circle is a limiting form of an ellipse it is 
classified as an ellipse with equal axes and is counted among 
the conics. 


223. A Geometric Property of an Ellipse. An important 
geometric property of any ellipse follows from the fact that 
the distance from the center to either focus, which we shall 
denote by c, is given by £he relation 


Qr 

(ii) 


c = ae = V a 2 — ' b 2 , 


c 2 = a 2 - fc 2 . 


This relation shows that c, a, and b are the sides of a right- 
angled triangle m which a is the hypotenuse (Fig. 194). In 
other words, a circle drawn with its center 
at an extremity qf the minor axis and with 
its radius equal to a, will cut the major axis 
irk the foci , F x and F 2 . 

In computing the elements of an 
ellipse from a and b , it is generally con- 
venient first to find c from (11) and then 




[B 

/X & 


AT\ 

«\/U 

\F^-SL 



Fig. 194 


to find e from £he relation* 

( 12 ) 


e = - • 


* This relation is equivalent to (9), § 218 It may be expressed by saying 
that e is the oonne of the angle CF<fB, Fig 194. 
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Tne extremities of the major axis are called the vertices of 
the ellipse. 

The chord through a focus perpendicular to the major 
is called a lotus rectum . Lbs length is 2 b 2 /a . Why ? 

224. Illustrative Examples. Example 1. Given the ellipse 
4 x 2 + 9 y 2 — 36 = 0 

Find the coordinates of the center, the vertices, the foci, and the equa- 
tions of the directrices 

The given equation may be written in 
the form 

9 4 

from which follows that a = 3, 6 = 2. 

Therefore c = V a 2 — 6 2 = VE and e = V5/3. 

The coordinates of the center are (0, CP), 
the vertices (3, 0) and (— ^ 0), the foci 
(— V6, 0) and ( V6, 0) and the equations of 
the directrices are z = — 9/ V6 and x— 9/y/E 
(Fig. 196). 

Example 2. Find the coordinates of the center, the vertices, the foci, 
and the equations of the directrices of the ellipse 

25 x 2 + 9 y 2 - 60 x+ 30 y - 164* = 0. 

♦ From § 183, we know tl»at the given equa- 
tion may be written in the form 

25(ce — l) 2 *f 9(3/ + 2) 2 = 226, 
or 

(*-i) 2 + (y + 21? -i, 

9 25 

We now conclude that the center is at 
(1, — 2), and that the m*tjor axis is parallel 
to the y-axis. Here a = 6, 6=3, c = 4, e = $ 
and a/e = Sketching the ellipse we find 
from the figure tljat the vertices are (1, 3) 
and (1,-7), and the foci (1, 2) and # (l, -6) The equations of the 
directrices are u = 17/4. v«= — 33/4. 



Fig. 196 



Fig 196 


344 


MATHEMATICAL ANALYSIS [XIII, § 224 


EXERCISES 


In the following ellipses determine the major axis, the minor axis, the 
coordinates of the center, the coordinates of the vertices and foci, and the 
equations of the directrices. Sketch the curves. 


1 

3 a! 2 

+ 4 y 2 = 12 

7 . 

3 x 2 + 3 2 / 2 = 12 

2 . 

4 x 2 

+ 32/ 2 = 12. 

8 . 

x 2 + 2 1 / 2 = 8. 

3 

4x 2 

+ y 2 = 16. 

9 

4 x a + 9 y 2 — 10 x— 18 2 /— 23 =0. 

4 

30 x 

2 + 25 y 2 = 144 

10 . 

9 x 2 + 25 y 2 — 150 y = 0 

5 

2 x 2 

+ 42/ 2 = 3 

11 . 

4x 2 + 2/ 2 — 8x + 42/ + 4=0. 

6 

6x 2 

+ y 2 = 76. 

12 . 

9x 2 + 4 2/ 2 + 30 x— 102/+10=O. 


13 . Write the equation of the following ellipses 

(а) Center at origin, major axis = 4 on x-axis, minor axis = 3. 

(б) Center at origin, major axis = 5 on y-axis, minor axis = 3 

(c) Center at origin, major axis = 6, minor axis = 3 (two solutions). 

(d) Center at origin, eccentricity 4/5, foci at (—2, 0) and (2, 0) 

( e ) Center at (1, 2), major'axis = 6 parallel to x-axis, minor axis = 4. 

(/) Foci at (0, 2) and (0, 8), major axjs = 10 

14 . An ellipse has it3 center at the origin, and its axes coincide with 
the coordinate axes. The ellipse passes through the points ( V7, 0) and 
(2, 1) Find its equation. 

[Hint. Assume the equation of the ellipse m the form (I*) Find a 
and b from the fact that the ellipse must pass through the given points ] 

15 . tfind the equation of the ellipse symmetrical with respect to the 
coordinate axes if the major axis is twice the minor axis and the curve 
passes through th‘e point (2, 1) How maViy solutions ? 

16 . Show that the equation of the ellipse whose vertex is at the origin 
and whose major axis is «>n the x-axis is of the form a 2 y 2 = b 2 { 2 ax — x 2 ) 

17 . Verify equation (I*) by deriving the equation of a conic whose 
focus is at (— ae, 0) and whose directrix is the line x = — a/e. 

18 Find the equation of the ellipse whose focus is at (0, 0), whose 
directrix is the line x + y — 1 = 0 and whose eccentricity is 1/2. 

19 . Find the equation of the ellipse whose eccentricity is 1/3, whose 
focus is at (3, 1) and jvhose directrix is the line 8 x + 4 2 / — 1 = 0 

20. Find the equation of the conic whose focus is at (2, 1), whose 
eccentricity is 3, and whose directrix is the line 3 x + y = 1. What kind 
of a conic is the curve ? 
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225. Focal Radii. The segments J *\ P and F 2 P joining any 
point P on an ellipse to the foci F u F iy are called the focal 
radii of the point P. 

If the equation of the ellipse is given in the standard form (t x ) 9 
the focal radii of any point P(x h y{) are a — ex ly a + ex v 



For, from the definition of an ellipse (Fig. 197), 

PiP = e • M x P y F 2 P = e • PM 2 

But from the figure, we have also 

M x P=-+x x , PM 2 = --x x . 
e e 

Therefore the focal radii are 

F X P = a -f ex l9 F 2 P = a — ex x . 

From these relations follows the important property : 

The sum of the focal radii of any point of an ellipse is constant 
and is equal to the major axis 2 a. 

It may be noted that this relation still Isolds when the 
ellipse is a circle (e = 0), although the method of its derivation 
is not applicable in this case. An ellipse could, therefore, be 
defined jts the locus of a point which moi#s so that the sum of its 
distances from two fixed points {the foci) is constant 
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226 . Geometric Constructions of the Ellipse. The property 
of the ellipse derived in § 225 gives the construction indicated 
in Fig 198 for the points of the ellipse when the foci and 
th# major axis are given. 



Fig 198 


The segment AB is the major axis. Different positions of P 
on this segment give corresponding values AP and PB of the 
focal radii of a point on the ellipse. Circles drawn with these 
radii and centers at the foci intersect m points of the ellipse. 
To each position of P on AB correspond four points of the 
ellipse. 

A very convenient method of drawing an ellipse is. indicated 
in Fig. 199. Two pins are stuck in the paper at the foci and 



Fig. 199 


a loop of thread thrown over them. If a pencil point is in- 
serted in the loop and moved so as to keep the thread taut, it 
will describe an ellipse. Why ? 

Another method bf constructing an ellipse (much used by 
draftsmen) is based onHhe fact (§ 179) that if the ordinates of 
the circle x % + y 2 = a 2 are shortened in the ratio b: a (b < a) 
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there results an ellipse with major axis 2 a and minor axis 2 6. 
The adjoining figure (Fig. 200) exhibits the method. Explain 
and prove the method correct. 



[Hint The two circles l^mg of radii b and a respectively, we have 
OR/ OQ = b/a, hence, MP/MQ = b/a. Why ?] 

EXERCISES 

1. Construct an ellipse whose foci are 2 inches apart and whose major 
axis measures 3 inches 

2. Construct an ellipse whose major and minor axes are 2 and 1.6 
inches respectively 

3 From the property of §*226 derive the equation 6f an ellipse. 

4 From Fig. 200 show that the coordinates (#, y) of any point on the 
ellipse (I x ), p 339, are given by the equations 

x = a cos 0, y = b sin 0, 

where 8 is the angle MOQ. Do these values of x, y satisfy the equation 
of the ellipse for all values of 8? 

6 From the relation between the ordinates of a circle and an ellipse 
whose major axis is equal to the diameter of the circle prove that any* 
plane section of a circular cylinder is an ellipse, provided the plane of 
section is not parallel to an element of the cylinder. 

6. Piove from the result of the last exercise that a propdVly determined 
plane section of an elliptic cylinder is a*circle. 
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THE HYPERBOLA 

227. Standard Equations of the Hyperbola. If e > 1, then 
1 — e 2 < 0, and it is convenient to write (2), § 217, m the form 

(13) (e 2 — l)x 2 — y 2 + 2 px — p 2 = 0. 


Completing the square and transforming as in § 218, we 


obtain 



y 2 _ p 2 e 2 
e 2 -l“ (e 2 -l) 2 ‘ 


This equation represents a hyperbola whose center is at the 
point (— p/(e 2 — 1), 0) and whose axes coincide with the lines 
x~ — p/(e 2 — 1), and y = 0 (Fig. 201). 



Fig 201 Fig 202 


If the iurve is moved parallel to the aj-axis so that its center 
coincides with the origin (Fig. 202), it$ equation becomes 



(i.) 


a 2 i> 2 
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From (14) we have the relation connecting a, &, e as 


or 

(15) 


6 2 ^a 2 (e 2 - 1), 


6 ' a?~ 


Here, as in the case of the ellipse, it is important to note 
some of the properties of the curve. It is seen that the 
locus is symmetrical with respect to the line passing through 
the focus and perpendicular to the directrix. This line is called * 
the principal axis and the segment of this line intercepted by 
the curve is called the transverse axis and its length is 2 a. 
The extremities of the transverse axis are called the vertices , 
and the pqjnt midway between the vertices is called the center . 
The curve is also symmetrical with respect to the line through 
the center and perpendicular to the transverse axis. The seg- 
ment on this line whose length is 2 b and whose mid-pomt is 
at the center of the hyperbola is called the conjugate axis. 

If a hyperbola has its center at the origin, and if its trans- 
verse axis 2 a is on the y-axis, and its conjugate axis is 2 5, its 
equation is 


K v) b 2 a 2 

The equation of a hyperbola whose centa? is at the point 
(h, k ), whose transverse axis is 2 a, and whose conjugate axis 
is 2 6, is 

(h.) or (ii,) 




b 2 


according as the transverse axis is parallel to the a?-axis or the 
y-axis. 

The equation of any hyp^i uola with^ axes parallel to the 
codrdinate axes may be written in the form 

(III, Ax 2 + By 2 + Dx+Ey+.C = 0, A>0,B<0; 
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and every equation of this form (A > 0, B < 0) represents a 
hyperbola or a pair of straight lines (cf. § 183). 

As m the case of the ellipse, it is easy to show that every 
hyperbola has two foci on the transverse axis, one on each 

side of the center and at a distance 
c from the center, where 

C2 = 2 = q2 _ 

With each focus is associated a 
directrix perpendicular to the trans- 
verse axis and at a distance a/e 
from the center (Fig. 202). 

The latus rectum , i.e. the chord 
through the focus and perpendicular to the transverse axis pro- 
longed, is of length 2 b 2 /a. t The asymptotes of the hyperbola 




228. Geometric Properties of the Hyperbola. The segment 
from the center to a focus of a hyperbola is the hypotenuse of 
a right-angled triangle whose legs are the semi-transverse and 
semi-conjugate axes . Why? It is readily seen, moreover, 
that, if a rectangle bq constructed by drawing lines through 
the extremities of each axis parallel to the other axis, the 
diagonals (extended) of this rectangle are the asymptotes of 
the hyperbola (Fig. 202). The circle drawn on either diagonal 
as a diameter passes through the foci. Why ? 


229. Illustrative Examples. 

Example 1. Find the coordinates of the center, the vertices, and the 
foci, and the equations of thtfdirectrices and the asymptotes of the hyperbola 
4 x 2 — $ y 2 -f 30 = 0.. 
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The equation is readily transformed into the form 


9 4 


- 1 . 


It is now seen that the center is at the 
origin and that the transverse axis is along 
the y - axis (Fig. 203). The vertices are 
(0, 2) and (0, — 2). Since c = vTS, the 
coordinates of the foci are (0, Vl3) and 
(0, — VlS). The asymptotes are given 
by 4x 2 - 9 y 2 — 0 or 2 x — 3 y = 0 and 
2x -f Sy = 0 Since e = \/l3/2 the equa- 
tions of the directrices are 



Fig 203 


Example 2. Find the coordinates of the center, the foci, and the ver- 
tices, and the equations of the asymptotes and the directrices of the 

hyperbola* 

* 16 x 2 - 9 y 2 + 32 x + 64 y - 209 = 0 

The given equation may be written in 
the form 

16(x -f l) 2 — 9(y — 3) 2 = 144, 
or 

(x + l) 2 (y- 3)^ i 

9 16 • 

t The center is therefore at the point 
( — 1, 3) and the transverse axis is parallel 
to the x-axis (Fig. 204). Since a = 3, the 
vertices are (2f 3) and (—4, 3). More- 
over, since c = \/9 + 16 = 5, the foci are 
at the points (4, 3) and (—6, 3). Like- 
14 4 

wise, e = c/a = 5/3 and hence the directrices are x , x = - The 

asymptotes are given by ^ 

16(x 4- 1) 2 — 9^y — 3) 2 = 0. 

Why? That is, the asymptotes are the lines 

4x — Sy + 13 = 0, 
and * 

4 x -f 3 y — 3 = 0. 



Fig 204 
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EXERCISES 

For each of the following hyperbolas determine the transverse axis, the 
conjugate axis, the coordinates of the center, the coordinates of the ver- 
tices«and the foci, and the equations of the directrices and asymptotes. 
Sketch the curves. 

1. Sx 2 -4y 2 =12 7 . -9x2 + 2,2 = 30. 

2 . 4 x 2 — 3 y 2 = 12. 8 . y 2 - 2 x 2 = 4. 

3 . 4 x 2 — 3 y 2 = — 12. 9 4x 2 - 12y 2 - 8x - 24y - 66 = 0. 

4 3 x 2 — 4 y 2 = — 12. 10 . 6 x 2 - 4y 2 + lOx + 26 = 0. 

5 . - 36x 2 + 25y 2 = 144. 11 9x 2 - 16y 2 + 18x - 96y - 279 = 0. 

6. x 2 — y 2 = l. 12 . x 2 - y 2 + 2x - 2y = 2. 

13 Write the equations of the following hyperbolas : 

(а) Center at origin, transverse axis = 6 on x-axis, conjugate axis = 4. 

(б) Center at origin, transverse axis = 8 on y-axis, conjugate axis = 10. 

(c) Center at origin, transverse axis and conjugate axis = 4, axes 
coinciding with coordinate axes Two solutions. 

( d ) Center at origin, focus at (6, 0) and transverse axis = 8 

(e) Center at origin, transverse axis = 8* focus at (0, 6) 

(/) Center at origin, focus at (6, 0), conjugate axis = 8. 

(g) Center at (1, 2), transverse axis = 6 parallel to x-axis, conjugate 
axis = 4. 

( h ) Center at (0, 3), focus at (0, 6), conjugate axis = 2V3. 

(i) Foci at (1, 2) and (1, — 8), transverse axis = 6. 

14 . A hyperbola has its center at the origin and its axes on the 
coordinate axes, it passes through the points (0, \/3) and (2, 3). Find 
its equation. 

[Hint. Since one point of the hyperbola lies on the y-axis, the equation 
may be assumed m the forip I„, i.e 

^_£L 2 = _ i 
b 2 a 2 

and a and b may then be determined.] 

15. Show that the equation of any hyperbola whose vertex is at the 
origin and whose transverse axis is ,on the x-axis is of the form a 2 y 2 = 
6 2 (2 ax + x 2 ). (See Ex. 16, p. 344 ) 

16 . A hyperbola whose asymptotes are at right angles is called rectan- 
gular. Prove that the equation of a rectangular hyperbola may betwritten 
in the form x 2 — y 2 = a 2 . 
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230. Focal Radii of the Hyperbola. If P(x v y x ) is any 

point on the hyperbola whose equation is 

3L 2 __ £. _ i 
a 2 6 2 


the focal radii F X P and F 2 P are given by the equations 
F X P = ex x -b a, JP 2 P = — a. 

The proof of the above statement is left as an exercise. It 
is analogous to the corresponding proof m the case of tin 
ellipse (§ 225). 

Hence, the difference of the focal radii of any 'point on a hyper 
hola is a constant . 

A hyperbola could, therefore, be defined as the locus of 
a point which moves so that the difference of its distances fron 
two fixed points (the foc^) remains constant. 


231. Conjugate Hyperbolas. Any hyperbola determines 
uniquely a second hyperbola whose transverse and conjugate 
axes coincide in position and length with the conjugate and trans 
verse axes respectively of the first 
hyperbola (Eig. 205) . Thus, if the 
equation of the first hyperbola is 

— — 1 
a 2 6 2 7 


the equation of the second hyper- 
bola is X 2 

a 2 ' b 2 




1 . 



Fig 205 


Each of the two hyperbolas thift related is called the conjugate 
of the other, and the two hyperbolas are called conjugate 
hyperbolas. 

Two conjugate hyperbolas have the same asymptotes. Why ? 
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EXERCISES 

1. Geometric construction of the hyperbola . Show how to construct 
a hyperbola given the foci and the length of the transverse axis by a 
method depending on the property of the hyperbola derived m §230 
and entirely analogous to the first method described in § 226 for con- 
structing the ellipse. 

2 Derive the equation of the hyperbola from the definition suggested 
at the end of § 230 [Let the foci be F\ (c, 0) and i^( — c, 0) and let 
the constant difference of F\P and F 2 P be 2 a ] 

3 . What is the equation of the hyperbola x 2 — y 2 = a 2 after it has 
been rotated about the origin through an angle of 46° ? (Cf § 190 ) 

4 . From the result of Ex. 3 determine the length of the transverse axis 
of the hyperbola xy = k. 

5. What are the equations of the hyperbolas conjugate to the hyper- 
bolas in Exs. 1-12, p. 362 ? 

6. Prove that the foci of two conjugate hyperbolas are on a circle. 


THE PARABOLA 

232. Standard Equations of the Parabola. If m § 217 we 

let e = 1, equation (2) becomes 

(17) y 2 — 2px + p 2 = 0. 
or 



(18) 




=2p (*_!). 


Fia 206 


We saw m § 183 that this equation repre- 
sents a parabola whose vertex is at the 
point (p/2, 0) and whose axis coincides 
with the line y = 0 (Fig. 206). If the curve is moved parallel 
to the a?-axis so that its vertex coincides with the origin, the 
equation of the ‘curve becomes^ 

(I.) y 2 = 2 px. 


The focus ef the curve is now at the point (p/2, 0)„and its 
directrix is the line x = — p/2 (Fig. 207). 
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The following theorems follow directly. Their proofs are 
left as exercises. 

The equation of a pa jse vertex is at the origin 

and whose axis coincides with the ?/-axis is 

(I.) * J = 2 py. 

The equation of a parabola whose vertex 
is at the point (h, k) and whose axis is 
parallel to the cc-axis is 

(II,) = 2 *(*-/!). 

The equation of the parabola whose vertex is at the point 
( h , k) and whose axis is parallel to the y- axis, is 

(II,) (x — h) 2 = 2 p(y — K). 

* 

The equation of any parabola whose axis is parallel to the 
a>-axis is of the form 

(HI*) £y 2 + Dx + Ey -f C = 0. 

The equation of any parabola whose axis is parallel to the 
2 /-axis is of the form 
(III,) Ax 2 + Dx -f Ey + C = 0. 

The distance from the vertex to the focus and from the 
directrix to the vertex of the parabola y? = 2 px is p/2. 

233. Geometric Properties of the Parabola. The chord 
drawn through the focus and perpendicular to the axis is 
called the latus rectum. Its length is twice the distance from 
the focus to the directrix. 

The focal i adius connecting any point Pfa , y/} on the parabola 
y* = 2 px to the focus is equal to x x 4* p/2. 

The proofs of these properties »are left as exercises. 
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234. Illustrative Examples. Example 1 . Given the parabola 
3 a = Qy. Find the coordinates of the vertex and 
the focus, and the equation of the directrix. 
Sketch the curve. 

The vertex is at (0, 0) and the axis of the 
curve coincides with the y - axis (Fig 208). The 
distance from vertex to focus is 3/2. Therefore 
the focus is at (0, 3/2) Likewise, the distance 
from vertex to directrix is 3/2. Hence the equa- 
tion of the directrix is y = — 3/2 To sketch the 
curve, mark the focus, draw the latus rectum and 
then sketch the curve. 

Example 2. Given the parabola y 2 = — 8se+2y-hl5. Find the coordi- 
nates of the vertex and the focus, and the 
equation of the directrix Sketch the curve 
The given equation may be written as 

(3, -1)2= -8(s -2^ 

Therefore the vertex is at (2, 1) (Fig 209)^ 
and the axis is parallel to the 3-axis. The 
distance from vertex to focus and from 
directrix to vertex is —2. Therefore the 
focus is at (0, 1) and the equation of the 
directrix is 3 = 4. The curve is readily 
sketched by plotting the focus and marking 
off the laths rectum. It may also be sketched by plotting another point 
or two. 



Fia 209 



Fio 208 


EXERCISES 

Sketch each of the follrwmg parabolas. Determine the coordinates 
of the vertex and the focus, and the equation of the directrix 


1. y a = 43. 4 . y 2 = 

2 . y 2 = — 4 3, 5 3 a = 

S. y 2 = 4 3 + 2.*- 6. x 2 = 

10. 3 a + 4 3 — 4 y -f ^ = 0. 

11 y 2 - 2^ — 4 3/ — 8 = $, 

12. 3 a + y + 1 = 0. 


4 3 + 2. 7. 3 a = 4 y + 2. 

y. 8 . 3 2 = — 4 y + 2, 

4 3 9. y 2 = 6 x + 12. 

18. y 2 = — 4 3 + 2 y + 8 . 

14 . y 2 + 2 3 — 4 y = ft 

16 . a 2 — 2 x + 2 y = U 
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16. Write the equation of each of the following parabolas 

(а) Vertex at (0, 0) and focus at (2, 0) 

(б) Vertex at (0, 0), axis coinciding with y-axis, curve passing through 
the point (8, 4). 

(c) Focus at (—1, 3) and directrix the line x •— 1 = 0. 

( d ) Vertex at (1, — 2), axis parallel to a-axis, distance from vertex to 
focus equal to 2. 

(e) Vertex at (0, 2), directrix parallel to z-axis and parabola passing 
through the point (2, 1) 

236. The Intersections of Conics and Straight Lines. The 

coordinates of the points of intersection of the ellipse 

(19) b 2 x 2 -f a 2 y 2 = a 2 b 2 
and the straight line 

(20) y = mx + A;, 

are found by solving these two equations simultaneously for 
( x , y). Eliminating y , we obtain the quadratic equation 

(21) (b 2 -f d l m 2 )x 2 + 2 a 2 mkx + a\k 2 - b 2 ) = 0, 

thq roots of which are the abscissas of the points of intersection. 
For each of these roots the corresponding ordinate is found by 
substituting m (20). Why not m (19) ? We accordingly ob- 
tain, in general, two solutions (x, y). These solution* are real 
and distinct, real and equal, or imaginary, according as 

(22) 6 J + a 2 m 2 '— k* > 0, = 0, or < 

Corresponding to these three cases, the, straight line intersects 
the ellipse in two distinct points, in two coincident points (i.e. 
in a single point), or not at all. 

The discussion just given includes for a = b the case of the 
intersection of a circle and a straight line. 

To treat the intersection of* the hyperbola b 2 x* — a 2 y 2 *= a 2 b 2 
with the straight line (20), we need only notice that alge- 
braically we can reduce this problem to the preceding by 
simply writing — b 2 for b 2 . Why ? 
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This leads to the equation 

(i a 2 m 2 — b 2 )x 2 + 2 a 2 mkx + a 2 (k 2 + b 2 ) = 0. 

Thj£ is a quadratic equation unless a 2 m 2 — b 2 = 0. If a 2 m 2 — 6 2 
= 0, the line (20) is parallel to an asymptote, and, if k 0, it 
meets the hyperbola in only one point. If k = 0 the line is an 
asymptote and does not meet the curve at all. If a 2 m 2 — b 2 ^=0, 
we conclude that the line (20) intersects the hyperbola in two 
distinct points, two coincident points (i.e. in only one point), or 
not at all, according as 

(23) k 2 - a 2 m 2 + b 2 > 0, =0, <0. 

Finally, the line (20) will meet the parabola 

(24) y 2 = 2px, 

in the points whose abscissas are the roots of the equation 
m 2 x 2 -f 2(mk — p)x -f k 2 == 0. 

If m = 0, the line meets the curve in only one point. If m 4=- 0, 
the line will intersect the parabola m two distinct points, two 
coincident points, or not at all, according as 

(25) p — 2 mk > 0, =0, or < 0. 

Similar results are evidently secured also for straight lines 
x = &, parallel to the y-axis. We then have the theorem • 

Any conic is met by a straight line in the plane of the conic in 
two distinct points , a single point , or not at all . 

EXERCISES 

1. Draw figures illustrating all the results of the last article. 

t 

2 . In a manner similar to that of (the last article discuss the intersec- 
tions of the line y — mx -f k and the conic y 2 = 2px — gx 2 . 

3. Derive conditions analogous to (22), (23), aiid (25) of the last article 
when the straight line is assumed in the form Ax + By + (7 = 0.* These 
conditions are slightly more general than those given in the text. Why ? 



XIII, § 236] 


THE PARABOLA 


359 


236. Tangents and Normals. Slope Forms. If, for a given 
value of m, the value of k in the equation y = mx 4- k is so deter- 
mined that the intersections of the line y = mx + k with a given 
conic coincide, i.e. so that the quadratic equation determining 
the abscissas of the points of intersection has equal roots, the 
line will be tangent to the conic. Why ? (See § 209.) 
The slope forms of the equations of the tangents to a conic 
result directly from the middle one of each of the conditions 
(22), (23), and (25) for the determination of k. Hence the 
equation of the tangent whose slope is m is : 
for the ellipse b 2 x> 4- a 2 y 2 = a 2 6 2 , 

(26) y = mx ± V a 2 m 2 -f b 2 ; 
for the hyperbola b 2 x 2 — a 2 y 2 = a 2 b 2 , 

(27) y = mf ± Vn 2 m 2 — b 2 ; 
for the parabola y 1 = 2 px, 

(28) y = mx 

2m 

We note that for a given slope the parabola has only one 
tangent, the ellipse two, and the hyperbola either two* or none 
according as a 2 m 2 — b 2 > 0 or <0. [The condition a 2 m 2 — b 2 
= 0 yields the asymptotes.] 

The line drawn perpendicular to a tangent through its point 
of contact P is called the normal at P. 

EXERCISES 

1. Find the equations of the tangents to the following conics satisfying 
the conditions given, and find for each tangent its point of contact 

(a) 4 x 2 + 9 y 2 = 36, m = J. 

(b) = 3 ^ inclination 30°, 45°, 135°. 

(c) 9 x 2 — 25 y 2 = 225, perpendicular to x + y + 1=0. # 

(d) a? — 2/ 2 = 1,' parallel to 6 sc 4 3 y — 10 # = 0. 

(e) y 2 = 8 perpendicular to 2ce — 32/46 = 0. 
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2 . Show that the line y = mx ± Vb 2 — a 2 m 2 is tangent to the hyper- 
bola b*x 2 — cfiy 2 + a 2 b 2 = 0 for all real values of m for which b 2 — a?m 2 > 0. 

3. For what value of k will the line y = 2 x A; be tangent to the 
hyptrbola x 2 — 4y 2 — 4 = 0? 

4. Find the coordinates of the points of intersection of the line 
8 x — y -f 1=0 and the ellipse x 2 + 4 y 2 = 65. 

5. Find the points of contact of the tangents y = mx± \/a 2 m 2 + b 2 to 
the ellipse b 2 x 2 + a 2 y 2 = a 2 b 2 . 

6. From the result of Ex. 6 find the equations of the normals to the 
ellipse b 2 x 2 -f aPy 2 = a 2 b 2 whose slope is m 

7. By the method suggested in Exs. 5 and 6, find the equation of the 
normal to the hyperbola b 2 x 2 — a 2 y 2 = a 2 b 2 in terms of its slope 

8 Same problem as Ex. 7 for the parabola y 2 = 2 px 

9 A tangent to the ellipse 6 2 x 2 -f- a 2 y 2 = a 2 b 2 will pass through the 
point (xi, yi), if y\ = mxi ± Va 2 m 2 + b 2 . By solving this equation for m 
show that through a given point (xi, yi) will pass two distinct tangents, one 
tangent, or no tangents, according as b 2 xi 2 +a 2 yi 2 —a 2 b 2 > 0, =0, or < 0. 

10 . By the method of Ex. 9, discuss the'number of tangents that can 
be drawn from a given point (xi, y\) to the hyperbola b 2 x 2 - a 2 y 2 = a 2 b 2 t 
to the parabola y 2 =2 px 

11 . Find the equations of the tangents to the parabola y 2 = 4 x which 
pass through the point (-2, - 2) . 

12 . Find the equations of the_ tangents to the ellipse 4 x 2 4* y 2 = 1G 
which pa& through the points (V3, 2) , (0, 4 ) , (0, 8) 


237. Tangents. Point Form. The slope of the curve 
(29) Ax* + By 2 + Dx + Ey + (7=0, 

r 

at a point (x l9 yi) on the curve , was found in § 184 to be 

m= _ 2 Ax l + D 
2 By! + E 

Hence the equation of the tangent to (29) at (aj 1? y^) is 


2 Ax i -j - D , x 

y-r yi -- -———{x-Xi). 

This reduces to 

(30) 2 AxyX 4- 2 Byiy + Dx +'Ey = 2 Ax£ + 2 By, 2 + Dx, + Ey, 
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Since (x u y x ) is by hypothesis on the curve (29), we have 
2 -f* 2 By^ = — 2 Dx\ — 2 Ey\ — - 2 (7. 

Substituting this value in the right-hand member of (30), 

2 u4-XXi -f- 2 Byiy -f* Bx -f- Ey = — Bx\ — Ey\ — 2 C. 

Hence, by transposing and dividing by 2, we obtain the equation 
of the tangent to (29) at the point ( x u y{) in the form 

(31) Ax lX + By iy + D + C ■ 0. 

2 2 

This equation is readily written down from (29) by replacing 
x 2 , y 2 , x , and y by x x x, y x y, %(x + a? x ), and |(y -f y x ), respectively. 
By applying this rule to the standard equations of the conics 
which are special cases of (29) we obtain : 

The equation of the tangent at t*he point (x h y x ) 
to the ellipse x2 y2 

to the hyperbola 

5 2 _y^ = i 
a 2 b* 

to the parabola 

y 2 = 2px 


■ ¥+e- i > 


i, 


is yjy = p(x -t- 


EXERCISES 

1. Write the equation of the tangent to each of the following conics 
at the point indicated . 

(a) x 2 -f 4 y 2 = 8, at (2, 1). 

(&) 4 x 2 — 3 y 2 = 9, at (3, -3). 

(c) y 2 — Qx = 0, at the point where y = — 3. 

(d) * 2 -y 2 = 4, at (2,0). 

(e) &-2y 2 =-4, at (-2, 2). 

(/) y 2 — 4 x = 0, at the extremities of the latus rectum. 
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2 . Write the equation of the normal to each of the conics in Ex. 1 at 
the point indicated 

3. Find the equation of the normal to each of the conics b 2 x 2 + cfiy 2 = 
a 2 b 2 ^b 2 x 2 — a 2 y 2 = a 2 6 2 , and y 2 = 2 px at the point (a*, yi). 

4 . Prove that the tangents drawn to an ellipse at the extremities of any 
diameter (chord through the center) are parallel. 

5. Show that an ellipse and a hyperbola with common foci intersect at 
right angles. 

6 Show that the tangents at the vertices of a hyperbola meet the 
asymptotes m points at the same distance from the center as are the foci. 

7. Find the angle (in degrees and minutes) at which the two curves 
x 2 4- 2 y 2 = 9 and y 2 4- 4 x = 0 intersect 

8. Show that the secant of the parabola y 2 = 2 px joining the points 
(Xu yi) and (se 2 , y 2 ) on the curve has the equation 2 px — (yi -f y 2 )y 4- 202 / 2 = 0 . 
Show that this reduces to the equation of the tangent when the given 
points coincide. 

238. Geometric Properties of Tangents and Normals to 
the Parabola. Let the parabola have the focus F, the vertex 

V, and the directrix d, the latter 
meeting the axis VF in D (Fig. 
210). If the vertex is chosen 
as origin of a system of rectan- 
gular coordinates and the axis 
is chosen as the a>axis, while 
the segment DF is denoted by 
p y the equation of the parabola 
is y 2 = 2px. Now let P(x x , y x ) 
be any point on the parabola. The equation of the tangent at 
this point is y x y =p(x + x x ). This tangent meets the axis of 
he parabola (the* a*-axis) in the ^point T(—x lf 0). Hence 

TV— VM } 

where M is the foot of fhe perpendicular dropped froiji P on 
he axis* From this, and by the definition of the parabola, 
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follow the relations 

TF = DM = LP = FP, 

where L is the foot of the perpendicular drawn from P to ,the 
directrix. Hence TFPL is a rhombus. We conclude further 
that z LPT = Z TPF ; 

and, if S is the intersection of the diagonals of the rhombus 
TFPL , that the angle FSP is a right angle. Moreover, the 
line drawn through F, the mid-pomt of TM y perpendicular to 
TM y passes through S. We have then the following theorems : 

Theorem 1. The tangent to a parabola at any point P bisects 
one of the angles formed by the focal radius of P and the line 
through P parallel to the axis of the parabola , the normal at P 
accordingly bisects the other angle. 

Theorem 2. The foot^of the perpendicular dropped from the 
focus on any tangent to the parabola is on the tangent at the 
vertex. 

EXERCISES 

1 Prove theorems 1 and 2 of § 238 analytically 

2 . Give a geometric construction for the tangent to a givei* parabola 
at a given point (The axis of the curve as well as the curve is supposed 
to be given ) 

[A geometric construction means a construction with ruler and 
compass ] 

3 Given the focus and directrix of a parabola, show how any num- 
ber of points of the parabola can be constructed on the basis of the 
results of the last article. 

4. Given the focus of a parabola and the tangent at the vertex, use 
Theorem 2 of § 238 to draw any number of tangents to the parabola. 
These tangents will give a vivid picture of the shape of the curve , the 
tangents are said to envelop the curve. The curve itself is not supposed 
to be given. 

5. Tlfc outline and axis of a parabola are given , show how to 
construct the focus and directrix. 
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6 . To construct the tangents to a given parabola from a given 
external point. Assume that the focus and directrix and hence the axis 

are given. 

[Analysis If Q is the given point, it 
follows from Theorem 1 of the last article 
that A QLiP\ and A QFPi are congruent. 
Hence, 



QL X = QF. 

We determine L\ (and X 2 ), therefore, as 
the intersection with the directrix of the 
circle with center Q and radius QF. Com- 
plete the construction How is the con- 
struction affected when Q assumes various positions in the plane ? When 
is the construction impossible and why ? What happens when Q is on 
the curve ? 


7 In the figure of Ex. 6, prove that the line through Q parallel to the 
axis bisects the “chord of contact ” PiP 2 . 

8 If a parabola is rotated' about its axis the sur- 
face generated is called a paraboloid of> revolution. 

Prove that if a source of light is placed at the focus 
of such a paraboloid*, all the rays issuing from the 
source will be reflected in the same direction (par- 
allel to the axis of the paraboloid) This is the prin- 
ciple of the so-called parabolic reflectors, used on searchlights, etc. 

9. By an argument similar to that employed in § 212, prove that the 
equation of the chord of contact of the tangents drawn from an external 
point (flci, yi) to , the parabola y 2 = 2px ia yiy ~p(x -f %i). This line 
is called the polar of the given point with respect to the parabola It is 
defined by its equation e™n when no tangents can be drawn through the 
given point. 

10. Prove that the polar of a point Q is parallel to the tangent at 
the point m which the line through Q parallel to the axis meets the 
parabola. 

11. Prove that .the length of the so-called subnormal MN of a parabola 
at the point P (see Fig. 210) is independent of the position of P on the 
curve. 



12. Prove (Fig* 210) that TF == FN = FP and that FS = £ PJV. 


* The focus of the generating parabola is called the focus of the paraboloid. 
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13. Use the relation FN = FP (Ex. 12) to show how to construct the 
normal at a given point P of a parabola (the focus and axis also being 
given). Construct a considerable number of normals in this way and 
show that they envelop a curve. (See Ex. 4 for the meaning of 
“ envelop.”) 

14. Show that any two perpendicular tangents to a parabola intersect 
on the directrix. 


239. Geometric Properties of Tangents and Normals to 
the Ellipse If for any ellipse we let the coordinate axes coin- 
cide with the axes of the curve, the equation of the ellipse has 
the form 

b 2 x 2 + a 2 y 2 = a 2 b 2 

The equation of the tan- 
gent at any point Pi(x u y x ) is 

b^x -f a 2 y x y = a 2 b 2 

The cc-mtercept (Fig. 211) 
of ' this tangent is 


The remarkable thing about 10 

this result is the fact tfiat it is independent* of b and of y v 
This means that if any other ellipse be given having the axis 
A' A in common with the first ellipse, tlien the tangent drawn 
to this new ellipse at a point having the abscissa x l will also 
pass through T. This is therefore true of the circle drawn on 
A! A as diameter. If A* A is the major axis of the ellipse, this 
circle is called the major circlg of the ellipse; similarly the 
circle drawn on the minor axis of any ellipse as diameter is 
called the minor circle . 



* We do not in this article impose the restriction a > 6. 
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A geometric construction for the tangent at any point P x of 
an ellipse follows readily from the above considerations (as- 
suming that m addition to the curve one of the axes is given). 
Figure 211 shows the construction using the major circle and, 
m broken lines, the construction using the minor circle. 

The following theorem is of fundamental importance in dis- 
cussing the geometric properties of the ellipse . 

Theorem 1. The tangent and the normal to an ellipse at a given 
point bisect the angles formed by the focal radii drawn to the' point. 


Proof. We are to prove that the tangent at P x (Fig. 212) 
bisects the angle F 2 P X R, and that the normal at P x bisects the 
angle F X P X F 2 . To this end we calculate first the tangent of 
the angle SP X R. Using the equation of the ellipse as given 
above and taking the foci to be F 2 (c, 0) and Ff — c, 0), we have 


Ifi-T 

the slope of the tangent P X S = - 

a 2 Vi 

the slope of F X R (? e. F l P l ) = — ^ — 

X\-\- ■ c 


> 


The tangent of the angle fa from P X S to P X R is then 


tan fa 


_V L _ | 

x x 4- c 

b %yi 

Cfyi(*l + <0 


Simplifying this expression, we find 

, . 62 
tan fa = --» 
cyi 

The tangent of the angle <j> 2 ifom P X S to P X F 2 may evidently 
be obtained by sinuply changing c to -c m the last result. 
(Why ?) Hence, b2 

tan <f> 2 — — , — • 

<Zh 
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We conclude that <£ 2 = — This proves that P X S bisects the 
angle F 2 P X R. That the normal bisects the angle F X P X F 2 
follows at once from elementary geometry. 

The theorem just proved leads at once to another geometric 
construction for the tangent (and normal) to an ellipse at 
a given point, supposing the foci of the ellipse are known. 

Theorem 2. The foot of the peipendicirtar dropped from 
either focus on any tangent to an ellipse lies on the major circle. 


Proof. (See Fig. 212.) Let S be the foot of the per- 
pendicular dropped from F 2 on the tangent P X S, and let it 
meet the line F X P X in R. Then F 2 P X R 
is an isosceles triangle (why?) with 
P X R = P x F 2 . We have then 





F l R = F 1 P l + P 1 F 2 = 2a (§ 225) 

Also S is the mid-pom t of F 2 R and 

O is the mid-point of F L F 2 . Hence 

0$=%F 1 R=a, and S is on the major 

circle. _ 

Fig. 2 10 

We should note also that, if Q is any 
point on the tangent P X S , then QR = QF 2 , which is important 
in connection with the prbblem of drawing the? tangents to an 
ellipse from an external point. (See Ex. 5, below.) 


EXERCISES 

1 Show how to construct the tangent to a given ellipse at a given 
point. (Two constructions, one using the major circle, one using the 
foci.) 

2 Show that, m Fig 211, OA is a mean proportional between OM 
and OT. 

3. Shew that, in Fig 212, OF\ is the mean*proportional # between tfc 
intercepts on the x-axis of the tangent add normal at Pi. 
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4 . Prove analytically that S (Fig 212) is on the major circle 

5. Show how to construct the tangents to an ellipse from a given ex- 
ternal point Q [Hint : Construct B (Fig 212) as the intersection of two 
circles, one with center F\ the other with center Q ] 

6. Show that if a right angle moves with its vertex on a given circle 
and one of its sides passing through a fixed point within the circle, the 
Qther side will envelop an ellipse. 

7 Use the result of Ex. 6 to construct a considerable number of tan- 
gents to an ellipse, given the major circle and one focus (the outline of 
the ellipse is not supposed to be given in advance, but will appear vividly 
after this problem is solved). 

S. If an ellipse is rotated about its major axis the surface generated is 
called a prolate spheroid. Show that sound waves issuing from one focus 
will be reflected by the surface to the other focus. This principle is used 
in the so-called 4 4 whispering galleries 1 

9 By an argument similar tb that used in § 212 show that the equation 
xx\ /a? + yy{/b 2 = 1 is the equation of the lifie joining the points of contact 
of tangents drawn from (*i, y\) to the ellipse x 2 /a 2 + y 2 /b 2 = 1. 

240. Geometric Properties of the Hyperbola. Many of 
the geometric properties of the hyperbola are similar to cor- 
responding properties of the ellipse, which is to be expected 
m view of the similarity of their equations. The following 
two theorems q^re fundamental . 

Theorem 1. The tangent at any point of a hyperbola bisects 
the angle between the focal radii drawn to the point . The normal 
bisects the adjacent supplementary angle . 

Theorem 2. The foot of the perpendicular dropped from 
either focus on any tangent to a hyperbola is on the circle draion 
on the transverse axis as diamefer . 

The proofs of these theorems are left as exercises. They 
are similar «to the proems of the corresponding theoi-eins on the 
ellipse. Draw figures illustrating Theorems 1 and 2. 
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Certain new properties of the hyperbola relating to the 
asymptotes will be found among the exercises below. 

EXERCISES 

1 . Show how to construct the tangent and the normal to a given 
hyperbola at a given point. 

2 If P is any point on a hyperbola, OA the semi-transverso axis, 
M the foot of the perpendicular dropped fiorn P on OA (produced), and 
T the point in which the tangent at P meets OA , prove that OA is a 
mean proportional between OM and OT 

3 With the notation of Ex. 2 show that OPi is the mean propor- 
tional between OW and OT , Pi being the focus on OA and N the point 
in which the normal at P meets OA (produced) 

4. Prove Theorem 2 (§ 240) analytically. 

5. Show how to construct the tangents to a hyperbola from an ex- 
ternal point. 

6. Show that if a right angle moves with its vertex on a given circle 
and one of its sides passing through a fixed point outside the circle the 
other side will envelop a hyperbola. 

7 . The construction of tangents to a hyperbola analogous to Ex 7, 
p. 368. 

8 Use Ex 3 above and Ex 3, p. 367, to show that an ellipse and 
hyperbola having the same foci intersect at right angles 

9. Prove that, if a tangent to a hyperbola meets the asymptotes in 
T\ and T 2 » the point of coutabt of the tangent is the* mid-point of the 
segment T\T 2 . 

10 . Prove that the area of the triangle formtAi by any tangent and the 
asymptotes of a hyperbola is constant (= ab). 

11 . Show that if a straight line cuts a hyperbola in Pi and P 2 and the 
asymptotes in Qi and Q 2 the segments P 1 Q 1 and P 2 Q 2 are equal. Use 
this result to construct any number of points of a hyperbola when the 
asymptotes and one point of the curve^are given. * 

12 . By an argument similar to that used in § 212 show that the 
equation xxi/a 2 — yyi/b 2 = 1 is the equation of* the line joining the 
points of contact of the tangents drawn from»(a;i, y\) to the hyperbola 
x*/a? - y*/b* - 1. 
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Fig. 213 


241. The Conics as Plane Sections of a Cone. We stated 
in § 216 that the ellipse, hyperbola, and parabola could all be 
obtained as the plane sections of a right circular cone. This 
we shall now proceed to prove. In doing so we shall get the 
machinery for solving problems of a more general type. 

If a point P m a plane a (Fig. 213) is joined to a point 
8 not in a by a straight line SP , the intersection P' of SP 

by a plane a ' is called the projection 
of P from S upon a*. Similarly^ if 
all the points of a curve (J in a be 
joined to S , the intersections of these 
lines with a plane a ' form a curve C ' , 
which is called the projection from S 
of the curve C. The point S is called the center of projection , 
and the process described! is called central projection , to dis- 
tinguish it from orthogonal projection previously considered 
(e.g. in § 135). 

If, now, the curve C in the plane a is a circle, the lines 
through S and the points of this circle form a cone with vertex 
S. This is not a right cone, in general. As the lines through 
8 are Hot supposed to terminate in S, we get a so-called com- 
plete cone, or cone of two nappes, which consists of two con- 
gruent ordinary cones placed vertex to vertex so that their 
axes form a straight line. It will now be clear that a plane 
section of this cone is the same as the projection of the circle 
C from the vertex 8 upon the plane of section. 

We have then reduced the problem to that of finding the 
central projection of a circle. We will solve it by finding the 
relation between the coordinates of a point P in a and the co- 
ordinates of the cprresponding point P 1 in a'. To this end 
(Fig. 214) \et 0 be th^ foot of the perpendicular dropped from 
8 on the line of intersection of the planes a and a!. Let 0 be 
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the origin and let the line of intersection 0 Y of the two planes 
be the y-axis in the system of coordinates m each of the two 
planes. Let the line OX perpendicular to OF in a be the 
a>-axis m a, and the line OX ' perpendicular to OF m a ' be •the 
a>axis m a*. Let the angle between the two planes be 0 ; then 
X'OX = 0. Now let P(x, y) be any point in the plane a, and 



let P'(x', y ') be the projection of P from S. We seek the 
relation connecting the coordinates x, y, x', y f . 

Draw S T parallel to OX, and represent the length 08 by h. 
Then we have 

TO = — TS = — — 
sin 0 tan 0 

We then have from similar triangles 

x 1 ( TO + x') = x . TS, 
y'.y = SM f SM = TM' : TO. 

If we substitute the values of TO, TS, and T*M' (= TO + x f ), 

we obtain r 

x _ x 

h T\ 

sin 6 Xan 6 
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and 




y 


x’ + 


h 

Sill 0 


h 

sin 0 


Solving these equations for x and y , respectively, we have 

h cos 0 x r hy' 

x = y = £ . 

sin 0 • x f -f- h sm 0 • x' + li 

If these expressions be substituted for x and y m the equa- 
tion of any curve m the plane a, the resulting equation m x' 
and y ' will be the equation of the projection of the curve m 
To solve the problem we proposed at the outset, let the curve 
m the plane a be the circle 

rr 2 4- t/2 _ a 2 t 


The equation of the corresponding cu^ve in a' is then 

k 2 cos 2 0 • x' 2 -f h 2 y' 2 = a 2 sin 2 0 • x' 2 + 2 ha 2 sin 0 • x’ -f a 2 h 2 . 

Collecting like terms, we have 

(h 2 cos 2 0 — a 2 sin 2 0) a/ 2 -f- h hf n — 2 /ia 2 sm 0 • a' — a 2 ^ 2 = 0 

We see'at once that this is the equation of a conic. It is an 
ellipse, a parabola, or a hyperbola acqordmg as 

h 2 cos 2 0 — a 2 sm 2 0 > 0, = 0, or < 0, 
i.e. according as 

tan 0 — - < 0, = 0, or >0. 
a 

But h/a is the tangent of the angle </> which an element of the 
cone with vertex S makes with the plane a. If 0 is less than 

f 

this angle <£, the section of the> cone is an ellipse ; if 0 is equal 
to <£, the section i§ a parabola ; and if 0 is greater than <£, 
the section ;s a hyperbola. Note that this result is in accord- 
ance with our geometric intuition of the situation. 
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EXERCISES 

1 Prove that the central projection of any circle is a conic , that is, 
that a plane section (not through the vertex) of any circular cone (not 
necessarily a right cone) is a conic 

[Hint Complete generality will be secured by taking the equation of 
the circle in a to be x 2 -f y' 1 + dx -f c = 0 Why ?] 

2 Prove that the central projection of any conic is a conic. 

3 Prove that the central projection of a straight line is a straight line 

4 Prove that there exists in a just one straight line which has no 
corresponding line in a', namely the line of intersection of a with the 
plane through S parallel to a’ This line is called the vanishing lme of a, 

5. Prove that the central projection of a circle m a is an ellipse, a 
parabola, or a hyperbola, according as the vanishing line m a meets the 
circle in no points, one point, or two points. 

242. Poles and Polars. Diameters. We have had occasion 
m several exercises to note that the equation which represents 
the tangent to a conic at the point P\{x x , y x ) when P x is on the 
curv$, represents a straight lme called the polar of P x when P x 
is any point m the plane. P x is then called the pole of the 
lme with respect to the conic. The polar of a point on the 
conic is then the tangent at the point. We have also seen 
that the polar of a point P { through which pass two tangents 
to the conic is the line joining the two points of contact of the 
tangents. In the more extensive geometric theory of conics 
poles and polars play an important role 

A straight line passing through the center of an ellipse or 
hyperbola is called a diameter of the conic. Every diameter 
of an ellipse meets the curve in two points ; some of the 
diameters of a hyperbola meet the curve in two points These 
points are then called the extremities of the diameter, and the 
distance between them is called the length of the diameter. 
Any line parallel to the axis of a parabola is called a diameter 
pf the parabola. Other properties are given m exercises below. 
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MISCELLANEOUS EXERCISES 

Properties of Poles and Polars 


1. Write the equation of the polar of each of the following points 
wifti lespect to the conic given, and draw the corresponding figure 

(а) (1,6), 2x 2 + y 2 = 4 (d) (-1, 3), z 2 + y 2 + 4x-6y-2 = 0. 

(б) (2, 0) , 4x 2 - 9y 2 = 36 (c) (2, -3 ) , y 2 = 6x. 

2 Find the pole of the line 3 as — 4 y + 12 = 0 with respect to the 
following conics 

(a) 3 x 2 + 4 y 2 = 12 , (b)x 2 -6y 2 = 20, (c)y 2 = $x, (d) x 2 = 4 y 


3 Prove that in any conic the polar of a focus is the correspopding 
directrix 


4 . Prove that in any conic, if Pi and P 2 are two points such that the 
polar of Pi passes through P 2 , the polar of P 2 will pass through P 1# 

5. From the result of the last exercise follows geometrically the follow- 
ing theorem If a straight line be revolved about a point P and tangents 
are drawn at the points where it meets a conic, the locus of the intersec- 
tion of these pairs of tangents is the polar o$ P with respect to the conic, 
or a part of the polar Which part will it be ? 

6. Prove that the polar of any point on a directrix of a conic passes 
through the corresponding focus [See Exs 3 and 4.] 


7 . A straight line through a point Pi meets a conic in C\ and C 2 , and 
the polar of Pi m Q Prove that Pi and Q divide the segment C 1 C 2 in- 
ternally apd externally in the same latio 


[Solution Let Pi(asi, y \ ) and P 2 (x 2 , 2 / 2 ) fie any two points Then 
the point P whose, simple ratio with respect*to Pi and P 2 is \ has the co- 
ordinates 


X\ + \x 2 
• 1 + X ’ 


y = gL±-Mt 

1 + X 


If these be substituted m the equation of the ellipse b 2 x 2 + a 2 y 2 = a 2 b 2 and 
the resulting equation arranged as a quadratic m X, we have 


(2 + S->)» 


+ 2 


/nr 2 , 2 / 12/2 
\ a 2 b 2 



') 


*= 0 . 


The roots of this equation are the sample ratios of the points Pi and P 2 , 
respectively, with respeyt to the points <?i, 0 2 in which the line PiP 2 meets 
the ellipse If the segment Ci, C% is to be divided internally and ex- 
ternally in the* same ratio tfle roots Xi, X 2 of this equation must *be equal 
numencally, but opposite in sign, Fe* Xi + X 2 must be zero. The coefficient 
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of X m the above equation would then be zero, if the theorem to be proved 
is true. But the condition 

+ i = n 

a 2 b 2 ’ 

is precisely the condition that P»(xi, y z ) be on the polar, 

M + M = i 
a 2 b 2 

of Pi with respect to the ellipse The similar proofs for the hyperbola and 
parabola are left as exercises ] 

8 Two points P, Q on the line joining two given points Cu C* are 
said to divide the segment 0\ Ci, harmonically . it they divide the seg- 
ment internally and externally in the same ratio (i.e if C\P/PC 2 = 
— O1Q/QC2) Show that the result of the last exercise leads to the fol- 
lowing The locus of a point Q, such that a given point P and the point 
Q divide harmonically the segment joining the points in which the line PQ 
meets a conic is the polar of P with respect to the conic, or a part of the 
polar. Which part is it ? (Compare with the similar question in Ex. 6.) 


Properties of Diameters 

9. Prove that the locus of the mid-points of the chords of a conic 
drawn parallel to a given chord is a diameter of the conic 

[Solution for the Ellipse Let the equation of the ellipse be 
b 2 x 2 4- a 2 y 2 = a 2 6 2 , and let the slope of the given chord be m Then any 
chord parallel to the given chord is y = mx 4- k The abscissas^ xu %2 of 
the points in which this chord meets the ellipse are the roots of the 

equation * ■ 

(b 2 4- a 2 m 2 )x 2 + 2 a 2 mkx 4- a 2 (k 2 — b 2 ) = 0. 


The sum of the roots of this equation is 


xi 4- *2 = - 


2 a 2 mk 
b 2 4- a 2 m 2 


The coordinates (x r , y ') of the mid-pomt of the chord are then 


x f = 4- x 2 ) = - 


a 2 mk 

b 2 4- a 2 m 2 ’ • 


y f = mx 1 4- k & 


b 2 k 


b 2 4- a 2 w : 2 


The coordinates x\ y' then satisfy the equation* y = — (b 2 x)/(a 2 m), no 
matter what the value of k is The Ipcus^ of the midpoints of the 
chords wtiose slope is m is, therefore, the straight line whose equation is 
y =-~(b 2 x)/(a 2 m) Smce *this straight line passes through the center of 
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the ellipse, the theorem is proved for the ellipse The similar proofs for 
the hyperbola and parabola are left as exercises ] 

10 . From the result of the last exercise, show how to construct a 
diafneter of any conic, and f hence (in case of ellipse and hyperbola) how 
to find the center, when only the outline of the curve is given. 

11 Having given the outline of an ellipse or hyperbola, construct the 
center. Then show how to construct the principal axes (make use of the 
fact that the principal axes are axes of symmetry , a circle drawn with 
the center of the conic as center and suitable radius will meet the conic in 
the four vertices of a rectangle whose sides are parallel to the principal 
axes). Then construct the foci and the directrices 

12 . Having given only the outline of a parabola, show how to construct 
the axis, the focus and the dnectnx 

13 . Show that the tangent drawn to a conic at an extremity of a 
diameter is parallel to the chords which the diameter bisects 

14 . If two diameters of a conic are such that each bisects the chords 
parallel to the other, the diameters are said to be conjugate , and each 
is called the conjugate of the other Prov% that if m i, m 2 are the slopes 
of two conjugate diameters of the ellipse b 2 x 2 + a 2 y 2 = a 2 6 2 , then we have 
mirm = — b 2 /a 2 . 

15 Prove that, if mi, m 2 are the slopes of two conjugate diameters 
of the hyperbola b 2 x 2 — a 2 y 2 = a 2 6 2 , we have miw 2 = b 2 /a 2 . 

16 . The only conic for which all pairs of conjugate diameters are per- 
pendicular: is the circle 

17 . The polar s of the points on any diameter of an ellipse or hyperbola 
are parallel to the conjugate diameter 

18 . If one extremity of a diameter of an ellipse b 2 x 2 + a 2 y 2 — a?b 2 
has the coordinates (xi, y#), one extremity of the diameter conjugate to 
the given one will have the coordinates (— yia/ 6 , xi b/a). 

19 . The area of a parallelogram circumscribed about an ellipse whose 
sides are parallel to two conjugate diameters is constant and equal to 4 ab. 

20. Prove that, if a\ and 61 are the lengths of two conjugate semi- 
diameters of an ellipse, ai 2 4 - bi 2 = a 2 + b 2 

«/ 

21 . Prove that any pair of conjugate diameters of the hyperbola 
b*x 2 — <*V = a 2 b 2 are also conjugate diameters of bH 2 — a 2 y 2 = — a 2 b 2 

22. If a diameter of a hyperbola with center O meets the hyperbola in 
P and the conjugate diameter meets the conjugate hyperbola in Q, prove 
that OP 2 — 0$ 2 = a 2 — V*. 
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POLAR COORDINATES 

243. Review. Polar coordinates, introduced in §§ 112-114, 
aie often useful in studying geometry analytically. The 
present chapter is devoted to illustrating some of the principles 
involved and their applications. 

EXERCISES 

1. What is the locus of points for which p is constant ? 

2. What is the locus of points for which 0 is constant ? 

3 Show that the points (p, 0) and (p, r- 0) are symmetric with respect 
to the polar axis 

4 Show that the points (p, 0) and ( — p, 0) are symmetric with respect 
to the pole 

5. Show that the points (p, 0) and (p, 0 4- 180°) are symmetric with 
respect to the pole. 

6. Find the distance between the points A(2, 45°) and B(7, 106°). 

[Hint. Use the law of cosines.] 

7 Prove that the distance between the points (pi, $i) and (p 2 , 0j) is 
Vpi 2 ■+• P2 2 ~ 2 pip 2 cos (02 — ~0\)* 

244. Locus of an Equation. The locals of an equation in the 
variables p and 0 is such that : 

(1) Every point whose coordinates (p, 0, sfy the equation 

is on the locus or curve, and 

(2) A set of coordinates * of everv noint on tlhe locus or curve 
satisfies the equation. 

•Not necessarily every set. Thus, the point (2, 60°) =( - 2^ 240°) is on the 
locus of f *= 14-2 cos 0 , but the second coordinates does not satisfy the 

equation. 
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The curve may be sketched by computing a table of corre- 
sponding values of p and 0, plotting the corresponding points, 
and then sketching the curve through them. The amount of 
work may often be shortened if one makes use of the following 
obvious rules for symmetry : 


If a polar equation is left unchanged \ 

(a) when 0 is replaced by — 0, the locus is symmetric with re- 
spect to the polar axis 

(b) when p is replaced by — p, the locus is symmetric with re- 
spect to the pole . 

(c) when 0 is replaced by 180° -f 0, the locus is symmetric with 
respect to the pole. 

(d) when 0 is replaced by 180° — 0, the locus is si/mmetnc with 
respect to the line through th$ pole perpendicular to the polar axis. 


It should be borne m mind 



Fig 216 


, however, that none of these rules 
are necessary conditions for sym- 
metry. Why not ? 

245. Illustrative Examples. 

We shall illustrate the methods 
of plotting curves in polar coordi- 
nates by the following examples. 

Example 1. Discuss and plot the 
locus of the equation p = 4 cos 6. 

The locus is symmetric with respect 
to the polar axis If we plot points 
from 0° to 90°, we obtain the upper 
half of Fig. 216. Then by symmetry 
we obtain the complete graph given in 
Fig 215. Why? 


e 

0° 

30° 

45° 

60° 

90° 

p 

4 

3.5 

28 | 

' ' *! 

2 

0 
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Example 2 Discuss 
and plot the locus of the 
equation p = 4 sin 2 0. 

The locus i» symmetric 
with respect to the pole, 
the polar axis, and the lme 
through the pole perpendic- 
ular to the polar axis If 
we plot points in the range 
0=0° to 0=90°, and make 
use of symmetry, we have 
the complete figure which 
is given m Fig 216 


e 0° 30° 45° 60° 90° 



I — ! 1 Fia 216 

- The branches constructed 

by symmetry should be 
checked by substituting in 
the original equation the 
coordinates of at least one 
point on each branch. Seri- 
ous errors may thus be 
avoided. 

Example 3. Discuss and 
plot the locus of the equa- 
tion p = 1+2 cos 0. 

The curve is symmetric 
with respect to the polar 
axis If we plot points 

_ from 0 = 0° to 0=180°, we 

217 

get the points shown in 
Fig 217. Then by symmetry we get the complete graph, or the curve 
in Fig. 217 * 




Ijg Kra B 

ggKSia 





180 
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EXERCISES 

Are the following loci symmetric with respect to the pole ? The polar 
axis ? The line through the pole perpendicular to the polar axis ? 

1* p = a cos 0. 5. p 2 = a cos 2 0. 9. p = a sin 2 6. 

a 

2 . p — a sin 6. 6 . p 2 = a sin 2 6 10 . p = sin 2 - 

3. p = a (1 — cos 6) 7 p = a cos 2 0 H p = 0 

4 . p = a ( 1 —sin 0) 8 p = a sin 2 0. 12 p 2 cos 0 =4. 


Discuss and plot the locus of each of the following equations 


13. p = 6. 

14. p= - 6. 

15. p 2 = 26. 

16. 0 = 80° 

17. 0 = - 30° 

18. p = 8 cos 0. 

19 . p =r — 8 cos 0. 

20. p = 8 sin 0. 

21. p = — 8 sin 0. 


22 /> cos 0 = 4. 

23. p cos 0 = — 4. 

24. p sin 0 = 6. 

25. p sin 0 = — 6. 

26. p = 1 - cos 0 

27. p = 1 -f cos 0 

28. pr. 1 — sin 0. 
29 p ~ 1 -f* sin 0 ^ 
80. p = l+ 8 cos 0, 


31 p = 1 + 2 sin 0. 

32 p = 1 — 2 cos 0. 
33. p = 1 — 2 sin 0. 
34 p = 2 + cos 0 

35. p = 2 + sin 0 

36. p = 4 tan 0. 

37 /) = ^ 

1 — cos 0 


246, Standard Equations. We shall now derive polar equa- 



Fiq. 218 


tions for the straight line and the conic 
sections. 

T he straight line. Let CD be any straight 
line (Fig. 218) ON = p the perpendicular 
let fall upon it from the pole O, and a the 
angle which this perpendicular makes with 
the polar axis. Let (p, 0) be any point on 


the line. 


Then = cos (0 — a) or cos ( a — 6). 

But by §120, 

cos (6 — a) = cos (a f — 0). 

Hence 


(1) P =r p cos (0 — a) 

is the desired equation. 
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If the line is perpendicular to the polar axis, its equation is 
p cos 6 = p. Why ? 

If the line is parallel to the polar axis, its equation is 
p sin 0 = p. Why ? 

The circle. Let C (c, a) be the center of a circle of radius r 
and P (p, 0) any point on the curve (Fig. 219). In the triangle 



OCPy OC as c, OP = p and the angle COP = ± (6 — a) 
depending upon the position of the point P. But since 
cos (6 — a) = cos (a — 0), we have from the law of cosines, 
§ 126, 

(2) r 2 =s= c 2 + p 2 — 2 c p cos (0 — a) 

as the equation of the desired locus. 

If the center C is upon the polar axis (a = n?r), equation (2) 
becomes 

(3) r 2 = c 2 + p 2 ± 2c p cos 0. 

If the circle passes through the poto (r = ± c), equation (2) 
becomes 

(4) p a ± 2 r cos (0 — a). 

If the center (7 is upon the polar axis ( a = 0) and the circle 
passes through the pole (c = ± r), equation (2) becomes 

(5) p = ± 2 r cos 0. 

If the center is at the pole (c= 0), equation (2) becomes p= ±r. 
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The Polar Equation oj any Conic. The polar equation of 
any conic may now be derived. Let DD f be the directrix, F 

the corresponding focus, and e 
the eccentricity. Let the per- 
pendicular through F to Diy 
meet DD ' in L . Let the segment 
LF—p , and take F as the pole 
and the extension of the line LF 
as the polar axis. If P{p ) 0) is 
any point on the curve and PS 
is the perpendicular from P to 
DU, then by the definition of a 

FP=e . PS , 



conic, we have 

that is, 
or 
( 6 ) 


: + p COS 0), 

C 


e cos 0 


which is the polar equation of a conic. If e < 1, the equation 
represents an ellipse ; if e = 1, a parabola ; e > 1, a hyperbola. 


EXERCISES 

1. Derive the equation p = 2 r cos $ [ (6) , § 246] directly from a figure 

2. Derive the polar equation of the ellipse assuming the right-hand 
focus as the pole and the major axis as the polar axis 

3. Derive the polar equation of a hyperbola assuming the right-hand 
focus as the pole and the transverse axis as the polar axis. 

4 . Derive the polar equation of the circle which passes through (0, 0°) 

and has its center at (r, 90°) , (r, 270°) 

< 

5. Derive the polar equation of the parabola assuming the focus at the 
pole and the directrix thb line p sin ^ = p sin 0 = — p 

6. The difference of the focal radii of a certain hyperbola is 3, f and the 
distance between the foci is 6 Find a polar equation of the curve. 
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1247. Other Curves. What is the advantage of polar coordi- 
nates ? Why not continue to use only rectangular coordinates? 
The answer to these questions is that m certain kinds of 
problems polar coordinates are much more convenient. The 
following examples will illustrate the desirability of polar 
coordinates. 

The limacon. Through a fixed point 0 upon any given circle 
of radius a, a chord OPj is drawn and produced to P so that 


p 



P X P = 7c, where A; is a given constant (Fig. 221). Find the 
locus of P* as P x describes the circle. 

If p = 2 a cos 0 is the 
equation of the circle and 
the pole is the fixed point, 
then the locus of P is 

(7) p = 2a cos 6 -f- 7c. 

If 7c = 2 a, the equation 
may be written in the form 

(8) p = 2 a(l 4* cos 0) 

and the curve is known as the 
cardioid, on account of its 
heart-shaped form (Fig. 222). 

* This curve is known as the limagon <Jf Pas&il It was invented by 
Blaise Pascal (1623-1662), a famous French mj^hematician and philosopher. 
The word hma^on means mail. The Germans call this curve die Pascal' 8 cht 
SchnecTce. 
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The cissoid. OA is a fixed diameter of a fixed circle (Fig. 
223). At the point A a tangent is drawn, while about the 
point 0 a secant revolves which meets the tangent in B , and 
thi circle in (7. Find the locus of a point P on OB so deter- 
mined that OP = CB. 



Fig 223 


Take O as the pole and OA as the polar axis of a system of 
polar coordinates. If we denote OA by 2 a, then 
the equation of the circle is p = 2 a cos 0. Let P 
be denoted by (p, 0). Now 

P = 0P= OB-PB. 

But 

OB = 2 a sec 0 and PB = OC =2 a cos 0. 

Therefore p = 2 a (sec 0 — cos 0), 
or 

(9) p = 2 a tan 0 sin 0. 

Fig. 224. — The 

Cissoid The locus of this equation is given in Fig. 224. 
The curve is known as the cissoid of Dioclet 

Cissoid (Greek, ««r<r<k = ivy) means ivy-like The Greeks considered 
only the part of the curve lying within the circle. Diooles was a Greek 
mathematician who lived sometime between 217 b c. and 70 b.c By means 
of this curve, ^Diocles showed how to construct the side of a cube whose 
volume is twice the volume of a givfen cube See ( Ex. 4, p. 388. 
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Conchoid of Nicomedes. ^A straight line revolves about a 
fixed point 0 and meets a fixed straight line MN in the point 
Q. From Q a fixed length is laid off on OQ in both direc- 
tions. The locus of the two points, P and P, thus determined 
is called a conchoid. 

Let 0 be the pole and the line OR through 0 perpendicular 
to MN be the polar axis of a system of polar coordinates 



Let (p, 6) be the coordinates of any position of tne generating 
point P (or P'). Then • 

P = OP (or OP') = OQ ± QP= OR sec 0 ± QP. 

But OR and QP are given constants j call them a and b 
respectively. Then 

(10) p=asec0±b 

is the desired equation of the conchoid. 

♦ Conchoid (Greek, *oyxo« = mussel) mean* musseWike. Nicomedes was a 
contemporary of Diocles He invented the conchoid for the purpose of trisect- 
ing an a£gle, which is one of the famous problems of antiquity. This prob- 
lem cannot be solved by means of the conipass and straightedge alone. 
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248. Spiral Curves. spiral is a curve traced by a point 
which revolves about a fixed point called the center, but con- 
tinually recedes from or continually approaches the center ac- 
cording to some definite law. 

The spiral of Archimedes is the locus of a point such that its 
radius vector is proportional to its vectorial angle. Therefore 
its equation is 

(11) p = kO, 

where & is a constant.* 

The form of the equation shows that the locus passes through 
the pole, and that the radius vector increases without limit as 



Fig 226 

the number of revolutions increases without limit. Figure 226 
represents a portion of the locus for k = with 0 expressed 
in degrees. 

The hyberbolic or reciprocal spiral is the locus of a point 
such that its radius vector is inversely proportional to its vec- 

* In this example, and m those that follow, it is usual to express the angle 0 
in radians , but this is not necessary, since the same result can be obtained by 
choosing a different value for k if s is expressed m degrees. 
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tonal angle. The equation of the locus is therefore 


( 12 ) 

where fc is a constant. 
Figure 227 represents a 
portion of the graph for 
k = TO and for positive 
values of 0 (expressed in 
degrees). 

The logarithmic spiral 

is the locus of a point 



such that the logarithm of its radius vector is proportional to 


its vectorial angle, i.e. 



Fig 228 


where k is a constant. If the base of the syswjiu of logarithms 
is by the equation may be written in the fprm p = b* 9 . Figure 
228 represents a portion of this locus jsrhen b = 3^for k = 
with 0 exnressed in decrees. 
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EXERCISES 

1. Discuss the form of the lima^on (7), when |&|<2a. When 
|* | >2 a. 

Solve the locus problem used to define the lima 9 on by means of rec- 
tangular coordinates, and compare the merits of the two solutions. 

3. By taking the line OA (Fig. 228) as the z-axis and the tangent to 
the circle at 0 as the y-axis, prove that the equation of the cissoid is 


4. Duplication of a Cube. In the adjoining figure, let MN = a and 
MR = 2 a. Draw RA and let it meet the cissoid 



in the point B whose ordinate is LB . Prove 
that LB 8 = 2 OL s . If MR = n a prove that 
LB 3 — n • OL 8 

5. If m Fig. 225 the line MM is taken as the 
x-axis and the line ORA as the y-axis, prove that 
the equation of the conchoid is 

x 2 y 2 = (?/ + a) 2 (b 2 — y 2 ). 

Compare the merits of this solution with that on 
p. 385. 


6. Trisection of an angle. i^et A OB be the angle to be trisected. 
Through a convenient point A on one side OA of the angle draw AB per- 



pendicular to OA Through 
B draw a line BC parallel to 
OA. From 0 as fixed point, 
,and AB as fixed line, and 
2 • OB as a constant dis- 
tance, describe a conchoid 
meeting BC in C Angle 
AOC is then $ A OB. 

[Hint* E is the mid-point 


ABC , then OB = BE = EG. The result then follows from elementary 


geometry.] 


7. Show that in the conchoid, if n 

(а) b > a, the curve has an oval at the left, as in Fig. 226 ; 

(б) b = a, the oval cioses up to a point , 

(c) b < a, there is no ofal and both branches lie to the right of the 
joint 0. 
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8 . Draw the parabolic spiral , which is defined by the equation p 2 = k$. 
Take k = ^ with 0 in degrees, and use only the positive values of p. 

9. Draw the lituus , which is defined by the equation p 2 = k/6 Take 
k = 90 with 0 in degrees, and use only the positive values of p 

249. Relation between Rectangular and Polar Coor- 
dinates. Take 0 the origin of a system of rectangular axes 
as the pole, and the positive half of the a^axis as the polar 
axis, of a system of polar coordinates. 

Let ( x , y ) and (p, 6) be respectively the rectangular and polar 
coordinates of any point P. Then x/p = cosO, y/p = sin 0. 
Hence, we have 

(14) f * = p cos e, 

v ' \ y = P sin 0. 

It is here assumed that the coordinates of P are so chosen that 
OP = p and angle XOP= 6. This is always possible. If p is 
positive, x always has the sign of cos 0 and y the sign of sin 0) 



Fig. 229 
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EXERCISES 


Transform the following equations into equations m rectangular coordi- 
nates. State m each case whether the graph is easier to sketch from the 
polfcr or the rectangular equation. 


1. p = 1 — cos 0 . 
2 p = 1 + sin 0. 
3. p = 4. 

4 p co& 0 = 5. 

5. p sm 0 = — 2. 


6 

7 

8 
9 

10 


p 2 sin 2 0 = 3 
p 2 cos 2 0 = 4 
p 2 = cos 2 0. 

p= 0 
1 


11. p 2 = 0. 

13 p2=I. 

0 

13 p = a sec 0+ 5. 

14. p = 2 a sec 0 tan 0. 

15. p = 4 cos 2 0 


Transform the following equations into equations m polar coordinates . 


16 x 2 +y 2 — 4 x 

17 (x 2 + y 2 ) 2 = x 2 - y 2 

18 x — y = 0. 

19 y 2 = 4 x. 

20. 9x 2 + 4y 2 = 36. 


21. xy = 4 

22. x cos a + y sin a = p 

23 (y 2 -f x 2 — 2 x) 2 = x 2 + y 2 . 

24. x 8 = y 2 ( 2 — x) 

25. £ 2 y 2 =(y4-2) 2 (4-y 2 ). 


MISCELLANEOUS EXERCISES 


Sketch the following curves 

1. p = a cos 2 0. 

2. p = a cos 3 0. 

3. p = u sin 2 0. 

4. p = a sm 3 0. 

5 p = a cos 4 0. 

6 . p = a sm 4 0. 


7 p — a cos 6 0 

8 p = a sm 5 0 

A 0 

9 p = a sm-* 

2 

« 

10 p = a cos-* 

2 


Find the points of intersection of the following pairs of curves Plot 
the curves in each case and mark with their respective coordinates the 
points of intersection. 


11. p = 1 4- cos 0, 

4(1 + cos0)p*= 1. 

12. p = 4, 

p cos 0 = 2. 

13. p=V 2,® 

p = 2 sin 0. 


14. p = 1 4- cos 0, 

2p = 3 

15. p = 2(l-sin0), 
(1 4- sin 0)p = 1. 

16. p = cos 0, 

p = 1 4- 2 cos 0. 
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Solve the following exercises by the use of polar cobrdinates . 

17. Find the locus of the center of a circle which passes through a 
fixed point 0 and has a radius 2 

18 Prove that if from any point 0 a secant is drawn cutting a circlb in 
the points P and $, then OP - OQ is constant for all positions of the 
secant. 

[Hint. By using equation (2), §246, show that the product of the 
roots is constant.] 

19. Secants are drawn to a circle through a fixed point 0 on the cir- 
cumference Find the locus of the middle points of their chord segments. 

20. Find the locus of the middle points of the focal radii issuing from 
one focus of an ellipse ; parabola , hyperbola. 

21. The focal radii of a parabola are produced a constant length Find 
the locus of their end-points. 

22. Through a fixed point 0 on a fixed circle a variable secant OP is 
drawn cutting the circle m P If BP = OP, find the locus of P. 
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PARAMETRIC EQUATIONS 

260. Parametric Equations. As a point P(x 9 y) moves along 
a given curve, the x- and'y- coordinates of the point vary. So 
do many other quantities connected with this point, as for ex- 
ample, in general, its distance OP from the origin, the angle 0 
which OP makes with the a-axis, its distance from a fixed lme, 
etc. It is sometimes convenient to. express x and y m terms of 
one of these variables. This third variable, in terms of which 
the variables x and y are expressed, is called a parameter . For 
example, we see that the coordinates cof any point P(x, y) on 
the circle whose center is at the origin and whose radius is r, 
can be expressed in the form 



Fia 230 


where 0 is the angle XOP (Fig. 230). These are then para - 
metric equations of the circle . If we eliminate the parameter 
6 between these two equations 'by squaring and adding them, 
we obtain the equation x 2 4- v 2 = r 2 

which is the rectangular equation of the circle. 
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XV, § 250] 


PARAMETRIC EQUATIONS 


393 


Similarly, a pair of parametric equations of the ellipse 


( 2 ) 

are 

( 3 ) 


t + yl = i 

a 2 6 2 

x = a cos 0, 
y = 6 sin 0 ; 


for, these values of x and y are seen to satisfy equation (2) 
for all values of 0. 

The geometric interpretation of equations (3) is important. 
In Fig. 231, a geometric construction given in § 226 is used. 



The abscissa of P is equal to the abscissa of Q, i e. a cos 0, the 
ordinate of P is equal to the ordinate of R , i.e. b sin 0. # There- 
fore the coordinates of P are x = a cos 0, y = b sin 0. The 
angle 0 is known as the eccentric angle of the point P. We 
should note that 0 is not the angle XOP. 

A pair of parametric equations for the hyperbola 


( 4 ) 

are 

( 5 ) 


a 2 b 2 

x = a sec B, j/ = b tan 0, 


for these values of x and y satisfy the equation (4). 

It is important to note that a given gurve may have as many 
sets of parametric equations as we please. For example, para- 
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metric equations of a circle may be written in the form 
x = a cos t, y = a sin t. 


as above ; or they may be written in the form 

2 az a (1 — z 2 ) 

1 + * 2 1 -fz 2 

oi m any one of many other forms. 


EXERCISES 


1. Show that x = £, y = 2 — £ are parametric equations of a straight 
line. 


2 . Show that a; = J pt 2 , y —pt are a pair of parametric equations of 
the parabola y 2 = 2 px. 

3 Write two pairs of parametric equations for the line y = x. 


4 . Prove that 


x 


2 (* ~ < a ) T 2 
1 + * *1 + « 2 


are parametric equations of a circle 

5. Write a pair of parametric equations for the rectangular hyperbola 
x 2 -y 2 - a 2 


6. Show that x = A cos 0 + B sin 0, y — A sin 0 — B cos 0 are para- 
metric equations of a circle. 

7 . Prove that x = 0 + 4 cos 0, y = — 2 + 3 sin 0 are parametric equa- 
tions of an ellipse. < 

8. Write a pair of parametric equations for the circle 

(x a) 2 + (2/ - b) 2 = r 2 . 

9. Prove that x = 6 + 4sec0, y=— 2 + 3 tan 0 are parametric equa- 
tions of a hyperbola 

10 . Find the equation of the tangent to 

VL w a 

(a) -r + ^ = 1, at x u - a cos 0 U y x = 6sin0i. 

a* h 1 


/g2 fy2 

(5) — — s- = 1, at x\ =s a sec 0i, yi — b tan 0|. 
t a 2 b 2 « 

(c) y 2 = 2px, at *1 C= i pti 1 , yi = 
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11. Prove that the tangents to y 2 = 2 px at (\pt\ 2 , pt\), (%ph 2 iPh) 
meet at the point \_\pt\h, \p(t\+ £ 2 )] 

12 Write the equation of the tangent to y 2 = 4 ax at xi=— n , yi = — . 

mi 2 mi 

13 Show that * 

x = lnL, = 

l + e 8 y l + f» 

are parametric equations of the curve x 8 -f V s = 3 axy. 

14. Show that x = a cos 8 0, y = a sm 8 0 are parametric equations of 
the curve x$ + y$ = 

15. Find the x- and y-equations of the curve whose parametric equa- 
tions are x = a (0 — sm 0), y = a (1 — cos 0) . 

261. Sketching Loci of Parametric Equations. If we assign 
a senes of values to the parameter and determine the series of 
corresponding pairs of values for x and y , we can interpret 
these values as the coordinates of points on a curve. Plotting 
these points and sketching a curve through them, we have the 
graph of the curve whose parametric equations were given. 

Example. A pair of parametric equations giving the path of a 
body projected horizontally from a height of 400 ft with a velocity of 
10 ft. /sec., are x = 10 y = 400 — 10 1 2 . Sketch the locus 



Fig. 232 


In the preceding table are given the values of x and y corresponding 
to the integral values of t from 0 to 5 inclusivn Plotting these points 
we have the graph 111 Fig. 232. 

This Airve is of course the same that we Should obtain # by first elimi- 
nating t and then plotting from the equation in x and y. 
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252. The Time as Parameter. Suppose a point moves in 
a plane. At every instant of time t the point occupies a certain 
position (x, y). In other words, the coordinates x and y of the 
point P are functions of t, i.e. 


( 6 ) 


x = a function of t , 
y = a function of t. 


These equations are then parametric equations of the path 
traversed by the point. 

Such equations arise frequently m mechanics when it is 
desired to describe the motion of a body subject to various 
forces. For example, if a body is projected from a point 0 
(0, 0) m a vertical plane at time t = 0, with an initial velocity 
v 0 , and making an angle a with the horizontal (cc-axis), its 
position at the end of t secpnds * is given by the equations 


( 7 ) 


x = tv 0 cos a , « 
y = tv 0 sin a - £ gt\ 


where, if v 0 is measured in ft./sec., g is a constant approxi- 
mately equal to 32.2. The use of these equations of a projectile 
will be illustrated in the next article and the exercises follow- 
ing it. 

EXERCISES 

Sketch the following curves from their pi netric equations. 


1. x = 4 x=f- 1, 

y = t + 2. y = t 2 - 1. 

2. x = r 2 , 5. x = z 2 4- 1, 

y = r. y = z. 

3. £ = ft + 1, 6 % —t, 



13. x = 10 « cos 30°, * 

y = 26 $ sin 30° — J0 1 2 . 


7. x = t, 



8. x = £ 3 , 
y = * 2 . 

9. x = * 2 + L 
2 / = * 8 - 1 . 

14. x = 6 £, 
y = SO- 


10. x = 

y = t — t s . 

11. x = sin 0, 
y = cos 0 . 

12. x = tan 0, 
y = sec 0. 


* The resistance of the air being neglecte^. 
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253. The Path of a Projectile in Vacuo. The equations (7) 
given in § 262 yield many results of interest regarding the paths of pro- 
jectiles. Some of these are given in this article and others are found in 
the exercises below. They are, of course, only approximations to yie 
actual behavior of a projectile, in view of the fact that the resistance of 
the air has been neglected* 

By eliminating t between the equations (7), § 262, we obtain the equa- 
tion of the path in rectangular coordinates (a, y) : 



Fig 233 


The path is , therefore, a ftzrabola, with a vertical axis. The vertex 
of the parabola is at the point (Fig. 233) 

(9) V=(?sl. sm 2 a, _ul— — V 

W \*g 2g ) 

The greatest height above the horizontal is 

( 10 ) H = ^ 8ln2(l . 

*g 

The complete range, i.e tfcie distance from O to the point where the 
projectile again meets the horizontal, is found as follows 
If in (7) we place y = 0, we find t = 0 and 
t = 2{v 0 /g) ’sin & 

The value of x for the second value of t found is the desired range I?, i e 

B = sin 2 a. 

9 

This result could also have been found by placing y =*0 in (8) and solv- 
ing for «. Why ? 

* For the theoretical and practical discussion of the flight of actual projec- 
tiles (whoge motion is appreciably affected by t^e resistance qf the air) the 
student is referred to Alger, The drcmndinork of Naval Gunnery, or 
External Ballistics 
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EXERCISES 

1. A gun is fired at an elevation of 30°. Find the range if the muzzle 
velocity of the shell is 1000 ft./sec Ans. About 6 mi 

* 2 . What is the greatest height reached by the projectile in Ex. 1 ? 
How long is its time of flight ? 

3 What must be the initial velocity of a baseball thrown at an angle 
of 45° m order that it may travel 200 ft. before hitting the ground ? 

4 A stone is thrown from a tower 100 ft high, with an angular ele- 
vation of 46° and an initial velocity of 64 ft./sec How far from the foot 
of the tower will the stone hit the ground ? 

5. The great pyramid of Cheops is 450 ft. high Its base is a square 
740 ft on a side. A ball is thrown upwards from the top in a direction 
making an angle of 20° with the horizontal and with the velocity of 
80 ft. /sec. Will the ball clear the base of the pyramid ? 

6 Prove that for a given initial angle of elevation the range of a pro- 
jectile is proportional to the square of the initial velocity. 

7 . Prove that for a given initial velocity the maximum range is 
obtained when the angle of elevation is 45°. 

8 Prove that with the notation of § 253, the time of flight of a pro- 
jectile from O to ( x , y) is ( x/vo ) sec a , from O to (jR, 0) is (2 v 0 /g) sin a. 

9 Prove that the paths of a projectile with given hut varying a, 
have the same directrix 

t 

10 . Prove that the coordinates of the focus of the path of a projectde 
are 

f v o 2 sin 2 a — vp 2 dos 2 

l 2 g ' 2g ) 

Hence show that the locug of the foci of all paths in a given vertical plane 
with the same vo is a circle with center at O 

11 . Prove that the parabola of maximum range has its focus on the 
x-axis. 

12 . Prove that # the locus of the vertices of the paths with given vq is 
an arc of an ellipse. 

13 . Prove that the Jocus of the vertices of the paths with a given a 

and a varying vq is a straight line. 

t c 

14 . Prove that the locus of the foci of the paths with a given a and a 
varying vo is a straight line. 
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254. Locus Problems. Parametric equations of a curve 
are sometimes much more easily obtained and easier to work 
with than either the rectangular or polar equations. The 
following problems illustrate some 
of the methods that may be em- 
ployed. 

Example 1. A line of fixed length 
moves so that its ends always remain on 
the coordinate axes Find the locus gen- 
erated by any point of the line. 

Call the point whose locus is desired 
P(x, y). Since the line is of fixed length, 

call the segments into which P divides it, a and b (Fig. 234). Then 
x = a cos 0, y—b sin 9. Therefore the locus of P is an ellipse (§ 260). 



Example 2 Find the locus of a point P on a circle which rolls along 
a fixed line. • 

Take for origin the point Q where the moving point P touches the 
fixed line If r is the radius of the cncle and the angle PCD (Fig 236) 
is 9 radians, then PD = r sin 0, DC = r cos 9 and OB = arc BP = r9 . 



Now if P is denoted by the coordinates (ce, y), 

x — OA = OB — AB = OB — PD = r9 — r sin 9 = r{9 — sm 9), 
y — AP = BC — DC — r — r cos 6 — r(l — cos 9). 

Therefore 

( 11 ) f x = r(9 — sin 0), 

( y = r(l — cos 9) 

are parametric equations of the curve traced by the point P. This curve 
know a as the cycloid . 
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Example 3. Find the locus of a point P on a circle of radius a which 
rolls on the inside of a circle of radius 4 a . 

Take the center of the fixed circle as the origin and let the se-axis pass 
tlyough a point M where the moving point P touches the large circle. 

Let angle MOB = 0 radians Now 
we have arc PB = arc MB = 4 aB 
and arc PB = a x angle PCB . 
Therefore 

a x angle PCB = 4 aB , 
or angle POP = 4 0. 

But 

Z 0(7P + ZP(7P-f ZPOP = *. 
Therefore 

9+ ^.00^+4 0 = ir, 

i.e. /.DCP = --Z6. 

2 

Now if the point P is denoted by 
(r, </) we have 

x=OE= OD + DE — OD + FP = OCcos 6 + CPsin^|- 3 

= 3 a cos 0 4- a cos 3 0 = 4 a cos 8 0,* 
y = EP= DO- PC = OC sine- CP cos ^|-3<A 

= 3 a sin 0 — a sin 3 0 = 4 a sm 8 0 ; * 

that is, 

(12) x = 4 a cos 8 0, y —4a sin 8 0. 

This curve is called the four-cusped hypoq/cloid. 

« 

Example 4. PPP' is a double ordinate of an ellipse ; Q is any point 
on the curve. If §P, QP f meet the a-axis in O and O', respectively, 
prove that CO • 00' = o 2 , where C is the center of the ellipse 

Let P be (a cos 0i, b sin 0i), then P' is (acos0i, — 6sin0i). Let Q 
be (a cos 0, b sin 0 4 ). The equation of line PQ is 



• b Bin e = 6 ( 81n . »> .(, - q COB 0) 

• a(cos0i — cos 0) 


* Prove that cos 3 0 * cos (2 0 -f 0) = 4 cos 8 0 — 3 cos 0, 
sin 3 0 as sin (2 0'+ 0) = 3 sin 0,— 4 sin 8 $, 
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and its x intercept (i.e. CO) is 

q(cos 0 sin 6 \ — sin 0 cos 0Q 
sin 0 — sin 0i 

Similarly CO' is ?(~ (;os - g - 81n A ~ . sin 

sin 0 + sin 0 i 

The product CO CO' gives a 2 . 


EXERCISES 


1. A line of fixed length 2 a moves with its ends always remaining on 
the coordinate axes. Find the locus of the mid-point of the line 

2 Find the locus of the middle points of chords of an ellipse drawn 
through the positive end of the minor axis. 

3 Find the locus of a point P' on the radius CP of the cycloid (Fig. 
235) if CP' = b and b < r 

4 The same as Ex 3, except b > r. 

5. A circle of radius r rolls on the inside of a circle of radius a. 
Find the locus of a point P on the moving eircle. 


Ans. 


The hypocycloid 


a ; = (a — r) cos 0 + r cos - — 

r ’ 

a — r 

y = (a — r) sin 0 — r sin — “ — 0, 


where 0 is the same as in Example 3, § 254 

6. A circle of radius r rolls on the outside of a circle of radius a. 
Find the locus of a point P on the moving circle. 


Ans. The epicycloid 


x = (a + r) cos 0 — r cos 


y = (a r) sm 0 — r i 


a -f r 


0 , 

where 0 is the same as in in Example 3, § 254. 

7. The area of the triangle inscribed in an ellipse, if 0i, 0 2 , 0z are the 
eccentric angles of the vertices, is 


^ ab [sin ( 02 — 08 ) -f- sin (#8 — 0j) -f* sin (0i — § 02)3 

= - 2 ab sm sin sin 

2 2,2 

8 The # cobrdinates of one extremity of a diameter of an ellipse are 
(a cos 0i, b sin 00 . Show that the coordinates of one extremity of the 
conjugate diameter are (— « sin 0i, b cos 61 ). 
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CHAPTER XVI 

MISCELLANEOUS ALGEBRAIC METHODS 

255. The Need of other Methods. We have hitherto con- 
sidered special functions such as x 2 f sin x y log 10 », or special 
types of functions such as mx 4- b, ax 2 4- bx 4-c, log a x , a * ; and 
we have studied their geometric and other applications. The 
study of more general types of functions, for example, the 
general polynomial of degree n, 

a H x n 4- a n _ x x n ~ 1 4- ••• -f a x x 4- a 0 , 

of which mx 4- b, ax 9 4- bx -f c, ax? 4- bx 1 4- cx 4- d are special 
types, requires more powerful methods. Some of these we 
propos6 to consider in the present and the succeeding chapters. 

266. Technique of Polynomials. * We shall first lecall the 
technique of the addition and multiplication of polynomials. 
We begin by noting that a polynomial 

a A + a^x *- 1 4 |- a x x 4- a 0 

can be completely represented by so called detached coeffi- 
cients. as follows • „ „ „ 

t 

the place of each coefficient in this expression indicating the 
power of x to whicli it belongs. Thus, for example, 

2 -3 16 

402 
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represents the polynomial 2 a 8 — 3 a; 2 4- ^ + 6 ; and 
1 0 0 0 0 -1 

represents the polynomial a 5 — 1 * 

To add two or more polynomials we need merely add tne 
coefficients of like powers of x. Thus, the sum of x 2 — 1, a 4 -f 
2a 8 + 4a; 2 4-3aj-f5, and 2 a 8 — 5x 2 +x+ lis given by 

10-1 
1 2 4 3 5 

2-5 1 1 

1 4 0 4 5=a 4 4-4o 8 + 4a4-5. 

The analogy of this process with that of adding a column of 
numbers may be noted. 

The product of two polynomials A and B is obtained by 
multiplying A by each term of B and adding the results. 
Why ? The multiplication of two polynomials by the method 
of detached coefficients is also quite analogous to the familiar 
method of multiplying two integers. Thus the product of 
2 x 8 4- 3 a; 2 — a — 2 by a 2 4- a 4- 4 is given by 

23 -1 -2x114 

2 3 - 1 - 2 

2 3 - 1 - 2. 

8 12-4-8 

2 5 10 9 - 6 —8=2 a^ 4- 5 a^ 4- 10 a 8 4- 9 a 2 —6 a— 8. 

The student should convince himself, by multiplying these 
polynomials m the ordinary way, that the above method is 
indeed valid. 

♦This method of representing polynomials will seem* very natural, if we 
note the analogy with the familiar iAethod of representing integers. The 
number 217 is simply a short way of writing 2 x"10 2 1 x 10 + 7, ue the value 

of the polynomial 2 x* 4 x 4 7, when z * 10 We have, therefore, been famil- 
iar with \he method of detached coefficients Aom the time # when we first 
learned to write numbers 
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257. The Division i mnsf ormation. A polynomial B is 
said to be a factor of a polynomial A , if there exists a poly- 
nomial Q such that A~BQ. A is then said to be divisible 
by*J3. If no such polynomial Q exists, and if the degree of B 
is less than that of A , we may always determine polynomials 
Q and R, such that 
(1) A=s BQ + R. 

Furthermore, the remainder R can always be so determined 
that its degree is less than the degree of B. 

The process whereby a given polynommal A is expressed 
in terms of another polynomial B in the form (1), Le . the 
process of finding Q and R , when A and B are given, is 
called the division transformation . That it is always pos- 
sible to find polynomials t Q and R , if the degree of B is 
less than that of A , will be clear fjjpm the consideration of 
the following example. 

Example. Given A = 2x 4 + 6x 8 — 7 a; 2 + 12 a — 6 and B = x 2 — 10 x 
+ 8 to find a polynomial Q such that A — BQ is a polynomial of degree 
less than that of B. 

Since the term of highest degree in A is 2 a 4 and that in B is x 2 , it ap- 
pears that A — 2 x 2 B can contain no term of degree higher than 3. In 
fact, we find A — 2 x 2 B = 25 ac 8 — 23 sc 2 -h 12 ( x — 6. Similarly, since the 
term of highest degree in A — 2 x 2 B is 26 x 8 , we see that the expression 
(A — 2 x 2 2?) — 26 xB can contain no term of degree higher than 2 By 
continuing this process we Shall arrive at a polynomial which is of degree 
less than that of B. The work may be arranged as follows 

A = 2x 4 -f5 sc 8 — 7x 2 +12x-6 x 2 -10x + 8 = J? 
B 2s 2 = 2s 4 -20s 8 + 16a 2 |2s 2 + 26s + 227 

A-B?2x* = 26s 8 - 23 s 2 4- 12s-6 

B 26s = 26 afr — 260 s a -f 200s 

A-£(2x 2 + 26x)«= 227 s 2 - 188s- 6 

B • 227 = 227 x 2 — 2270 s -f 1816 , 

A - B(2 x 2 + 26 x + 227)= 2082s - 1821 = B 
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If the meaning of each step in the process is followed by means of the 
expressions written at the left,* it will be seen that the process has deter- 
mined a polynomial _ _ _ 

* J Q = 2a? 2 -f 25x + 227 

such that A — BQ = i?, 

where R is of degree less than that of B. The nature of the process 
shows that finally such a polynomial R will always be reached. 

258. Remarks on the Division Transformation. While 
the process discussed in the last article is known as the 
division transformation , it is not a process of division. Only 
if we take a further step and divide both members of the 
identity (1) (§ 257) by J5, to obtain 

< 2 > 

do we really divide A by B. The importance of this distinction 
lies in the fact that the illation (1) as derived above is valid 
without distinction for all values of the variable x involved. 
For m deriving the relation we made use only of the opera- 
tions of multiplication and subtraction. However, the relation 

(2) becomes meaningless for all values of x for which B = 0. 
We assumed m deriving the relation (1) that the* degree 

of B was less than that of A. This is indeed necessary if Q is 
to be a proper polynomial. However, if the degree of B is 
equal to that of A , the same process will lead to a relation 

(3) A = B • q R f 

where q is a constant. If the degree of B is greater than that 
of A, we may obviously write the trivial relation 

(4) A = B-0 + A 

where A equals R and is by hypothesis of lower degree than B. 
If we consider a constant as a polynomial t$f degree 0, the last 

rhese expressions are not of course a necessary part of the process. 
They are given here only to facilitate understanding. 
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two cases may be included in the form (1). Our theorem then 
takes the general form 

Given any two polynomials A and B of aegrees greater than 0, 
then polynomials Q and R can always be jound such that for all 
values of the variable we have A = BQ 4 - R where R is either 
zero or of degree less than that of B. 

Moreover, the transformation of A to the form BQ -f- R is 
unique , i.e. there exist just one polynomial Q and one poly- 
nomial R satisfying the conditions of the theorem. 

For, suppose there were a second pair, for example Q' and 
R'. We should then have BQ 4- R = B’Q’ + R\ or B(Q — Q f ) 
= R f — R. But R 1 — R is either zero or of degree less than 
that of J5, while B(Q — Q') is either zero or degree equal to 
or greater than that of B. t Hence both are equal to zero and 
R = R\ Q'. 


EXERCISLo 

1. Add the following polynomials by means of detached coefficients . 

(a) 2 x 2 4 7 x 4 1, 5a; 2 -f 2 , 3 x 8 4 4 x — 8 

( b ) 6t 2 4 bt 4 1, 9t 2 4 8« + 3, 5 t 3 4 2 *+ 1. 

(c) a\ft 4 by 4 c, 2 ay 2 4 3 by 4 4, 3 ay 2 4 5 by + 7 c. 

(<f) 4 a 2 4 3 a 4 2, 0 a 8 4 1» 4 cfl 4 2 a 4 3, 2 ct 2 4 0 u» 

2 Perform the following multiplications by means of detached coeffi- 
cients 

(a) x 8 4 2 x 2 4 x 4 3 by 2 x 4 1. (c) a 4 4 1 by a 2 4 1 

(b) x 8 4 3x 2 4 4 by x 8 4 x 4 2 (d) y 2 4 7 y 4 12 by y* 4 Sy 4 2. 

3 In each of the cases below transform A into the form BQ 4 -B, 

where B is of degree less than B Also write down the corresponding 
form for A/B. Detached coefficient^ may be used to advantage. 

(а) A = 0 x 4 4 7 x 8 — c 3 x 2 — 24 x — 20, £ = Sx 2 4*-0. 

(б) A = 8 x 4 4 2 x 8 — 32 x 2 — 66 x — 35, £ = x 2 -2x-7. 

(c) A = 2 x 6 4 5 sc 8 4 13 x 2 4 2 x, B = x 2 4 2 x 4 4. 

(d) A = 4 x 7 — 3 x 6 — 19 r 4 4 2 x 8 — 4x 2 — 4 $ 4 7, 2? = x® — x — 6. 
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4. Determine m and n so that x 4 — rox 8 + x 2 - nx + 1 may be exactly 
divisible by x 2 + 2 x + 1. 

5. Prove the following propositions 

(а) If we multiply the dividend A by any constant as k(k =£ OJ^we 
multiply the quotient and the remainder by k . 

(б) If we multiply the divisor by k(Jk =£0), we divide the quotient by 
k but leave the remainder unchanged. 

(c) If we multiply both dividend and divisor by k(k 0), we multiply 

the remainder by k but leave the quotient unchanged. 

269. The Highest Common Factor of two Polynomials. 

Two polynomials A and B may or may not have a common 
factor of degree greater than 0, i.e. a polynomial F (of degree 
greater than 0) may or may not exist such that A = FQ , 
B = FQ ' where Q and Q' are also polynomials. If no such 
polynomial F of degree greater than 0 exists, then A and B 
are said to be prime to each othfir. k If, on the other hand, 
they have a common factbr of degree greater than 0, the one of 
the highest degree is called the highest common factor (H. C. F.). 

Theorem 1. If A and B are polynomials with a common 
factor and M and N are any two polynomials , then any common 
factor of A and B is a factor of AM -f BN. 

For let F be any common factor of A and B. Then we 
have A = FQ and B=FQ Therefore 

AM+ BN = F(QM+ Q’N), 
which shows that F is a factor of AM -r BN. 

Theorem 2. If A, B , Q, B are polynomials such that 
A=*BQ + R, the common factors of A and B are the same 
as the common factors of B and B. 

For, by Theorem 1, any cdmmon factor of B and R is a 
factor of A and hence a common factor *of A and B. More- 
over, ftom the relation A — BQ = R ahd the last theorem, any 
common factor of A a*ud B is a fac^ or of B and R. 
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Successive applications of the division transformation there- 
fore enable us to find the H. C. F. of two polynomials A and B 
as follows : 

‘Using the division transformation on A and B , we may 
write A = BQ + R, 

where the degree of R is less than that of B. If R = 0, B is 
the H. C. F. If I? is a constant different from zero, then A 
and B have no H. C. F. Why ? If the degree of R is at least 
equal to 1, we may use the division transformation on B and R 


to obtain 


B — R\y 


where R x is of degree less than R. If R x = 0 then R is the 
H. C. F. of A and B. If R x is a constant different from zero, 
A and B are prime to each other. If R x is of degree at least 
equal to 1, proceed as before, expressing R in the form 

R == R\Q,i “t* R& 


This process may be continued until a remainder R k is 
reached which is either zero, or a constant different from zero. 
If R h = 0, then R k _ x is the H. C. F. sought. If R k is a constant 
different from zero, then A and B are prime to each other. 

Example 1 . Find the H C F. of 4 x 8 — $x 2 +7x— 1 and 2 x 2 — 3x+l. 


A = 4 x 8 - 3 x a + 7 x — l 

2x a -3* + l = B 

4 x 8 — 6/c 2 + 2 x 

2x + J = Q 


3 x 2 -h 6 x — 1 


Replace R by x — ^ = R'. 


n = 2 x a - 3 x + 1 

* - A =A 

2x*-Ux<- 

[**-« 




iff = #1 =£ 0 

Therefore A and B are prime to* each other 
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Example 2. Find the H. C. F. of x 8 — 2 x 2 -1- x + 4 and 3 x 8 + 8x 2 4* 
3x — 2. 

The work may be arranged as follows. Since the H. C. F. of two 
polynomials is not altered m any essential way by multiplying or dividing 
either of them by any constant ( 0), we can avoid fractional coefficients. 


x 8 — 2 x 2 4 - x 4 - 4 

X s — X 

3 

8 X s + 8 x t + 8 x — 2 
Sx»- 6 x 2 + 8 x + 12 

— 2 x a + 2 x + 4 

x — 2 

14x>-14|14 

-2 x a +2 


X 2 - 1 

2 | 2 x + 2 

x- 1 

x 2 4 - x 

x 4- 1 


— X — 1 



— X — 1 



0 


Therefore the H. C. F. is x + 1. 

EXERCISES 

1. Find the H. C. F. of each of the following pairs of expressions : 

(а) x 8 -f 2 x 2 — 13x + 10, + x 2 — lOx + 8 

(б) 3 x 4 4- 6 x 2 + 2, x 6 — 4x 4 -f6x 2 — 2 

(c) x 8 — 2 x 2 — 22 x + 8, x 2 — 6 x + 2. 

(d) o? -f" 3 d 2 — 3 cl — - 6, os 8 — - u 2 -f- 3 cl -I- 3. 

(e) y 8 - y 2 - y + 1, y 2 + V 4* 1. 

(/) b* + t> 8 4- 6 & 2 + 6 b + 6, ft 6 + 4 6 s + 6 2 - 6 6 4* 1. 

(gr) 1 4- « — x 2 — 6 x 8 + 4 x 4 , 1 — 4 x 8 -f- 3 x 4 . 

(ft) 4 x 4 — 5 x 3 4- x 4- 1, 3 x 4 — 4 x 8 4- 1. 

(0 a 6 4 a 8 ■(■ fl 4 1) fl 2 4 a 4 1. 

O) *»-l, a- 1. 

2 Prove that, if the coefficients of two polynomials are rational (or 
real), the coefficients of the H. C F. are rational (or real). 

3 If F is a factor of A but not of B , how does the H. C. F. of A and 

FB compare with the H. C F. of A and B ? In introducing and suppress- 
ing factors during the process of division, what precaution must be taken 
and why ? 

260. Functional Notation. *We have already used special 
notations to represent special functions. » Thus sin, cos, tan, 
log, etc* are special notations with whiah we are familiar. We 
shall now introduce a notation that is more general, for it is 
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applicable to all kinds of functions. We shall use the symbols 
f(x), F(n), <!>(%)> ••• to represent various functions of x , and 
can then speak of the “/-function,” “ ^-function,” etc., just as 
wef'speak of the sine function, logarithmic function, etc. 

Moreover, such a notation can be used to represent the value 
of the function in question for a given value of the variable. 
Thus, if f(x) is used to represent the function x 2 4- 2x — 1, the 
symbol / (2) denotes the value of this function when x = 2 
(just as sm (tt/2) means the value of sin x , when x = 7 r/2) ; Le. 

/( 2) — 2 2 -f2-2 — 1 = 7. 

Similarly, with the meaning just given to /(x), we should have 
f(x -f- h) = ( x -f- h ) 2 -\-2(x-\-li) — 1. 

It should be noted that, when a certain function is called 
f(x ), then, throughout any discussion where this function is 
used, f{x) always means that particular function and no other. 

EXERCISES 

1. Given / (x) = 3 x 2 + 2 x — 4, find/(2),/(fc),/(0),/(x + 1/x). 

2 Given <f>(x) — x/(x — 1), find 0(2), 0(x + /t), 0(1 — x ), 0(10). 

3 Givpn F(x) = e x + e~ x , find 1^(0), jF(1) 

4. Given /(x) = (x - l)/(x -f 1), prove that 

/O) -/(s) - V ~ z 
1 +f{y) /(*) 1 + y* 

5. If 0(x *f y) = 0(x) -f 0 ( 2 /), show that 0(3 x) — 3 0(x). 

6. Given /(x) = 2 x Vl — x 2 , prove that 

/(sin x) =/(cos x) = sin 2 x. 

*_1 

7. Given /(x) =1 - , find the value of f( -JU 

*+1 ,1 -* / 

x 

8. Given 0(x) = e* 4- e - *, prove that 

e{x + y)e(x - y),= 0(2 x) -f 0(2 y) 

9 Express the fact that the volume of a ^phere is a function of its radius. 
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10 Given F ( x ) = (ac — l/ar)(a: 2 — l/x 2 )(x 8 — l/ac 8 ), prove that 
F(z) = -F{\/z). 

11 . Given that/(n) = n !,* prove that (n -f 1) /(n) = /(n + 1) 

12 Given that/(x) =x 2 + 2, find /[/(x)]. 

13 Given /(x) = sin x, find/(?r/2), /(tt/3), /(tt). 

14 Given /(x) = sm x and <£(x) = cos x, prove that 

(а) [/(*)]* + [*(*)]* = ! (d) m = <*>0/2 - *). 

(б) /(*) - 0(x) = tan x. (e) /(- x) = -/(a:). 

(c) /(x + y)=/(x) 0 (iO+/(sO 0 (x). (/) 0 (*)= 0 (-*)- 

15 If /(x) = log a x, show that 

(а) /(*) + f(y) =f(xy). (c) /(*/y) + /(*/*) =0. 

( б ) /(*») = «/(*). 

16 What functions may f(x) represent when 

(a) /(* + V ) =mm (c) /(x») = »/(*). 

(b) /(X + y ) =/(*) + /(y). fa) /g) = /(y) -/(*) 

261. The Remainder Theorem. If a polynomial f(x) is 
divided by x — a, the remainder is /(a). 

If f(x) is the dividend, x — a is the divisor, Q(x) the 
quotient, and R the remainder, then 

(5) f(x) = (x- a) Q(x) -f R 

where R , since it is of lower degree than x — a, does not in- 
volve x at all, i. e. R has the same value for all values of x. 

Since the values of the two members of this identity are 
equal to each other for all values of x } we have for the par- 
ticular value x = a, __ ^ 

262. Factor Theorem. If f(x) is a poly,^„Ual and a is a 
number such that f(a) = 0, then x — a is a factor of f(x). 

The r ' w 'of of this theorem is left as an exercise. 

n\ = 1-2-3- 4 n, that is,*2» =2, 3* =6, 4* = .... 
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EXERCISES 

By use of the remainder theorem find the remainder when 

1. x 8 — 2 x 2 4- 3 is divided by sc — 2 

* 2 . sc 13 — 46 x 12 + 20 x 6 -f 12 is divided by x — 1 

3. x 12 -|- 1 is divided by x+1 , by x — 1. 

4 . Show that — 2 is a root of the equation 2x 8 + 3x 2 — 4x — 4 = 0 

0. Show that x n -f a n is divisible by x 4- a if n is odd. 

6 Show that x n -f a n is not divisible by x -f a if n is even. 

7 By means of the remainder theorem find k so that xS-f A:x 2 +2 x -f A; 
may be exactly divisible by x — 2. 

8. Find the polynomial in x of the second degree which vanishes when 
x = 1 and when x = 2, and which assumes the value 10 when x = 3. 

263. Synthetic Division. We shall proceed to explain a 
simple method of performing the division transformation 
when the divisor has the form x — i.e. when the divisor is a 
binomial of the first degree m which £he leading coefficient is 1. 

Let the given polynomial be 

a n x n 4- a*-!*"” 1 4- a n _ 2 x n ~ 2 + ba x x + a 0 

and the divisor x — k. 

The ordinary process of long division leads to 

a n x n 4- a n _ x x n ~ x -f a n _ 2 x n ~ 2 4- ••• + a x x+a 0 x—Jc 

a n x n —a n kx n ~ l ^ a n x n ~ l + (Jca n + a n _ x )x n ~* 

(fca H +a n _ i)^- 1 + ••• 

(ka n +a n _ Qa?"- 1 - M(ka n + a u _ x )x n -* 

\k(ka n +a n ^+a n _ 2 ]x n -* 

It is now not difficult to see that 

(а) the first coefficient in the quotient is a n , i.e. the coeffi- 
cient of the leading term m th/} dividend ; 

(б) the second coefficient m the quotient is obtained by 
multiplying the first coefficient of the quotient by k and adding 
to it the second coefficient of the dividend ; 
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(c) the third coefficient of the quotient is obtained by mul- 
tiplying the second coefficient of the quotient by k and adding 
to it the second coefficient of the dividend. 

We may then arrange the work as follows : 

On-l a n-2 | k 

k( ka„ + a „-i) 

«» ka n + «n-l 4- a„- 2 - 

Here the first line contains the coefficients of the dividend 
m order and the third line gives the coefficients of the quotient 
and the remainder m order. Every number m the third line, 
after the first, is obtained by multiplying the preceding num- 
ber by k and adding to it the next number in the first line. 

Example 1 By synthetic division, t flnd the quotient and the re- 


mainder when x 4 

— 2 x 8 - 

f x 2 + 3 x — 2 is divided by x + 2. 

a 

Solution 

1 

-2 1 3 

- 2 izl 



-2 8 — 18 

30 


r~ 

-4 9 -16 

28 

Hence the quotient is x 8 

— 4 x 2 -f 9 x — 

16 and the remainder is 28. 

Example 2. 

if /(*) 

= 2x 4 +3x 8 + 

7 x 2 + 14 x + 20, find /(- 


2 

8 7 14 

201-3 


- 

-6 .9 - 48 

102j “ 


2 - 

3 16 - 34 

i| 

ii 

1 

* 

«• 


EXERCISES 

In the following exercises use synthetic division . 

1. Find the remainder when x 8 + 3 x 2 — 6 x + 2 is divided by x — 2. 

2. Find the remainder and the quotient when x 4 *— 3x 2 + 2x + 3 is 
divided by x -f 3 

3. Show that 8 is a root of the equation x 8 »-4£ 2 -17x + 0O = O. 

4 . Find k so that 3 is a root of the equation x 4 — 3 x a + £x + 1 = 0. 

5. Is 5 a root of the equation x 4 — x 8 + 7 = 0 ? 
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264. Properties of Integers. We have already noticed 
(ftn., p. 403) that the familiar method of writing an integer 
greater than 9 represents it as the value of a polynomial. 
Ifttegers and polynomials, therefore, have many properties m 
common. We may, for example, gain an insight into the reason 
for the rules of arithmetic used in adding a column of figures 
or in finding the product of two integers by comparing these 
rules with the technique of adding and multiplying polynomials 
discussed in §256*. We shall proceed to discuss some of the 
properties of integers relating to divisibility, etc., which are 
valuable in our everyday use of numbers. 

266. Prime and Composite Numbers. An integer greater 
than 1 that is divisible by no integer except itself and 1 is called a prime 
number or simply a prime Thus 2, 3, 6, 7, 13 are prime numbers. Any 
integer (> 1) not a prime is caUed a composite number Any composite 
number is the product of two or more primes, thus 0 = 2 3, 100 = 2 2 • 
6 6 = 2 2 • 5 2 . Any composite number n ifiay be resolved into its prime 
factors in one and only one way When resolved it has the form 
n = jpi a ip 2 0tJ • Pk ak When a number has been resolved into its prime 
factors any question regarding its divisibility is readily answered by the 
following theorem 

A number a is divisible by a number b if and only if every prime factor 
of b ocQurs in a to at least as high a power as it occurs m b This 
theorem follows readily from exercises 15 and 17 below The proof is 
left to the student. As an illustration, if a = 2 3 8 • 17 2 37 and b = 
2 3 2 • 17 we recognize at once that a is divisible by b and that the quo- 
tient is 3 . 17 • 37. If, on the other hand, b were 2 2 . 3 8 • J7 then a would 
not be divisible by b. 

The common factors of two integers are also readily found if the num- 
bers have been resolved into their prime factors. Why ? Two integers 
which have no common factor (> 1) are said to be prime to each other. 

The notion of prime numbers and the investigation of their properties 
is very ancient add to this day some of the most difficult problems of 
advanced mathematics relate to this field Some of the properties are 
quite elementary, however, and have been listed below in exercises 

* Carrying this comparison out in detail forms a valuable exeiUse The 
familiar process of “carrying” a ctfgit from one column to the next is about 
the only thing that requires special investigation • 
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EXERCISES 

1. Prove that if a and b are both divisible by n, then a 4- & and a— 6 
are divisible by n and a • b is divisible by n 2 . Is a similar theorem true 
of polynomials ? 

2 Prove that a product of any number of integers is divisible by n if 
one of the integers is divisible by n. Is a similar theorem true of poly- 
nomials ? 

• 3 If c = a b is divisible by n, must either a or b be divisible by n ? 

4 . Prove that if a number a leaves a remainder r when divided by b , 
then the number obtained by adding to a any multiple of b will leave the 
same remainder. 

5. Prove that if the last digit on the right of an integer is even, the 
integer is divisible by 2. 

6. Prove that if the number formed by the last two digits of an 
integer is divisible by 4, then the number is divisible by 4 

7 Prove that if the number formed by the last three digits of an 
integer is divisible by 8, then the integer indivisible by 8 

8. Prove that if the last d\git of an integer is 0 or 5 then the integer 
is divisible by 6. 

9. Prove that if the sum of the digits of an integer is divisible by 3 
(or 9) then the integer is divisible by 3 (or 9), 

10 Prove that if the sum of the first, third, fifth, etc. digits of an 
integer is equal to the sum of the second, fourth, etc , the number is 
divisible by 11. # 

11 . If the sum of the digits of an even number is divisible by 3, the 
number itself is divisible by 6^ 

12 Determine without performing the division whether the following 
numbers are divisible by 2, 8, 4, 5, 6, 8, 9, 11. 

(а) 2662. (c) 128463. (e) 127898712. ( g ) 111111111111. 

(б) 12346. ( d ) 2673 (/) 7326 x 8931. (Ji) 11111111112. 

13 How would you recognize that a number is divisible by 45 ? 

14 Prove that if the product a • b is divisible by a pnme number p, 
either a is divisible by p or b is divisible by p. Is a siijular theorem true 
for polynomials ? 

15 Prove that if a number c is a factor of ab and is prime to a, it 
must be a factor of 5. Is a similar theorem true for polynomials ? 

16 . PAve that the quotients of two numbers by their H. fc. P. are two 
numbers pnme to each other. Is a simflar theorem true for polynomials ? 
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17. Show that if a number is divisible by each of two numbers which 
are prime to each other, it is divisible by their product. Is a similar theo- 
rem true for polynomials ? 

tl8 Show that the product of two numbers is equal to the product of 
their H. C. F. by their L C. M. Is a similar theorem true of polynomials ? 

19 Prove that* the number of primes is unlimited. 

[Hint. Suppose that the theorem were not true and that p were the 
greatest prime. Let pi, p 2l p», p n -i be the set of all primes less than p 
and consider the number 

P 1 P 2 P 3 •••P*-iP + 1. 

This number is not divisible by any of the primes pi,p 2 , ; •, p. The rest 
of the proof should be obvious. This proof was first given by Euclid.] 

20 . By trying successive primes 2, 3, 6, 7, •, determine whether or not 
1009 and 1007 are primes In this case we may stop with the prime 31. 
Why ? Ans. 1009 is prime. 

21 . Resolve into prime factors the numbers 604800 and 12259. 

22 . Is the number 2 6 3 12 5 8 a perfect square ? Is it a perfect cube ? 

23 . Show that the relation ah — cd = 1, where a, 5, c, d, represent in- 
tegers, is not possible unless a and c are prime to each other. 

24 . Two consecutive integers are always prime to each other. Is this 
true also of any two numbers differing by 7 ? 

25 . What is the smallest cube of masonry that can be constructed of 
bncks 8 x 3 x 2 inches ? It is assumed that the bricks are placed so that 
any two equal sides are parallel 

266. Partial Fractions. In certain problems it is sometimes found 
necessary to express a fraction in which the numerator and denominator 
are polynomials in one variable as the sum of several fractions each of 
which has a linear or at most a quadratic function m the denominator. 
In what follows it will always be assumed that the given fraction is a 
proper fraction , i.e a fraction in which the degree of the numerator is less 
than that of the denominator. Any fraction which is not proper can be 
written as the sum of a polynomial and a proper fraction. Therefore our 
problem may be stated as follows . »To express a proper fraction as the 
sum of several proper factions. 

The method of approach is to assume that the fraction can be expressed 
in the desired* form and then seek to determine the numerator^ which in 
the assumed form are left undetefmined. Four distinct cases arise. 
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Case I. When the denominator can be resolved into factors of the first 
degree all of which are real and distinct. 

Example 1. Resolve into partial fractions 
9 x 2 — x — 2 
x s — x 

The sum of the three fractions 

A B C 

X X — 1 X + 1* 


will give a fraction whose denominator is x 8 — x. We therefore try to 
determine A , 2?, C so that 


(«) 


9 x 2 — x — 2 4, 5 L C 

= — -I : 1 ; r ‘ 

X 8 — X X X— 1 X + 1 


Clearing of fractions we have 

(7) 9 x 2 — x — 2 = A(x 2 - 1) + J5(x 2 + x) + C (x 2 - x). 

Since (7) is to be true for all values of x, we seek values of A , 2?, <7, such 
that the coefficients of like powers of x will be equal, i.e such that 
A + 2? + C = 9, 2?-C = -l, — - A = — 2 

Solving these equations, we § find A = 2, 2? = 3, (7 = 4. Hence 
9x 2 — x — 2 _2 8 4 

x 8 — x x x — 1 x + l 

Case II Wften denominator can be resolved into real linear fac- 
tors some of which are repeated. 

Example 2. Resolve into partial fractions 
2 x 2 — x + 2 
te(x- l) 2 

The sum of the fractions 

A B C 

* a — l (a: — l) 2 ’ * 

will give a fraction whose denominator is x(x — l) 2 . Therefore we shall 
try to determine A, 2?, C so that 

2x 2 — x + 2 __ A . B C 

x(x — l) 2 X x-1 (x-1) 2 ' 

Clearing of fractions, we have 

2x 2 — x + 2 = A(x — l) 2 + Bx(x — 1) + Cx. 
s Equating the coefficients of like powers of x,*we have 

A + 2? = 2, -2A-5 + C=-l, A = 2. 
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Solving for A, B 1 (7, we find A = 2, B = 0, (7 = 3. Hence 

2 x 2 -x 4 2 _2 8 

x(x- l) 2 x (as - l) 2 ’ 

4 The assumptions to be made under Cases I and II are contained m the 
following rules 

(1) For every unrepeated factor x — a of the denominator , assume a 
fraction of the form A/(x — a). 

(2) For every repeated factor (x — a) k of the denominator , assume a 
sum of fractions of the form 

Ai i A 2 1 <tt 1 A/i 

x — a (x — a) 2 (x — a) k 

Case III. When the denominator contains quadratic factors which 
are not repeated . 

Example 3 Resolve into partial fractions 
5 x 2 4- 4 x 4 3 
(* + i)0 2 + i)' 

y 5 x 2 -f- 4 x -j- 3 A a j Bx -f- O 

Let (* + i)(x» + i)“ni + 7+r' 

Clearing of fractions, we have 

6x 2 -f 4x-f 3 = A(x 2 4 1) -f (Bx+ (7)(x -f 1) 

= Ax 2 4 A -f- Bx* 4 Bx -J- Ox 4 C. 

Equating coefficients, 

A 4 J5 = 6, B+ (7 = 4, A+ (7 = 3. 

Therefore A = 2, B = 3, (7=1 Hence 

5 x 2 4 4 x 4 3 _ 2* . 3x4-1 

(x + l)(x 2 -hl) x + 1 x 2 + l’ 

Case IV. When the * denominator contains quadratic factors which 
are repeated . 

Example. Resolve itfto partial fractions 

3x*4x 8 48x 2 4x42 
x(x 2 + l) 2 

Let 3x 4 4s°48x 2 4a:42 l, A , Bx 4 C , Dx + E 

X(X 2 4- 1)2 X X 2 + 1 ^ ( x 2 4 1) 2 ‘ 

Then, 

3 x 4 4 x 8 4 8*x 2 + x + 2 =«A(x 2 4 l) 2 4 ( Bx 4 (7)x(x 2 4 1) 4 {Dx 4 E)x 
= Ax 4 4 2 Ax 2 4 A 4 Bx* 4 Ox 8 4 Dx 2 4 Cx 4 -Dx 2 4 ^x. 
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Equating coefficients we have 

A + B = 3, <7=1, 2A-fR+Z) = 8, <7+ #=1, A = 2. 


Hence, 

Therefore, 


A = 2, J3 = 1, <7=1, D = 3, = 0 

3 a; 4 4- % 8 -f 8 g a + x + 2 = 2 , a; + 1 , 3 a; 

*(a0+l)* * + * a + l i ‘ (a; 2 + l) 2 * 


The assumptions to be made in Cases III and IV are contained m the 
following rules. 

3. Corresponding to every unrepeated factor of the form ax 2 + bx + c, 
assume the partial fraction Ax + B 

ax 2 + bx + c' 


4. Corresponding to every factor ( art 2 + bx + c ) k , assume the sum 
Aix ± B x + A 2 a; + B 2 + ### , A& + B k 
ax 2 + bx + c (ax 2 -f bx + c) 2 (aa; 2 + 6ac + c)*’ 


EXERCISES 


Resolve into partial fractions each of the following fractions. 


1 

4a; + 1 • 

11 

3 a; 2 — 6 x -+• 4 


(x — l)(x + l)(x + 3) ’ 

(* - 1) 8 

2. 

ax - 1 

12 

X* 

a; 2 - 4 * 

(X 2 - 1) 2 ‘ 

« 

2a: + l 

13. 

a 4 


x 2 (x — 4) " 

(sc 2 - i)(* + a; 


x» + l 

14. 

x — 2 

• 

x(x — l) 8 

(X + l)x 8 

5. 

1 

15. 

2 x 2 - x + 3 

a; 2 (a; + 1) ' 

x(x 2 — 1)(2 x — 3) 

6. 

x 2 + 2 x'+ 1 

16. 

. 1 +*» 

x 8 + x 

(2 — x 2 ) (2 + x 2 ) ' 

7. 

2 x 2 — l 

17 

. X 4 + X 2 

3x 3 + 3 x 

x 4 + x 2 + l' 

8. 

2x + 1 

18. 

8 — 2x 2 

X? + X 2 + 2C 

(2-3x«+x 2 ) 2 ' 

9 # 

1 

19 

5 x 8 + 2 x + 1 


»(ac 2 + 1) 2 ’ 

(x 2 *f l)(x-l) 2 ' 

10. 

• 3 

20 

• 2 x + 1 • 

X s — 1 


X 2 (X 2 + 1)2- 



CHAPTER XVII 


PERMUTATIONS, COMBINATIONS, AND PROBABILITY 
THE BINOMIAL THEOREM 

267. Definitions. Suppose that a group of n objects is 
given. Any set of r (r < n) of these objects, considered with- 
out regard to order, is called a combination of the n objects 
taken r at a time. We often denote the objects in question, 
which may be of any kind, by letters, as a, b, c, •••, k. The 
number of combinations of these n letters taken r at a time is 
denoted by the symbol n C r . For example, the combinations 
two at a time of the four letters a, b, c, d are, 

ab , ac, ad, be, bd, cd. 

Since there are 6 of these combinations in all, we have 4 (7 2 = 6. 

On the other hand, any arrangement of r of these n objects 
in a definite order in a row is called a permutation of the n 
objects taken r at a time The symbol n P r is used to denote 
the number of such permutations. 

For example, the permutations of the four letters a, b, c, d 
taken two at a time are 

ab ac ad be }>d cd ba ca da cb db dc . 

Since there are 12 of these arrangements in all we have 
4 P 2 =12. We have assumed m these examples that the 
objects are all different, and that the repetition of a letter 
within a permutation is not allowed. 

268. Fundamental Principle. If a certain thing can be 
done in m different ways f and if, when it has been done^ a cer- 
tain other thing can be done ( m p rliffp.rp.nt wavs fhpn hnfh 

420 
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things can be done in the order stated m m x p different 
ways. For, corresponding to the first way of doing the first 
thing, there are p different ways of doing the second thing ; 
corresponding to the second way of doing the first thing ttere 
are p different ways of doing the second thing ; and so on for 
each of the m different ways of doing the first thing. There- 
fore there are m x p different ways of doing both things m 
the order stated. This fundamental principle may at once be 
extended to the following form. 

If one thing can he done in m ways , and if when it has been 
done , a second can he done in p ways , and if when that has been 
done , a third can he done in q ways y and so forth , then the number 
of ways in which they can all he done 9 taking them in the order 
stated , is mxp xq •••. 

Example 1 There are fjve trails leading to the top of Mt. Moosilauke, 
N. H. In how many ways may I go to the top, and return by a different 
trail ? 

There are five ways I may go to the top and for each of these there are 
four ways I may descend. Therefore, the total number of ways m which 
I may make the round trip is 6 x 4 or 20. 

Example 2. How many even numbers of two unlike dibits can be 
formed with the digits 1, 2, 3, 4, 5, 0, 7, 8, 9 ? 

The digit in the units’ place can be chosen in any one of 4 ways and the 
one in the tens’ place can then be chosen m 8 ways. Therefore, 4 x 8 or 32 
even numbers with two unlike digits can be formed from the given digits. 

269. The Number of Permutations of n Different Things 
Taken r at a Time. The problem of finding the number of 
permutations of n different things taken r at a time can be 
stated as follows : 

Find the number of ways m which we can fill r places when 
we have n different things at our disposal 

The^ first place can be filled in n ways, for we may take any 
one of the n things at our disposal. The second place can 



422 


MATHEMATICAL ANALYSIS [XVII, § 269 


then be filled in n — i ways, and hence the first and second 
places together can be filled inn(n- 1) ways. Why ? When 
the first two places are filled, the third can be filled in n — 2 
ways. Reasoning as before, we have that the first three places 
can be filled in n(ri — l)(n — 2) ways. Proceeding thus, we see 
that the number of ways in which r places can be filled is 

n (n — 1 )(w — 2) ••• to r factors, 

and the rth factor is ra — (r — 1) or n — r -f 1 Therefore the num- 
ber of permutations of n different things taken rata time is 

(1) nPr = n (n - 1 )(n - 2) ... (n - r - f 1). 

Corollary. If r = n, we have 

(2) n P n = n(n- 1 )(n - 2) ... 3 . 2 . 1 = n !* 

Example Three students enter an office in which there are five 
vacant chairs. In how many ways can they be seated ? 

Here n = 6, r = 3 Hence 6 P 8 = 5 • 4 3 ^ 60 ways. 


270. The Permutations of n Things not all Different. The 

number N of permutations of n things taken all at a time , of 
which p are alike , q others are alike , r others alike , and so on , is 

n ! 


( 3 ) 


N= 


p\q\\ 


Suppose the n things are letters and that p of them are a, 
q of them 5, r of them c, and so on. 

Now, if in any of thi JST permutations we replace the p a? s 
by p new letters, different from each other and also from the 
remaining n — p letters, then by permuting these p letters 
among themselves without changing the position of any of the 
other letters we can form p ! new permutations. Therefore if 
this were done in each of the* N permutations, we should 


♦ The product of all the integers from 1 to n is called factorial n, and is de- 
noted by the synfbol n ’ or [n ‘Thus 3 ! = 1 • 2 • 3 = 6 A table of thl values 
of n ! up to n » 10 will be found at the end of the book. 
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obtain N*p\ new permutations. In the same manner, if we 
replace the q b’s by q new letters differing from each other and 
the remaining n — q letters, the r c’s by r new letters differing 
from each other and from the remaining n — r letters, and*so 
on, we then obtain N »p ! q ! r ! ••• new permutations. But the 
things are now all different and may be permuted m n ! 
ways. Therefore N • p ! • q ! • r ! — = n !, or 

JV== — 

p\q\r\ ••• 

Example How many different permutations of the letters of the 
word Mississippi can be formed taking the letters all together ? 

We have 11 letters of which 4 are s, 2 are p, 4 are i. Therefore the 
number of permutations is 111/(414121) = 34650 

EXERCISES 

1 . If there are six letter boxes, in lio*w many ways can two letters be 
posted if they are not both pasted in the same box ? Ans 30. 

2 If there are six letter boxes, in how many ways can two letters be 

posted ? Ans 36. 

3 Two dice are thrown on a table In how many ways can they 

fall ? Ans. 30. 

4. Two coins are tossed on a table. In how many ways can they fall ? 

5 In how many ways can five coins fall on a table ? 

6. How many different permutations can be formed by taking five 
of the letters of the word compare ? 

7 Find the number of permutations that can be made from all the 
letters of the word (a) assassination ; (6) institutions ; (c) examination. 

8 Given the digits 1, 2, 3, 4, 6, 0, 7, 8, 9 Find 

(а) How many odd numbers of two digits each can be formed, repeti- 
tion of digits being allowed. 

(б) The same as (a), except that repetition of digits is not allowed. 

9 How many even numbers less than 1000 can* be formed with the 
digits 0, 1, 2, 3, 4, 6, 0, 7, 8, 9, repetition of digits not being allowed ? 

10 In how many ways can a hand of ten cards be played one card 
at a tims ? 

11 . In how many ways can 3 different algebras and 4 different geom- 
etries be arranged on a fehelf*so that the algebras are together ? 
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271. The Number of Combinations of n Different Things 
Taken r at a Time. The number of combinations of n different 
things taken r at a time is 

(4)* n C r = 2 ) ("■- L±H. 


For, each combination consists of a group of r different 
things which can be arranged among themselves in r ! ways. 
Therefore n C r • r ! is equal to the number of permutations of n 
different things taken rat a time ; that is, n C r • r ! = n P r , or 

C — n ( n ~~ *)( n n M> ( n n r + 1 ) 

r r ! 


Corollary 1. The value of n C r may be written in the form 


( 5 ) 




r ! (n — r)*! 


This follows immediately from (4) if we multiply numer- 
ator and denominator by (n — r) !, since 


n(n — l)(w — 2) • •• (n — r + 1) • (n — r) ! = n !. 


Corohary 2. The number of combinations of n different 
things taken r at a time is equal to the number of combina- 
tions of n different things taken (n — r) at a time. 




(n — r) ! (n — [n — r]) ! (n — r) ! r ! 


* 0 , 


27ie JotaZ number of ways in which a selection of some or all 
can be made from n different things is 2 n — 1. For each thing 
may be disposed of in two ways, i.e. it may be taken or it may 
be left. Since there are n things/ they may all be disposed of in 
2* ways. But among these 2 n ways is included the case in 
which all aref rejected. *Therefore the number of waVs of 
makinur the selection is 2 n — 1 
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Example 1. In how many ways can a committee of 9 be chosen from 
12 people ? 

The required number is 

nC» = 12 C, = 12 ' 11 ‘ 10 = 220. 

1 • 2 • o 

Example 2. From 6 men and 6 women, how many committees of 8 
each can be formed when the committee contains (1) exactly 3 women ? 
(2) at least two women ? 

(1) The men may be chosen in fl C 6 ways, the women in 6 Cs ways. 
The number of ways in which both groups may be chosen together is 
jCg * t Cs, or 60. 

(2) Since each committee is to contain at least three women, it can be 

made up as follows : , K „ 

(а) 6 men and 3 women 

(б) 4 men and 4 women. 

(c) 3 men and 6 women. 

Therefore the number of possible committees is 

aCg x $Ca + aCi x sC* -KeCa x 5C5 = 166. 


EXERCISES 

1. FindioCs, 11C10, 100C99. 

2 How many different committees of 6 men can be chosen from a 
group of 20 men ? 

3. There are 20 points in a plane, of which no three are in a straight 
line How many triangles may be formed each of which has three of 
these points for its vertices ? 

4 How many planes ma^ be determined by 26 points, no four of which 
are coplan ar, if each of the planes is to contain three points ? 

5. How many different committees, each consisting of 6 republicans 
and 4 democrats, can be formed from 10 republicans and 8 democrats ? 

6. From 20 men how many groups of 11 men each can be picked ? In 
how many of these groups will any given one of the 11 men be ? 

7. Out of 6 different consonants and 4 different vowels, how many 

linear arrangements of letters each containing 4 consonants and 3 vowels 
can be formed ? Ans . 6<?4 x 4 Cz x 7 l. 

8 From ten books, in how many ways ca*h a selection of six be made, 

(1) «when a specified book is always included ? 

(2) when a specified book is always excluded ? 
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272 . Probability. If an event can happen in h ways and fail 
in / ways, and if each of these / + h ways is equally likely, the 
(mathematical) probability* of the event happening is 

h 

h+f 

and the probability of its failing is / /(h + /). An equivalent 
way of stating that h/(h -f /) is the probability of an event 
happening is to say that the odds are h to / m favor of the 
event or / to h against the event. 

The probability of an event happening plus the probability of 
its failing is always equal to unity. 

Example 1 Suppose from a bag containing 3 red balls and 5 black 
ones, a ball is drawn at random, then the probability of its being red is J 
and of its being black J . The chance that the ball is either red or black 
is | -f } = 1, or certainty. 

Example 2 From a bag containing 3 reh balls and 6 black ones, two 
balls are drawn Find the probability that (1) both are red, (2) both are 
black, (3) one is red and one is black 

Two balls can be drawn in 8 C 2 or 28 ways Two red balls can be drawn 
in 8 Oa or 3 ways Therefore the probability of drawing two red balls is 
3/28. 

Two black balls can be drawn in 5C2 or 10 ways. Therefore the prob- 
ability of drawing two black balls is 10/28 

The number of ways of drawing one red ball and one black one is 
zC 1 x 5C1, or 15. Therefore the probability of drawing a red and a black 
ball is 16/28. 

Example 3. Find the probability of throwing six with two dice. Thq 
total number of ways in which two dice can fall is 6 x 6 or 36. A throw 
of 6 can be made as follows. 1, 6, 6,1, 4,2; 2,4; 3,3, i e. m 
6 ways. Therefore the probability is 6/36. 

* The reason for tlfe definition of mathematical probability may be made 
clear from the following considerations* Suppose a com were tossed n times 
and fell heads h times and tails / times. If n is a finite number, h and/ will 
in general not Tie equal. But as n is increased, h/{h+f) and //{h+f) will 
approach nearer*and nearer to*l/2, and thus we take 1/2 to be the" probability 
of the coin falling beads 
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EXERCISES 

1. In a single throw with one die, find the probability of throwing an ace. 

2 In a single throw with 1 two dice, find the probability of throwing a 
total of five , six , seven ; eight 

3. In a single throw with two dice, find the probability of throwing at 
least five , six , seven , eight. 

4. A bag contains 5 red balls, 6 green balls, 10 blue balls. Find the 
probability that, if 0 balls are drawn, they are ( a ) 2 red, 2 green, 2 blue , 

(b) 3 green, 3 blue, (c) 6 red, 1 green , (d) 6 blue 

5. Four coins are tossed Find the probability that they fall two heads 

and two tails. Ans. 3/8 

6. In a throw with two dice, which sum is more likely to be thrown, 
6 or 9? 

7 Find the probability of throwing doublets in a throw with two dice 

8. Five cards are drawn from a pack of 62. Find the probability that 

(a) there is one pair [Two like denominations make a pair, for ex- 
ample, two aces ] 

(b) Find the probability th&t there are three of a kind , (c) two pairs ; 
(d) three of a kind and a pair , ( e ) four of a kind , (/) five cards of one 
suit. 

9. Four cards are drawn from a pack of 62. Find the probability 
that they are one of each suit. 

10. Seven boys stand in line. Find the probability that (a) a partic 
ular boy will stand at an end : (6) two particular boys will be fogether 

(c) a particular boy will be in the middle. 

11. A and B each throw two dice If A throws 8, find the probability 
that B will throw a higher number. 

12 Find the probability of throwing two 0’s and one 6 in a single 
throw with three dice. 

13. In tossing three coins find the probability that at least two will be 
heads. 

14. If the probability that I shall wm a certain eve ”* ia 8 what are the 
odds in my* favor ? 

15. Find the probability of throwing an ace yvith a single throw of two 

dice. Ans. 11/30. 

16 \V%ich is more likely to happen, a thfow of 4 wittf one die or a 
throw of 8 with two dice ? 
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273. The Binomial Theorem for Positive Integral Ex- 
ponents. Consider the product 

( x +a )(x -ha) ••• (a? + a) [to n factors] 

where n is any positive integer. One term of the product is 
x n ; it is obtained by taking the letter % from each parenthesis. 
There will be n terms x n_1 a, for the letter a may be chosen from 
any of the n parentheses which can be done in „(?i = n ways. 
There will be n C 2 terms x n ~ 2 a 2 , for the a’s may be chosen from 
two of the n parentheses and the x from the remaining n — 2 
parentheses. In general, there will be n C r terms x n ~ r a r , for 
the a’ s may be chosen from any r of the n parentheses, and the 
x’s from the remaining n — r parentheses. Therefore 

(6) (. x -f a) n = x n + w CiX w -ia + w Cj}X w “ a a 2 4- ••• 

+ nC r X f *- r « r + •• + « » 

This formula for expanding (a; 4 a) n is known as the binomial 
theorem. Since n C r = n (7 n _ r , it follows that the coefficients of 
any two terms equidistant from the beginning and the end are 
equal. If we write —am place of a we have 

(x — a)" = x*" 1 4- nCiX n ~ l (— a) 4- n C^c n ~ 2 (— a) 2 4 h (— «)”> 

or 

(sc— a)*=cc w — n CiX n ~ l a 4- n C 2 x n ~ 2 a 2 — n C z x n ~*a z 4. ... 4- ( — l) n a*. 
Example 1 Expand (2 x — y) 5 

(2x-y)«=(2x)6-5Ci(2Vy + 5C 2 (2x)8t/ 2 - 6 C 8 (2 x)V* 4 5^4(2 x) y*-y« 
= 32 x 6 — 80 x*y 4 80 x 8 y® — 40 x 2 y* 4 10 xy* — y 6 . 

Example 2. Find the sixth term of (2 x — 3 y) 8 . 

The sixth term is 6 C$ (2x) 8 ( — 3y) 5 , or — 108,864 xV* 

• / 1 \ 10 

Example 8. Find what term contains x 11 in the expansion of (x a — -J . 

Call it the t* term. ThfnjoC^x 2 ) 11 -*^ — Ij*"’ 1 is the term. In this term 

we want the ‘exponent of f to be 11. Therefore 22— 2t — $4^ = 11, or 
t = 4 The coefficient of this term is — w Cg = — 120. 
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EXERCISES 

Expand the following by the binomial theorem . 

1. (sc-1) 6 . 3 (2 a: -y) 7 . 

/ 1 \ 10 

S (2a c + y)«. *• ^--J • 

7 (0.9) 6 [Hint 09 = 1-0 1.] 



6 (z — zy)*. 
8. (0 99) 8 


Write down and simplify 
9. The 8th term of (x — l) 18 . 

10 . The 5th term of (2 x — y) 10 

11. The 7th term of ( — — JLV°. 

V 5 4x/ 

Find the coefficient of 


12 . The 6th term of (2 x -f 3 y) 12 . 

13 . The middle term of (1 — x) 12 
14 The middle term of (2 x — y) 14 . 
15 . The middle terms of (z — 1 /z ) 16 . 


16 . x 8 in the expansion of ^x 2 — iy°. 

17 . x 18 in the expansion of J^x 2 + ~y 6 . 

18 . x 89 in the expansion of ^x 4 

19 x~ 17 in the expansion of ( x 4 — - V 6 . 

V x V 


20 . By considering the expansion of ( 1 -f 1 ) n , prove that 
nCl+ n C 2 + -+nC n = 2*-l. 


21 . Frove 1 - n Oi + «C 2 - n Cs -I- ••• + (- 1)" n C n = 0. 


MISCELLANEOUS EXERCISES 

1. In how many ways can 10 boys stand in !i row ? 

2 . In how many ways can ten boys stand m a row when 

(а) A given boy is always at a given end ? 

(б) A given boy is always at an end ? 

(c) Two given boys are always together^? 

(d) Two given boys are never together ? 

3. How many numbers of three digits each cap be formed from the 
digits 1, 2^3, 4, 6* 6, 7, when 

(а) A repetition of digits is allowed ? 

(б) A repetition of digits is not allowed ? 
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4 . How many numbers of three digits each can be formed with the 
digits 2, 3, 6, 0, 7, 9, when 

(а) The numbers are less than 600 and a repetition of digits is 
allowed ? 

(б) The numbers are greater than 600 and a repetition of digits is 
not allowed ? 

5 In how many ways can a consonant and a vowel be chosen from 
the letters of the word vowels ? 

6 Find n when 

(a) „C, = 45 ; (6) „P S = 210 , (e) n G t = n C 3 . 

7 . Show that the number of ways in which n things can be arranged 
around a circle is (n — 1) ! . 

8 . In how many ways can 6 people sit around a round table ? 

9. How many signals can be made by hoisting 7 flags all at a time one 
above the other, if 2 are blue, 3 are white, and the rest are green ? 

10 . How many different numbers of seven digits each can be formed 
with the digits 1,2, 3, 4, Q ° 1 oo conri fourth, and sixth digits being 
even ? 

11 . How many handshakes may be exchanged among a party of 10 
students if no two students shake hands with each other more than once ? 

12 A lodge has 60 members of whom 0 are physicians In how many 
ways can a committee of 10 be chosen so as to contain at least 3 
physicians ? 

13 A* crew contains eight men , of these three can row only on the 
port side and two only on the starboard side. In how many ways can the 
crew be seated ? 

14 . Find n when n+2 C4 = ll n C 2 

15 In how many ways Van 18 books be divided into two groups of 0 
and 12 respectively ? Ans i 8 Ce- 

16 . In how many ways can 12 students be divided into three groups 
of 4, 3, 5, respectively ? 

17 . How many different amounts can be weighed with 1, 2, 4, 8, and 
10 gram weights ? 

18 . How many sums of money can be made with 6 one-cent pieces, 
4 dimes, 2 half dollars, 8md 1 five-dollar bill ? 

19 . In how* many ways can four gentlemen and four ladies sit around 

a table so that no two gentlemen a*e adjacent ? Ana 144. 
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20 . Prove »C, + „CV_ 1 = „+i G r 

21 How many dominos are there in a set numbered from double 
blank to double six ? 

22 A railway signal has three arms and each arm can take th»e 
different positions. How many signals can be formed ? 

23 Prove n+zCr+i = n C r + 1 4 - 2 n C r + n C r -i 

24 . How many combinations of four letters each can be made from 
the letters of the word proportion ? How many permutations ? 

Ans. 53; 768 

25 Find the probability that in a whist hand a player will hold the 
four aces. 

26 Find the probability of drawing a face caid from a pack of 62 
playing cards. 

27 If two tickets are drawn from a package of 15 marked 1, 2, • 15, 

what is the probability that they will both be marked with odd numbers ? 
both with even numbers ? both with numbers less than 10 ? both with 
numbers more than 10 ? 

28 To decide on partners jn a game of tennis four players toss their 
rackets The 2 “smooths” and the 2 “roughs” are to be partners 
What are the odds against the choice being made on the first throw ? 

29 Prove that the sum of the coefficients of the odd terms of a 
binomial expansion equals the sum of the coefficients of the even terms. 

30 . If n is an even integer, prove that there is a middle term in the 
expression of (x + a) n and that its coefficient is even. 

31 Prove that n O\ 4 - 2 n (?2 4 3 n (7 3 4" •• w(2) n —i. 

32 . Prove n C\ — 2 M C 2 4- 3 „(7s 4- ••* ( — l ) n_1 n- n C n = 0. 

* An application of this formula is the construction of Pascal’s Triangle. 
(060 by definition will be assigned the value 1 ) 


oC7 0 




1 



1 C 0 

iCi 



1 

1 


2 C 0 

2 C 1 

2 C 2 


1 

2 

1 

8^0 

8<?1 

8 c 2 

8^8 

1 

3 

3 1 

4 C 0 

4 C 1 

4<? 2 

4^8 4Q 

1 

4 

6 4 1 


The formula m Ex 20 shows that any number n +iCV is equal to the number 
just above it, 1 e n C r , plus the number »tV-i which is to the left of nCV. Thus 
for example 4 C 8 ~ 8^8 4-8^2* can, by means of this formula in Ex. 20, 
write down the next row. It is 

* 1 5 10 10 6 1 

The numbers in the nth i;ow of the table are seen to be the coefficients 
of the terms m the expansion of (aP4- a) n (§ 273) 
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274. Definitions. We have already had occasions to refer 
to the so-called imaginary numbers. A number that arises as 
the result of extracting the square root or, indeed, any even root 
of a negative number is called an imaginary number . Thus 
V — 2 is an imaginary number ; the roots of the quadratic 
equation z 2 + 8 = 0, viz. ± 2V— 2, are imaginary numbers. 

We have hitherto avoided the use of imaginary numbers as 
far as possible. It now becomes desirable to take them defi- 
nitely into account, to learn how to work with them, and to 
gain some knowledge of their usefulness. Indeed, one of the 
primary objects of this chapter i5 to show that imaginary 
numbers have quite as concrete an interpretation as the real 
numbers, an interpretation which in many cases is of great 
service in the solution of concrete problems. 

The letter i is used to represent the so-called imaginary 
unit ; it is by definition such that i 2 = — 1. 

Numbers of the form ib , where b is a real number different 
from zero, are called pure imaginary numbers. 

Numt^s of the form a ib , where a and b are real numbers, 
are callec^om^tex numbers. 

In the complex number a -f ib , a is called the real part and 
ib the imaginary part. In a real number the imaginary part 
is zero ; m a pure imaginary the real part is zero. A complex 
number a hi is imaginary if b =£ 0. 

When two complex numbers differ only in the sign of the 
imaginary , part they p.re said to be conjugate . Thijs 3 -f- 2 i 
and 3 — 2 i are conjugate complex numbers. 

432 
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276. Assumption. We assume that complex numbers obey 
the laws of algebra given m § 41. By applying this assump- 
tion we have symbolically for the sum and difference of the 
two complex numbers a 4- ib and c 4- id, 

a 4- ib ± (c 4- id) = a ± c 4- i(b ± d ). 

That is, to add (subtract) complex numbers, add (subtract) the 
real and imaginary parts separately. 


a(-l)*-o a 

Fig 237 


276. The Geometric Interpretation of the Imaginary Unit. 

We now seek a geometric interpretation of the imaginary unit 
i. To this end we recall the familiar representation of the 
real numbers as directed segments on a line, o a 

together with the interpretation of multiplica- 
tion by — 1 (§ 35). To multiply a real number 
a by — 1 is equivalent geometrically to a rotation about the 
point O through two right angles of the segment OA which 
represents a (Fig, 237). 

Now, by definition, i is such a number that i* = — 1. To 
multiply a real number a by — 1 is then equivalent to multi- 
plying it by P, i.e . by i • i. Multiplying a real number a by i 
may, therefore, be interpreted geometrically as an operation 
which when performed twice is equivalent to a rotation ^about 
0 in the plane through 1$vo right angles ; i.e. 
to multiply a by i may be interpreted' geo- 
metrically as equivalent to rotating OA about 
0 in the plane through one right angle. 

The number ai will then be represented by 
a segment OB equal in length to OA whose 
direction makes with that vf OA an angle of 
90° (see Tfig. 238). In the figure we have also indicated the 
result of multiplying a by i?~i • i=* — 1 and by v*=i • i • t= —i. 



y-B 

ai 

* oi a *-o 

0 a A 

o< = 

- ai 

Fig 

238 
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Multiplying by i A = i • i • i • i = ** • i 2 = 1 is then to be inter- 
preted as a rotation through four right angles. 

EXERCISES 

Give the conjugates of the following complex numbers : 

1 . 3 + 2 i. 2 . 3-4 i. 3 -6-3*. 4.-8 + i. 

Simplify the following expressions 

5 . 2(3+4*)— 4(1- i) 7 . 4-3t _ 5-2*- 

2 7 

6. — 4(1 — i) + 6(3 - 28 i) 8. x + ty -f ix -f y. 

9. Prove that the sum of two conjugate complex numbers is a real 
number 

10 Is the following statement true ? If the sum of two complex 
numbers is a real number, the complex numbers are conjugates Explain 

11. Prove that every even power of i is equal to either 1 or — 1 

12 . Prove that every odd power of i is equal to either i or — i. 

13 Find the value of i -b 2 i 2 + 3 i 3 + 4,* 4 . 

14 Find the value of i 28 + i 46 + i 63 + i 09 + i 44 

277. Vectors in the Plane. We have seen that, if any real 
number a is represented by a horizontal segment directed to 
the right or left according as the number a is positive or 
negative, then the imaginary number ai may be represented 
by a vertical segment directed upward or downward accord- 
ing as a is positive or negative. This suggests the possi- 
bility of representing other complex numbers by segments 
having other directions in the plane. Such a directed seg- 
ment will represent a magnitude (the length of the segment) 
and a direction. Therefore such a segment can be used to 
represent a variety of concrete quantities that are not merely 
geometric; e.g. a force of a given magnitude and acting m 
a given direction;, a velocity, meaning thereby the speed 
(magnitude) and the direction in which a body moyes; etc. 
Such quantities havmg both direction and magnitude are 
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called vectors , and, if the directions are restricted to lie in 
the same plane, they are called plane vectors . Any plane 
vector may, then, be represented by a directed line-segment 
in the plane. 

Two vectors are said to be equal if and only if they have the 
same magnitude and the same direction. Hence, from any 
point in the plane as initial point, a vector can be drawn equal 
to any given vector in the plane. 


278. Addition of Vectors. The addition of vectors in the 
plane proceeds according to a definition analogous to the geo- 
metric addition of directed line-segments discussed in § 35. If 
we are given two vectors AB and BC , we may 
conceive the first to represent a motion from 
A to B and the second a motion from B to C. 

The sum of the two vectors then represents, A B 

by definition, the net result of moving from A FlG 239 
to B and then from B to ( 7 , i.e. the motion from A to ( 7 . The 
sum of the vectors AB and BC is then the vector AC (Fig. 
239). In symbols AB + BC = Aa 


In other words, the sum of two vectors is the vector from the 
initial point of the first, to the terminal point of the second, 
when the vectors are so placed that the initial point of the 
second coincides with th^ terminal point of the 
first. From this definition it follows immediately 
that, if two vectors issue from the same point 
0, their sum is the diagonal, issuing from 0, of 
the parallelogram of which the two given vectors form two 
adjacent sides (Fig. 240) 



Fig. 240 


* If the vectors represent two forces, this shoe’s that the sum of the vectors 
represent! the resultant of the forces accord inf to the law &nown as “ the 
parallelogram of forces.” 
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279. The Components of a Vector. The projection of a 
vector on a given line is called its component parallel to the line. 
Thus in Fig. 241 the directed segment M i M 2 is the horizontal 



Fig. 241 

component of the vector AB, and the directed segment WiW 2 
is its vertical component. Moreover, 

vector AB = vector 4 - vector M X M 2 . 

If the horizontal and the vertical components of a vector are 
known, then the vector is known. Why ? 

c 

280. The Complex Number x 4- iy and the Points in the 
Plane. Let OP (Fig. 242) be any vector issuing from 0, and 
let the horizontal vectors issuing from 0 be represented by the 
positive and negative real numbers (and zero). We have seen 



Fig 242 


that the numbers of the form ai can be represented by the ver- 
tical segments issuing from 0. Here a is a real number and i is 
a vector of unit length. The horizontal component of OP will 
then be a certain real number x, and the vertical component a 
certain pure imaginary number iy . The vector OP will then 
be equal to the sum of these two components, i.e. 

OP 5 = x 4 - iy . 
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Conversely, every number of the form x +- iy represents a 
definite vector in the plane. If its initial point is at the origin 
of a system of rectangular coordinates (with equal units on 
the two axes), its terminal point is the point (x, y). 

We have hitherto used vectors in the plane to represent the 
complex numbers. If we think of these vectors as all having 
their initial points at 0, each vector determines uniquely, and 
is uniquely determined by, its terminal point. Hence, we can 
also use a complex number to represent a point m the plane, 
viz. the number x -f- iy will represent the point whose rectan- 
gular coordinates are (a, y). 

Example 1. Repxesent by means of vectors the complex numbers 
2 + 2 i and 1 + 6 i. Find the vector that represents their sum 

In Fig. 243 the vector OA represents the complex number 2 -f 2 i, and 
the vector OB represents the complex nuipber 1 -f 6 t. The sum of these 
two complex numbers is represented by the vector OC Why ? 
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Example 2 Find the vector tha$ represents (1 + i) — (2 — Si). 

To find this vector, find the vectors, OA and OB , that represent 1 + i, and 
2 — 3 i, and determine OC so that OA is the diagonal through 0 of the 
parallelc^ram of which OB and OC are adjaBent sides (Fife. 244). Note 
that the vector OC is equal to the vector BA. 
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281. Equal Complex Numbers. Ifx + iy = 0, then x = 0 and 
y = 0. For, if x 4- iy = 0, and y =£ 0, we should have x/y = — i, 
which is impossible. Why ? 

r Jf/* -f- iy x = o? 2 -f iy 2 , Men ^ = x 2 and y x = y 2 . For, by trans- 
posing terms, we have (x x — x 2 ) 4- i(2/i — 2 / 2 )= 0. Hence, we 
have ajj = x 2 and = y 2 . 

Thus, two complex numbers are equal if and only if the real part 
of the first is equal to the real part of the second , and the imaginary 
part of the first is equal to the imaginary part of the second . 
Geometrically, two complex numbers are equal if and only if 
they represent the same point. 

282. The Polar Form of a Complex Number. Connect the 
point P(x , y)(Fig. 245), which represents the complex number 
x 4- iy , to the origin O. If we let (/o, 0) (p > 0) be the polar 
coordinates of P (O being the origin, and OX the initial line), 

then for any position of the point P we have 

F(x+ty) (1) \ x = P COS 0, 

f\y ly = p sin 0. 

Q x x 

Therefore, the complex number x -f iy may 

< be written in the form 

Fig 245 

(2) X -f iy = p (COS e + i sin 8). ( p ^ 0.) 

This form of complex number x 4- iy is called the polar form . 
The angle $ is called the angle or the argument , and the length 
p is called the absolute value * of the complex number. 

Example. Find the angle, the absolute value, and 
the polar form of the complex number 2 + i 2 V3. 

Plot the complex number (Fig 246). Now we have 
p = y/x 2 -f y 2 . Hence p = V4 -f 12*= 4. Moreover 
tan 0 = \/8, i.e. 6= Off That is, the absolute 
value is 4 and the angle is 60°, Therefore the polar 
form is 4 (cos feo° 4 i sin 60^) 

* Also sometimes called modulus. 
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EXERCISES 

In the following exercises represent by vectors the numbers m paren- 
theses, and their sum or difference as the case may be . 

1 . (3 + z) + (— 4 + 2 f). 4 . (6 — 4 1) — ( — 2 — i). 

2. (H-3i)~(6-6i) 5. (3 + 2i) + (3 + 2t) 

3. 7 -(5 + 8t)- 6 (— 4 — 4 i)— 6. 

Represent by a point each of the following complex numbers 
7. 3 + 6 1 . 9 C + i. 11 * — 3 -j- 6t 

8 8 — 3 1. 10. -5-3 i. 12 7 + tVS 

In the following exercises, represent by points the numbers in paren- 
theses, and their sum or difference as the case may be 

13. (3 + i) + (-4 + 2Q 16 (5-4*) — (-2-1). 

14. (1 + 3 1) — (5 — 6 0 17 (3 + 2i) + (3 +2t). 

15. 7 -(6 + 3 0- 18 % (3 + 3 0-6. 

Find real values of x and Satisfying the equations 

19 2 x — ly — 4 y — 0 — 4 i 22 ixy + x + y = 6 + 4 i. 

20 x + ixy — y + 6 + 36 i. 23 x 2 + y 2 = 25 — (3;e+4 y— 25) i. 

21 (3a+6 y+'2)i — 3y- x = 8 24 ix +iy = 4i + bx. 

Find the angle and the absolute value of each of the following complex 
numbers Represent the numbers in polar form • 

26 1 + iV3. 27 1 T i. 29. 3 i 31-8 i. 

26 5 + 5 1. 28. 1-^1 30 - 8 32. 12 + 6* 

2 2 

33 Can the complex number x + ly, where*a: and y are real numbers, 
equal 7 ? 

34 Under what circumstances is the sum of two complex numbers a 
real number ? 

Change the following complex numbers from the* polar form to the 
form x + ty 

36. 3(cos 30° + i sm 30°) . 

36. 4{cos 136° + ism 135°). 

37. cos 210° + i sin 210° 


38. 2 y/2(ct>s 225° + i sin 225°) . 

39. 4(>os 90° + i 810*90°) . 

40. 8 (cos 180° + i sin 180°). 
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283. Multiplication of Complex Numbers. Our assump- 
tion in § 275 allows us to multiply two complex numbers 
x x + iy x and x 2 + % as follows : 

0»i + iyi)(x 2 + iy 2 ) = x t x 2 + iy x x 2 + ix x y 2 + Vy x y 2 

= ( x i x 2 - y<y 2 ) + %i 2/2 + ^l)- 

If the two numbers are written m polar form, the multipli- 
cation may be performed as follows : 


x i + fyi = pi (cos 0\ + i sin 0 X ), 
x 2 + *2/ 2 = p 2 ( cos 0 2 + i sm 0 2 ). 

By actual multiplication, we have 


( x i + fyi)0* 2 + m) 

= pip 2 [cos 0 X cos 0 2 -f ? (sm 0 X cos 0 2 + cos 0 X sm 0 2 ) — sin sin 0 2 ] 
= P1P2 [cos (0! + 0 2 ) 4- i sm (0! 4- 0 2 )].* 



Therefore, the absolute value of the product of 
two complex numbers is equal to the pfoduct 
of their absolute values , and the angle of the 
product is equal to the sum of their angles . 

In Fig. 247 the points P x and P 2 represent the 
complex numbers x x + iyi and x 2 4 - iy 2 respectively. 
The point P 3 represents (x x 412/1) (X2 4- 13 / 2 )* 


284. Division of Complex Numbers. The quotient of two 
complex numbers x x 4- iyi and x 2 4- iy 2 may be reduced to the 
form a 4- ib if we mate the denominator real by multiplying 
both numerator and denominator by the conjugate of the 
denominator. Thus, 

+ iyi = a?i + ijh . x 2 ~ iy% = x i x 2 + iV\ x 2 — — *fMi 

*^2 4* iy 2 x 2 iy% x 2 — iy% ®2 2 -h y 2 2 

= m i MiuMk . 

4- 2/a 2 »2 2 + 2/a 2 t 


♦See 5 138 
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If we write the two complex numbers in polar form, and 
then perform the division, we have 

Pi (cos -f i sin Qj) _ Pi (cos 6 1 +- i sin fli)(cos $ 2 — j 8 m 0 2 ) 
p 2 (cos $ 2 -f i sin 0 2 ) p 2 (cos 0 2 + i sin 0 2 )(cos 0 2 — t sm 0 2 ) 

__ Pl f [cos (0 1 — 0 2 ) + i sin (6i - fl 2 )1 
p 2 (cos 2 0 2 + sm 2 0 2 ) 

= pl [cos (0 i — 0 2 ) + i sm (0 X — 0 2 )]. 

P2 

Therefore, absolute value of the quotient of two complex 
numbers is equal to the quotient of their absolute values , and the 
angle of the quotient is equal to the difference of their angles. 
Example 1 Find analytically and graphically the product (1 + i) 

(3+i VS). 

Solution. Analytically, 

(1 + t)(8 + VI 1 ) = 3 + 3 i + VI i + v^3 1*2 = (3 - VS) + i (3 + VS ] ). 
Graphically , writing the complex numbers m polar form, we have 
V2(cos 45° + i sin 45°) and 2\/3(cos 30° + zsin 30°). 

Therefore pi = V2, p 2 = 2 VS, 0i = 45°, 6 2 = 30°. 
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Hence the absolute value of the product is pi/J 2 =2 V0 and the angle of 
product is 76°. In Fig. 248 the points Pi, P 2 f and P represent respectively 
the complex numbers 1 + i, 3 + fV3,.(l + f)( 3 + i VS). 
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Example 2. Find analytically and graphically the quotient 
(3 + iV3)/(l + i). 

Solution Analytically * 

3-Mn/3_3-mV 3 l~ l _(3+V3)~^(3~\/3) 



Fig 249 


Graphically , using the results in Ex. 1, we see in Fig 249 that the 
points Pi, P 2 , and P represent respectively the complex numbers 
(1 + 0, (3 + iy/3), (3 + tV3)/(l + i). 

EXERCISE 

Perform the following operations analytically and graphically . 


l. (1 + 0(2 + 2 0. i-,V5 

a. (l + iV8)(2 + t2 a/3). ' -3 

3 (2 1) (6) 7 5 + 5t 

4. (1 «+ i)(— 2 — 2*)( — 1 + i VS), ’ !-* 

5 3 + i VS 8. 

l + i 2 + 1 2 V3 

Perform the following operations analytically . 

9 3 + i 14. (i® + t 1 * + i 11 + 1* 2 )*. 

7 — iV2 i + 18f 3 _ 29f 

10 f 1 3 + 4 i 8 — 4i ' 


9. 

3 + < 

14. 


7 — iV2 


10 

/l + tv^ 

15 

l 2 J 


11. 

8 + " . 

16. 


(2 + 0 a (2T- t) a 



X + t Vl — X 2 # 


u, 

S _ * Vl - X 2 

17 

13 

8 



1 + i 

18. 




2+3 i 3 + 2 »' 
3 — 4 1 3 + 4» 

V7+24I. 
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285. DeMoivre’s Theorem. The result of § 283 when ap- 
plied to the product of any number of complex numbers leads 
to the following : 

I. The absolute value of the product of any number of compfex 
numbers is equal to the product of their absolute values. 

II. The angle of the product of any number of complex numbers 
is equal to the sum of their angles 

If the above statements be applied to a positive integral 
power of a number, i.e. to the product of n equal factors, 
we obtain 

(3) [p(cos 0 -f i sin 0)] n =* p n ( cos n 0 -f i sin n 0). 


For the special case p = 1 we obtain 

(4) (cos 0 -f i sin 0)" = cqs n 0 + i sin n 0. 


This relation we have just proved for the case where n is a 
positive integer. It also holds when n is a negative integer. 
For we have 


(cos 0 -M sin 0) _1 


1 

cos 0 + i sm 0 


cos 0 •— i sin 0 
cos 2 0 -f sin 2 0 


= cos (— 0)- f i sin (— 0 ), 

and hence 

(cos 0 -f i sin 0)~ p = [cos (— 0) + i sm (— 0)] p 
= cos (— p 0) + i sin (*— p 0). 


Further, if n = 1/g, where q is a positive or negative integer, 
we have, by what precedes, 


(5) (cos 0 + i sin G) q = £^cos^ + 1 cos^ + i sin 

and hence 

(6) (ftos 0 + i sin $) q = ( cos- -f i sin^\ = cos^0 4- i sin £-6. 

V 9 q) Q 9 
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This shows that relation (4) is valid for all rational values of n. 
It should be noted, of course, that relation (5) states merely 
that a certain q th root of cos 0 + i sin $ is cos (0/q)+i sin (9/q) 
ahd that a similar statement applies to relation (6). The fact 
expressed by (4) is known as De Moivre's theorem .* 

286. Powers and Roots of Numbers. De Moivre’s theo- 
rem often enables us to compute an integral power of a complex 
number without difficulty, as the following example will show. 

Example 1 Find the value of (2 + 2i) 6 . The polar form of this 
number is 2 \/2 (cos 46° + i sin 46°) . Hence 

(2 + 2 i) 6 = (2 V2)5(cos225° + i sin 225°) 

= 128 V2 ( — 128 — 128 i 

\ y/2 V2 ) 

To find the nth roots of a number requires special methods. 

Example 2 Find the 6th roots of 2 +' 2 i 

Here as m Ex 1 we may write 

2 + 2 i = 2\/2(cos 46° + i sin 46°) 
and hence (2 +2 i)^(2\/2)^(cos9 0 + i sin 9°). 

But this is not the only number whose fifth power is 2 +2t. For we 
may writ£ 2 + 2 i = 2V'2[cos(45° + k 300°)+ i sm(46° + k 360°)], where 
k is any integer. That is to say, 

(2 + 2f)*=(2v'2)*[cos(9° + k 72°) + isin(9 0 + A- 72°)] 

For the values k = 0, 1, 2, 3, 4 we get the five numbers 

(2 V2)^(cos 9° + i sin 9°) , (2 \/2)^ (cos 226° + i sin 226°) , 

0) (2 V2)l(cos 81° + i sin 81°), (2\/2)*(cos 297° + » sin 297°). 

(2V2)l(cos 153° + i sin 163°), 

The succeeding values of k (i.e. k = 6, 0, ••) evidently give numbers 
equal to the preceding respectively. Each of the five numbers is a fifth 
root of 2 + 2 1 , they are all different 

* Abraham de Moivrb (l667-1754), a mathematician of French descent 
who lived most of his life in England. 
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The general formulation of the problem of finding the nth 
root of a number z = p( cos 6 + i sin 6) is as follows. The most 
general form for z is 

z = p[cos(0 + k 360°) + i sin(0 + k 360°)], 
where k is an integer. 

This gives, by De Moivre’s theorem, 

.= = Xos * + * 360 ° + i sm g±*”gl . 

L n n J 

The n values k = 0, 1, 2, •••, n — 1 give n different values for 
z l/n and no more values are possible. Why 9 Here p 1 /* 4 means 
the numerical nth root of the positive number p. We have 
then* Every complex number (^=0) has just n nth roots. These 
n roots all have the same absolute value ; their angles may be 
arranged in order in sijch a way that every two successive 
ones differ by 360°/n. 

EXERCISES 

By using De Moivre’s theorem find the indicated powers, roots, and 
products 

1 (4 + t4\ / 2)«. 4 (3 4 tV3) 10 . 

2. (cos 10° 4 i sm 10°) 9 . 5. ( - 1 — W 3) 6 

3. (1 4 i) 16 . 6 (-2 42 iy. 

7. [3 (cos 15° 4 i sin 15°) ] 15 . 

8. [2 (cos 20° 4 i sm 20°)] [3(cos 70° 4 i sty 70°)]. 

9 [2 4 2i][V3 + t*] _ 15 vCl-^VS 

10. (3 — 3 1 )(— 1 4 i V3). 16. v^cos 45° -f i sin 46°. 

11. Vi + i±\/2. 17. y/ffx. 

12. V3 4i>/3. 18. The cub^ roots of 1. 

13. ^-4 + 41 19. v^8. 

14. \^8(cos 00° 4 i sin 60 3 ). 20. \/gf. 

21. Prove that the n nth roots of a given ftumber z are represented by 
the vertices of a regular polygon of n sides whose center is at the origin. 
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287. Applications in Trigonometry. De Moivre’s theorem 
may be used to advantage in certain trigonometric problems. 

I. To express cos nO and sin nd in terms of cos 0 arid sin 0 . 
*We have the relation 

cos nO + i sin nO = (cos 0 + i sin 0) n 

= cos n 0 4- w • i cos n ~ l 0 sm 6 4- n &— i 2 cos n “ 2 0 sm 2 6 + ••• 

2 

If m this relation we equate the real and the imaginary 
parts we get the expressions desired. 

Example 1. Express cos 6 $ and sin 6 6 m terms of cos 0 and sin 9 
The above method yields m this case 

cos 0 0 -f i sin 6 $ = (cos 9 + i sin 9 ) 6 

= cos 6 0-J-6 i cos 6 9 sin 0 — 15 cos 4 0 sin 2 9 — 20 1 cos 8 0 sin 8 0 -f- 16 cos 2 0sin 4 0 
4- 6 i cos 0 sin 6 0 — sm 6 0. 

Equating the real parts, we have 

cos 6 0 = cos 6 0—16 cos 4 0 sin 2 0 + iS cos 2 0 sin 4 0 — sin 6 0. 

Equating the imaginary parts we get (after dividing by i) 
sm 6 0 = 6 cos 6 0 sin 0 — 20 cos 8 0 sin 8 0 + 6 cos 0 sin 6 0 

II. To express cos n 6 and sin n 6 in terms of sines and cosines 
of multiples of d. If we place u = cos 0 4- i sm 0 , we have 

u k = cos k0 4“ i sm k0 , u~ h = cos k0 — i sm k0. 

Adding and subtracting these equations, we have 
u k 4 - u~ k = 2 cos k0, 
u k — a ~ k = 2 i sm 

for any integral value of k . 

In particular when & = 1, we hav.e 

« 

2 cos 0 = u + u~ x , , 2 i sm 6 = u — «“*. 

It follows that 

2 b cos* 0=(« ... +na -(n “ !, +M _ ". 


( 8 ) 
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The fact that the coefficients m the binomial expansion are 
equal in pairs makes it always possible to group the terms as 

follows . 2 * cos n 0 = ( a n 4- u~ n ) -f- n(u n ~ 2 4- w~ (n_2) )+ •••. 

But the terms m parentheses on the right are equal respec- 
tively to 2 cos nO, 2 cos (n — 2)9, •••. The following examples 
will make the method clear. 

Example 2 Express cos 4 0 in terms of cosines of multiples of 0. 

We set 

2 4 cos 4 0 = (u 4 w -1 ) 4 

= w 4 4 4 u 2 4 6 4 4 u~ 2 4 m~ 4 
= ( u 4 -f- w~ 4 ) 4 4(w 2 4 u~ 2 ) + 6 
= 2 cos 4 0 4 4 • 2 008*2 046 . 

Dividing both members by 2 4 we obtain the desired result 
cos 4 0 = i (cos 4 0 4 4 cos 2 0 4 3) 

Example 3 Express sin 6 § 0 in terms of multiples of the angle 0. 

We set 

2 6 i 5 sin 6 0 = (u — w- 1 ) 6 

or 

32 1 sm 6 0 = u b — 6 w 8 4 10 u— 10 w 1 4 6 w~ 8 — 

= (w 5 — m~ 6 ) — 5(w 8 — w*~ 8 ) 4 10(w — w -1 ) 

= 2 i sin 50 — 6 2 i sin 8 0 4 10 • 2 1 sm 0. 

Whence 

sm 6 0 = ^ (sm 5 0 — 5 sm 3 0 4 10 sm 0) . 

• EXERCISES 

Express each of the following in terras of cos 0 and sm 0. 

1. cos 2 0 and sm 2 0. 3. cds 4 0 and sin 4 0. 

2. cos 3 0 and sin 3 0. 4 cos 6 0 and sm 6 0. 

5. Show that tan 4 0 = 4 tan g ( 1 ~ ta ° 2 . H . 

1 — 6 tan 2 0 4 tan 4 0 

6. Find tan 6 0m terms of tan 0. 

Express each of the following in* terms of sines and cosines of multi- 
ples of 0 : 

7. sill 8 0. 

8. cos 8 0 


9. sm 4 0. 
10 cos 6 0. 


11. cos 8 0 

12. sin 6 0 
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MISCELLANEOUS EXERCISES 

Solve the following equations and illustrate the results graphically. 

1. a>»~l=0 3. x 6 - 32 = 0 5 x 8 - 1 = 0. 

2. x 8 -f 1 = 0. 4. x 6 - 1 = 0. 6. x 6 + 1 = 0. 

7. Prove that 

cos n$ = 4 [cos 0 + i sin 0] n 4 4 [cos 0 — i sin 0 ]\ 

8. Prove that 

i sin n$ = J [cos 0 + 1 sm 0] n — J [cos 0 — z sm 0] n . 

9. Prove that 

/l+jin LtlSStf V = cos (i nr-»0) +» sm (4 »r- »0). 

VI 4- sm 0 — z cos 0/ y ' 

10 . Prove that the product of the n nth roots of 1 is 1, if n is odd, and 
1 if n is even. 

11 . Prove that the sum of th3 n nth roots of any number is 0 

12 Complete the discussions m § 287 to derive the following formulas. 

I. (a) cos n0= cos n 0— ~( n .. ~A I C os n - 2 9 sin 2 0 
K ' 2! 

+ C08 .-4 e 8 j„4 , + .... 

4 ! 

(6) cfiin nti =t n cos"- 1 8 sm 8 — ~ cos"- 1 ' 8 sin 8 8 

+ "Cn-l)(ro-2)( !L -J)(n-4) cos „_ 8 g gin6 $ .... 

5 I 

II. (a) cos n 0= -i- 

2 n * _1 

n 

(6) sin n 0 = [cos nd — ncos(n — 2)0 4-Z^LllAlcos (»— 4)0+ ...J, 

if n is even ; but 

n— 1 

sin n 0 = ^~) 2 [sm a0-n sin(n— 2)0 -f !l ( . | z A lsin (n — 4)04- 


[cos n0+n cos(n— 2)0+ }cos(n— 4)0+"«l. 


if n is odd. 
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THE GENERAL POLYNOMIAL FUNCTION 
THE THEORY OF EQUATIONS 

288 . The General Polynomial Function of Degree n. The 

general polynomial of degree n, 

f(x) = a n x n + a n _ x x n ~ l 4- a n _ 2 x n - 2 + h a x x 4- a 0 (a n =# 0), 

has already been defined (§ 255). We have already dis- 
cussed in some detail special cases when the degree of f(x) is 
1, 2, 3, (Chapters III, IY^ Y). For* these cases we proved that 
the function is always continuous, and we learned how to find 
the slope of the graph of the function at any point. It is our 
present purpose to extend these results and methods to a func- 
tion represented by a polynomial of any degree. 

289. The Slope of the Graph of f(x). Continuity. *To find 

the slope of the graph of the equation 

(1) y = f(x) = a n x n -f- a n _ x x n ~ l H + a x x + a 0 

at any point y x ) of this graph, 
we first find the slope Ay/ Ax of the 
secant P X Q (Fig. 250) joining the 
point Pi to any other point Q(x x 4- Ax, 
y x -f Ay) on the graph. To this end 
we must first calculate the value 
of A y in terms of x x and Ax. We 
have 

2o 449* 
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y x + Ay = f{x x + Ax, 

= a n (x, + Ax) n + a n _j(x! + Ax)"-' H f-ai(*!+Ax)+a 0 . 

Vi =/(®i) = a A" + a„-i*i n-1 + ••• + + a 0 . 

By subtraction and proper grouping of terms we find 

(2) A y =/(x 1 + Air) - f(x x ) 

= «.[(*: i + Ax) n - xf] + + As)*- 1 - ay*- 1 ] 

+ ••• + <*i[(#i + Ax) — aJi]. 

Each of the terms of this expression is of the form 

(3) «*[(*! + Ax)* -x x *], 

and the whole expression is equal to the sum of all terms ob- 
tained from (3) by lettmg k take on the values k = n,n — 1, •••, 1. 
Expanding the first term in the brackets, we obtain 
«*[(«i + Ax)* - a?!*] 

= kx l k ~ 1 &x+ x^Ax 2 + • •• -f Aa£— x x *] 

2 « T 

=a t [fcx 1 *~ 1 + 1 ) x 1 *-»Ax + ... + Ax* _1 ]Ax. 

z 

It is clear from this expression that for every value of k 
the expression (3) has Ax as a factor. Moreover the expres- 
sion (2^ for A y is the sum of such terms as (3) for different 
values of k ; and, since each of these terms has the factor Air, 
their sum has the factor Ax. Hence, if we divide A y by Ax, 
we have for the slope Ay/Ax of PiQ, the expression 

& = «„[«*!-> + ^- . 1 ) a;i n-»AX 
Ax 2 


-f terms with higher powers of Ax] 

k = ft. 

+ & n -i[(w — l)#i n_2 + ~^ n x^^Ax 


-f terms with higher po ( wers of Ax] 

k = n — 1. 

+ a 2 [2 Xi + Ax] 

k=2. 

+ «i 

k= 1. 
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The slope m of the graph is the limit approached by by /Ax 
as Ax approaches zero {i.e. as Q approaches P x along the curve). 
This gives finally 

(4) m = na n Xi~ l +(n — l)a n ^ 1 a? 1 n " 2 -f • • • -f- 2 a + a { 

[Note that for the values n = 8 and n — 2 this reduces to the expres- 
sions previously derived for the cubic and quadratic functions ] 

Moreover, it follows from the remark above, concerning the 
fact that Ax is a factor of Ay, that as Ax approaches zero, Ay 
approaches zero also. But this proves that f(x) is continuous 
for every value of x. We have then the theorem : 

Every polynomial f(x ) is a continuous function of x. 

290. The Derived Function. In previous cases where we 
have considered the slope of a curve y = f(x) we have always 
considered its value at some given point P x on the curve. As 
the point P x moves along the curve, however, the value of the 
slope m general changes. In other words, the slope itself may 
be considered as a function of x. This function is called the 
derived function or the derivative of f(x). If the original 
function is denoted by fix), the derived function is denoted 
by f'{x). In case of the polynomial /(a?) considered m the last 
article the derived function f'(x) is obtained from the expres 
sion for the slope m by Jetting the given value x x become the 
variable x , i.e. if f(x)=a n x n + + • * + + a 0 > we ^ av€ 

the derived function 

(5) f\x) == na n x n ~ l + (n - l)a n _]^ n ‘ 2 H b cti- 

The derived function of any polynomial is readily written 
down from the following consideration. The derivative of any 
term a k x k is ka k x?~ l ; i.e. it is obtained by multiplying the term 
by the exponent of x and reducing the exponent of x by 1. Thus 
the derivative of $ is 3 $ 2 , of 10 x 2 is 20 x / The above expres- 
sion for f(x) shows that the derivative of a polynomial is the 



452 


MATHEMATICAL ANALYSIS [XIX, § 290 


sum of the derivatives of its terms. Thus the derivative of 
5 a? 7 - 3a? 4 - f 7 sc 2 — 1 may be written down at once ; it is equal 
to 35 a 6 -12 a? + 14 x. Observe that the derivative of a con- 
stent is 0. 

The relation between the derived function / (a?) and the slope 
of the graph at any point, is expressed as follows : 

The slope of the graph of the curve y =f(x) at the point x = x x 
is equal to the value of the derived function for x=x h i.e. m=f'(xi). 

Further, since the derived function of a polynomial is a 
polynomial, it follows from the theorem at the end of the last 
article, that the derived function of a polynomial f(x) is a con- 
tinuous function of x. 

EXERCISES 

Find /(x) when 

1 f(x) = sc 8 + 4 sc 2 — 6x 4 3/ 

2 . f(x) = 6s 6 — 4 sc 8 -f 6 as 2 + 2 x + 1. 

3. f(x) = 7 x 1 — 4 x* + 2 x 4- 19. 

4 . / (x) = 3 x 6 — 4 x 4 + 2 x 8 + 3 x 2 -f 1 

5. Find the equation of the tangent to y = 4x* — 3x + 1 at (1,2). 

6. Find the equation of the tangent to y = x b — 5 x 3 + 2 at the point 
(1» - 2), 

291. The Graph of a Polynomial /(*). In drawing the 
graph of a given polynomial of degree greater than 3, we may 
proceed as in the cases of polynomials of degrees 2 and 3. 
There are two general theorems to aid us : 

(1) The graph of any polynomial is a continuous curve ; in 
particular, the value of y does not become infinite except when 
x becomes infinite. 

(2) The tangent to the graph at any point P turns continu- 
ously as P moves along the curve ; i.e. the curve has no sharp 
corners and the tangen^is nowhere vertical. (Why ?) 

We found in discussing the graphs of cubic functions that 
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the values of x for which the slope is zero were particularly 
helpful, in view of the fact that they gave us, in general, the 
turning points (maxima and minima) of the graph. Let us 
apply these principles to an example. 

Example. Draw the graph of y = /(x) = 4 x 8 — 12x 2 -f 3). 

We have /(x) = 4(x 8 — x 2 - 2x) = 4x(x - 2)(x 4* 1). 

Hence / (x) = 0 when x = 0 , 2, — 1 . 

We require next a table of correspond- 
ing values of x'and y Here synthetic 
division is often convenient. Thus, to find 
/(x ) when x = 2, we write 

3 — 4 — 12 0 3[2 

6 4 — 16 — 32 

3 2 - 8 - 16 | -29 = 3 y 

Hence y = — 9f when x = 2. 

When x = 3, we have 

3 — 4 — 12 0 3|3 

9 15 9 27 

3 6 3 9 30 = 3 y. 

Hence y = 10 when x = 3 

We may note that since all the partial 
results 3, 5, 3, 9, 30 are positive, any value of x > 3 will give values of y 
greater than 10. 

Finding the values of y for other values of x, we have the following 
table . 




■ 


mm 


3 

y = 



mm 

Kg 


10 

m = 


0 

0 

1 

. 0 



We ljave also indicated in the table the values of x for which m is zero. 
These data give us the graph exhibited in Fig. 251. This example sug- 
gests certain other general theorems regarding the graph of*a polynomial, 
which are discussed in the following articles. 



Fig. 251 • 
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292. The Value of a Polynomial for Numerically Large 
Values of x . In the example of the last article we saw that 
for all values of x >3, the values of f(x) were greater than 10 ; 
in fact, the nature of the synthetic division showed that as x 
increased indefinitely from x = 3, the value of f(x) increased 
indefinitely. Any polynomial f(x) of degree n with real coeffi- 
cients (§ 288) may be written m the form 


f(x) = a n x 



<*n -& n ~ 2 ^ | ftp V 

a n x n a n x n J 





Since the absolute value of a sum is equal to or less than 
the sum of the absolute values of its terms (§ 35), we have, 


1 1 

1 

1 

<; 

li 


1 


” + 

1 

l c »-l rC_ o— + •' 

'• + v- 

G n-1~ 

1 + 


+ ■■ 

Co— 

1 * 

X * 

X n 


X 


h X 2 



x n 


< 


( |c»-i| + | c„_ 2 1 H + I c o I ) < 




where c is a positive number independent of x. Hence, if | x | >c, 
the value of the expression m square brackets ^above is cer- 
tainly positive. Therefore for sufficiently large values \x\ } 
the sign of / (a?) is the same as the sign of a n x n . 

If a n is positive and x becomes positively infinite, f(x) is 
positive. If a„ is positive and x becomes negatively infinite, 
f(x) is positive if n is even, and negative if n is odd. If a n 
is negative and x becomes positively infinite, f(x) is negative. 
If a n is negative and x becomes negatively infinite, f(x) is 
negative if n is even, and positive if n is odd. 

As x increases indefinitely in absolute value , the value of f(x) 
Increases indefinitely iru absolute value . For sufficiently large 
values of \x[ 9 the sign of f(x) is the same as the sian of a„x n . 
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[n particular, this leads us to the following theorems. 

If f (x) is a polynomial of even degree , the infinite branches of 
the graph of y — f(x) are either both above the x-axis or both below 
the x-axis (according as a n is positive or negative). 

If f(x) is a polynomial of odd degree , the infinite branches of 
the graph of y = /(#) are on opposite sides of the x-axis (below 
the #-axis on the left and above the x- axis on the right, if a n >0 ; 
above the a>-axis on the left and below on the right, if a n <0). 

From these theorems and from the continuity of the function 
f(x) we derive the following corollary. 

The graph of a polynomial f (x) of odd degree with real coeffi- 
cients must cross the x-axis at least once and , if it crosses more 
than once , it must cross it an odd number of times . The graph 
of a polynomial of even degree with real coefficients either does 
not cross the x-axis at all &r it crosses it an even rmmber of times. 

293. The Zeros of 4 a Polynomial f(x). The Roots of the 
Equation /(x) = 0. A value of x for which f(x) = 0 is called 
a zero of /( x ) ; i.e. if /(&) = 0, then b is a zero of f(x). The 
zeros of f(x) are, therefore, the values of x which satisfy the 
equation f(x) — 0. The zeros of f{x) are called the roots of the 
equation f(x)= 0. The*factor theorem (§ 261) tells us that if 
a is a zero of f{x), then x — a is a factor of f(x ). Since a 
polynomial of degree n cannot have more than n distinct fac- 
tors of degree one, we may state the following theorem. 

A polynomial f{x) of degree n cannot have more than n dis- 
tinct zeros. 

Since at the turning points of f(x) the slope is always 
zero, it follows from the fact that the derived function is of 
degree % n — 1 that a polynomial f (x) fif degree w cannot have 
more than n — 1 turning points ( maxima and minima). 
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294. The Number of Roots of f(x) = 0. We have seen that 
every quadratic equation has two roots which may be real or 
imaginary and which may be equal.. We have also seen that 
every cubic equation f(x) = 0, whose coefficients are real, has 
at least one real root. If this root be r ly we may write (§ 261), 
f(x) == (x — r x ) Q(x), where Q(x) is a polynomial of degree 2. 
The latter has two zeros, real or imaginary, so that any cubic 
function with real coefficients* may be resolved into 3 linear 
factors, /(a?) = a 3 (x - r x )(x - r 2 )(x — r 3 ). 

It may be proved that any polynomial (no matter whether the 
coefficients are real or imaginary) has at least one zero (real or 
imaginary ). This statement is called the fundamental theorem 
of algebra. We shall accept it as valid without proof, since 
its proof is too difficult for an elementary course.* From this 
theorem it is easy to prove the following theorem : 

Any polynomial J(x) of degree n may be resolved into n linear 
factors. 

Proof : By the fundamental theorem, / (x) has one zero. 
Denote it by r v The factor theorem then gives 

/(*) = (x- n)Qi(*), 

where Q x is a polynomial of degree n — 1. By the funda- 
mental theorem, Qi(x) has a zero r 9 . Hence 

Qi(v) = (* - r 2 )Q 2 (x), or f(x ) = (x - r x ){x - r 2 )Q 2 ( x). 

Agam, Q 2 (x) is a polynomial of degree n — 2. If n > 2, Q2 
has a zero, say r 3 , which leads to the expression 

f(l) = (x - r^(x - r 2 )(x - r 3 )Q s (x), 
where Q 3 (x) is a polynomial of degree n — 3. Continuing this 

* This theorem was first proved by Gauss in 1797 (published 1799>when he 
was 18 years old. For proof see Fiije, College Algebra , p. 688. 
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process we find 

f(x) = (* - nX® - r t ) (x - r„)Q n , 
where Q n is a constant which evidently must be a n if f(x) is 
a n x n + ••• + We have then finally 

fix) = afx - ri)ix - r 2 ) ... (® - r„). 

Each of the numbers r ly r 2 , ••*, r n is a root of the equation 
f(x) = 0. This proves the theorem just stated. 

Moreover, no number different from r h r 2 , •••, r n can be a root 
of this equation. For suppose 5 were such a number, then we 
should have f(s) = a n (s — rx)(s — r 2 ) ••• (s — r n ). Since each 
of these factors is under the hypothesis different from zero, 
the product f(s) is different from zero. Some of the num- 
bers r h r 2 , •••, r n may be equal, however. This possibility 
leads to the following definitions. • If f(x) is exactly divisi- 
ble by x — r but not by (x — r) 2 , then r is called a simple 
root of f(x) = 0. If f(x) is exactly divisible by (x — r) 2 but 
not by (x — r) 3 , then r is called a double root of f(x) = 0. If 
f(x ) is exactly divisible by (x — r) k but not by ( x — r)* +1 then 
r is called a Tcfold root, or a root of order 7c. A root of order 
greater than one is called a multiple root. If f(x) represents 
a polynomial, the equation f{x) = 0 is called an algebraic 
equation. Then we may 'state the last theorem as follows : 

Every algebraic equation of degree n has n roots and no more , 
if each root of order Tc is counted as 7c roots . 

EXERCISES 

1. Is 1 a zero of tuts polynomial x 1 — 3 sc 6 + 2 z* — z 9 + 3 ? 

2. Is 2 a zero -of the polynomial 10 ? 

3. Is 3 a root of the equation £ 8 -j-3a; 2 -|-a; — 3 = 0? 

* It is logically necessary to note the fact tl&t, if exactly k of the roots 
r lt r 2 , ••• equal r, /(*) is divisible by ($ — r)* but not by (x — r)*+i. Why? 



458 


MATHEMATICAL ANALYSIS [XIX, § 294 


4. Find k so that x = x i» » xoot of the equation x 8 + &x 2 — x + 1 =.0. 

5. Find k so that 2 is a root of the equation x 8 -M 2 -fce + 3 = 0 

6. How many roots has the equation a; 7 4-ic 8 + 2 C + 3 = 0? How 
many of these roots are positive ? 

7. How many roots has the equation x 6 — 2 x 4 + fc 8 — 3 x 2 +2 x — 1 =0 ? 
How many of these roots are negative ? 

8. Find graphically the real zeros of the functions 

(a) x 8 — x. (b) x 8 + 2x — 1. (c) x 8 -f 3 x 4- 2 (d) x 8 — a 2 — 6 x + 8. 

Draw the graph of each of the following functions 

9. y = 1 **[ 3x 4 -4x 8 -24x‘ 2 + 48x + 13]. 

10. 2/ = A [3 x 4 + 8 x 8 — 0 x 2 — 24 x — 12]. 

11. y = A + 4 x 8 — 12 x 2 -f 24]. 

12. y = 2 x 4 — 14 x 8 -f 29 x 2 — 12 x + 3. 

18. Prove, without assuming the fundamental theorem of algebra, 
that every algebraic equation of odd degree with real coefficients has at 
least one real root. 

c 

295. Successive Derivatives. TJie derived function of a 
polynomial f(x) of degree n is a polynomial f'(x ) of degree 
n — 1. The derivative of f\x) is a polynomial of degree 
n — 2, is denoted by /"(#), and is called the second derivative 
of f(x ). Similarly, the derivative of f"(x) is called the third 
derivative of f(x) and is denoted by f r "(x). Similarly, the 
fourth, fifth, etc. derivatives maybe found. The nth derivative 
of a polynomial of degree n is evidently a constant. 

Thus, if /(x) = x 4 — 3 x 8 — 7 x + 2, we have /'(x) = 4 x 8 — 9x 2 — 7, 
/"(«) = 12 x 2 — 18 x, /"'(x) = 24 x~ 18, / iv (x) =24. 

296. Taylor’s Theorem. The following formula is known 

as Taylor’s theorem : 

(6) /«-/(«)+/ W - •*) (* - «)’ + - 

+m<x-.r. 

nl 

This formula enables us to express any polynomial in a; as a 
polynomial in x — a, where a is any constant. 
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For example, if we have /(x)== x 3 — 4 x + 2 and desire to express /(as) 
m terms of x + 1, we first find /'(x)= 3x 2 — 4 , /"(x) = 6x; /'"(x)=6. 
The coefficients in the above formula are, for a = — 1, 

/(- 1 )= 6 , /'(- 1 ) = - 1 , /"(- 1 ) = - 6 , /"'(- 1 ) = 6 . 

Therefore we have, from (6) , 

x 8 — 3x-f4 = 5— (x + 1) — 3(x + l) 2 +(x + l) 8 . 

Proof. We have seen m § 290 that the derivative of x k is 
kx k ~ l . Likewise the derivative of ( x — a) k is k(x — a )*~ x . For 
if y =(x — a)*, we have, as m § 289, 

y + Ay = (as -f A# — a)*— [(x — a)-f Aa] fc 

= (x — k(x — a) k ~ l Ax + terms with a factor A# 2 . 

Hence 

^ = &(& — a)* -1 4- terms with a factor Asr, 

A# 

and the limit of Az//Aas ia obviously k(x — a) k ~\ 

Let us now set 

(7) + a) 4* A 2 (x — a) 2 -f ••• + — a)* 

We then have, by taking successive derivatives of both sides, 
f'(x) = J-i + 2 ^4 2 (® — «)+••• -h JcA k (x — a)* -1 -f •••, 

/"(*) = 2 4 2 + - + - 1 )A k (x - a) 1-2 + 

* 

f (k) (x) = k } A k + terms containing (x — a) as a factor. 


These relations must all be true for all values of x ; hence 
they must hold when x = a. But this gives 

/( a ) = 4» /'(«) = A > f"(a)=2A i ,-, /“{a) = k\A t , .... 
Hence 

A =/(«)> A =/'(<*)» 


2 ! 


A:! 


By substituting these values in (7) above, we obtain Taylor’s 
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theorem as given in relation (6). Another form of Taylor’s 
theorem is obtained by replacing x by x + a in relation (6). 
This gives 

($) /(* + «)-/(«) +/'(«)* +^* 2 + ••• 

A ! n ! 

EXERCISES 

1. Write down the successive derivatives of the following polynomials : 

(а) x«4 4a; 2 - 12x4 17. 

(б) 2 x 4 -3x 8 4 8x 2 - 14x418. 

(c) x 5 4 2x — 1. 

(d) 1 -3x 4 4 x 2 4 5 x 8 . 

2 Prove that the nth derivative of a n x n 4 a n - ix n-1 4 • • 4 a\x 4 ao is 
equal to a n n I . 

3. Expand each of the following by Taylor’s theorem • 

(а) x 8 4 4 x 2 — 12 x 4 17 in terms of x — ■ 1. 

(б) 2 x 4 — 3 x 8 4 8 x 2 — 14 b x 4 8 in terms of x — 2. 

(c) x 6 4 2 x — 1 m terms of x 4 1 . 

(d) 1 — 3 x 4 4 x 2 4 5 x 8 in terms of x 4 2. 

4 . By relation (8) in § 296 express each of the following as a polyno- 
mial in x : 

(a) /(t — 1 ) if / (x) = x 3 4 4 x a — 12 x 4 17. 

(ft) f(x — 2) if / (x) = 2 x 4 — 3 x 8 4 8 x a — 14 x 4 8. 

(c) /(x 4 1) if /(x)= x 6 4 2 x — 1. 

(d) /(x 4 2) if/(x) = l - 3 x4 4x 2 4 5x 8 . 

297. Multiple Roots. If we apply Taylor’s theorem succes- 
sively to /(x) and/'(x), we obtain 

(9) m = 

/(a)+/'(a)(i-a)+-^(*- a)* (*-<»)» + .... 

( 10 ) /'(«)- 

/'(a) +'/"(«)(* - (* - a) s +*^(* ~ «)*+ -• 
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If /(a)= 0, the first relation shows that a? —a is a factor of f(x) ; 
this constitutes a new proof of the factor theorem. If /(a?) is 
divisible by x — a but not by ( x — a) 2 , it follows that /(a)= 0 
and that /'(a)= £ 0. Hence by (10), or by the factor theoreA, 
f'(x) is not divisible by x — a. If f(x) is divisible by ( x — a) 2 
but not by (x — a) 8 , we have, from (9), /(a)=0, /'(a)= 0, 
/■"(a)=£ 0. We then conclude from (10) that if a is a double 
root of f(x)= 0,'it is a simple root of /'(#) = 0. In general, if 
/ (a>) is divisible by (x — a) k but not by ( x — a)* +l , relation (9) 
shows that /(a) =/'(«) == /"( a ) = ••• = /* _1 ( a ) = 0; /*( a ) =£ 0. 
Hence, by (10), f\x) is divisible by ( x — a)*" 1 but not by 
(x — a) *. This leads to the following theorem. 

A simple root of f(x)— 0 is not a root of f\x) = 0 A double 
root of /(#)= 0 is a simple root of /'(x) = 0. In general y a root 
of order k of /(x) = 0 is a root of order k — 1 of f'(x)= 0. 

The following corollary of this theorem is evidently true. 

Any multiple root of f(x) = 0 is also a root of /'(x) = 0. If 
f(x) and f'(x) have no common factor , f (x ) = 0 has no multiple 
roots . If $ ( x ) f/ie H. C. F. of f(x) and f'(x ), the roots of 

(x) = 0 are the multiple roots of f (x) — 0. 

Example 1. Examine for multiple roots the equation 
/(*) = x 8 4- £ 2 — 10 x 4- 8 = 0. 

We have /'(x) = 3x 2 4- 2 x — 10 To find the H. C. F. of /(x) and f\x) 
we proceed as in § 269 : 


3 a£ -)- 8 a: 8 — 30 a; + 24 
8 a: 8 + 2 a: 3 — 10a: 


3 x 2 4- 2 x — 10 

x 2 — 20 x + 24 

x 4- 1 


3x 2 — 60x 4- 72 


180 x 2 4* 124 x- 020 

3x 2 4* 2x — 10 

3# 

— 180 x 2 4- 240 x 

-62* + 82 


370 x-020 


It is now clear that /(x) and /'(x) have mo common factor. Hence 
we conclude that/(x)= 0 has no multiple roots. 
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Example 2. Examine for multiple roots the equation 
/ (x) = a; 4 — 2 x 8 + 2 x — 1 = 0. 

We have /'(x) = 4 a; 8 — 6 x 2 + 2. 

a; 


2 at 4- 1 

Hence (a — l) 2 is the H C. F. of / ( x ) and /'(x), i.e. a = 1 is a triple root 
of /(x) = 0 The fourth root of / (as) = 0 is x = — 1. How is it obtained ? 

EXERCISES 

* 1. Examine for multiple roots each of the following equations . 

(a) x 8 — 3 x 2 — 24 x — 28 = 0. (h) x 6 + x 8 -f 1 = 0. 

(c) x 6 - 7 x 8 - 2x 2 + 12x4- 8 = 0. 

( d ) x 6 -h x 4 — 9 x 8 — 5 x 2 -f 16 x + 12T = 0. 

(e) x 4 — 6 x 8 + 12 x 2 — 10 x + 3 = 0. 

(/) x«-3x 6 + 6x 8 -3x 2 -3x + 2 = 0. 

2. Prove that the graph of y = f (x) is tangent to the x-axis at a point 
representing a multiple root 

3. Prove that the graph of y=f(x) crosses or does not cross the 

x-axis at a point representing a multiple root according as the order of 

the root is odd or even. [Hint Use Taylor’s theorem.] 

« 

4 . Prove that a root of order k of / (x) = 0 is a simple root of 
/*-i(x)= 0. 

298. Complex Roots. If a + hi (a, b real numbers , i?= — 1) 
is a root of an algebraic equation / (x) = 0 with real coefficients , 
then a — hi is also a root of the same equation. 

By hypothesis a -f hi is a root of the equation 

f(x) = a»x" + a n ~\3f l ~ 1 + ... 4- a 0 = 
i.e. f(a + bi) = a n (a + bi) n + a^a + W)"- 1 + - + a 0 = 0. 

( ' *' t 

If each of the terms in the preceding expression be expanded 
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by the binomial theorem, the powers of i reduced to their 
lowest terms (t 2 = — 1, t* = — i, etc.), and terms collected, we 

oW “ in /(. + 60 -P+QI, 


where P represents the sum of the terms independent of i and 
Q is the coefficient of i. 

But since P 4- Q* = 0 by hypothesis, it follows from § 281, 
that both P = 0 and Q = 0. We wish to prove that a — bi is 
a root of f(x) = 0; i.e. f(a — bi) — 0. To prove this we 
merely have, to notice that f(a — bi) may be obtained from 
the expression for f (a 4- bi) by replacing i by — i. Therefore 

f(a - bi) = P — Qi , 

where P and Q represent the same quantities as before. But 
we have just shown that P = 0* and Q = 0. Therefore 
/(a — bi) = 0 or a — bi is«a root of f(x) = 0. 


EXERCISES 

1. Solve x 4 -f 4 x 3 -f- 5 x 2 + 2 x — 2 = 0, one root being —1+4. 

2. Solve x 4 +4x 3 + 6x 2 +4x + 5 = 0, one root being i 

3 Solve x 4 — 2x 3 + 5x 2 — 2x + 4 = 0, one root being 1 — i 

4 If a+ Vb (a and b rational but Vb irrational) is a root of /(x) = 0 
with rational coefficients, a — V& is also a root. 

[Hint Show that f (a + \/6) reduces to the form P + Q^/b where P 
and Q contain only integral powers of b and Q is the coefficient of VF. 
Since P+ QVb = 0, P = 0 and Q = 0, Why ?] 

5 Solve 2 x 4 — 3 x 3 -- 16 x 2 — 3 x + 2 = 0, one root being 2 + V3. 

6. Form an equation with rational coefficients, of which two of the 
roots are i and 1 + \/2 

7. Solve the equation x 3 - (4 + V3)x 2 + (5 + 4V3)x — 5V3 = 0, if 
one root is 2 — i. 

8. SoIto the equation x 3 — (5 + i) x 2 + (9 4- 4 i)z — 6 — 8 i = 0 if one 
rppt js 1 + 1 . Is 1 — i a root ? 
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299 . To Multiply the Roots of an Equation. To trans- 
form a given equation f (x) = 0 into another whose roots are those 
of f(x)=s 0 each multiplied by some constant k } multiply the 
Second term of f (x) by k, the third term by and so on, taking 
account of the missing terms if there are any . 

The required equation is f(y/k) = 0. For, if f(x) vanishes 
when x = a, f (; y/k ) will vanish when y = ka. Hence, if the given 
equation is a n x n -f a n ^ x x n ~* ■+- ••• + a*, = 0, the required equation is 



which on multiplication by k n becomes 

a n y n + ka n _iy n - 1 + k 2 a n ^ n ~ 2 4- ••• + & n «o = 0- 

If k = — 1, we have, the roots of f(— x) = 0 are equal respec- 
tively to those of f(x) = 0 with their skjns changed . 

Example 1 Transform x 8 — 4 x 2 + 5 = 0 into an equation whose 
roots are twice those of the given equation. The desired equation is 
x 8 - 4(2)x 2 + 6(2) 8 = 0, or x 3 - 8 x 2 4- 40 = 0. 

Example 2 Transform x 7 — 3x*+4x l — 2z + lz=0 into an equa- 
tion whose roots are those of this equation with their signs changed. 
The result is ( - x) 7 — 3(— x) 6 4- 4(— x) 4 — 2(— x) 4- 1 = 0, or 
x 7 — 3 x^ — 4 x 4 — 2 x 1 =0. 

EXERCISES 

Obtain equations whose roots are equal to the roots of the following 
equations multiplied by the numbers opposite 

1. x* - 2 x 8 + x + 1 = 0. (2) 3. x* - x 2 + x 4- 1 = 0. (-3) 

3 . x 7 — 6 x®4- ^ 3c — 1 = 0. (—2) 4 . x 6 4- — x 3 4- x — 1 = 0. (2) 

Obtain equations whose roots aie equal to the roots of the following 
equations with their signs changed. 

5. x 7 — 0 ij 6 4*2x 4 — x r rl = 0. 

6. x 16 — 1 =? 0. 


7. x 7 — x® 4- x 6 — x 4 — £ = 0. 

8. l_x-x a -x*-x*-x« = 0. 
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300. Variations in Sign. A variation of sign or change of 
sign is said to occur in f(x) whenever a term follows one of 
opposite sign. Thus the equation a? 3 — 3 x 2 + 7 =s 0 has two 
variations of sign. 

If f (x) has real coefficients and is exactly divisible by x — k, 
where k is positive y then the number of variations of sign in the 
quotient Q(x) is at least one less than the number of variations of 
ngn in f (x). 

Before proving this statement let us consider the process of 
lividing f(x) = x 6 -f # 5 — 3 x 4 — 2 x 3 — x 2 -j- 5 x — lby x — 1 and 
f (x) = x 4 — a? 3 4- 4 x 2 — 13 x -f 2 by x — 2, making use of synthetic 
livision. 

11-3-2-1 5 -1 |1 

1 2 -1 -3 -4 1 

Q( x)wml 2 -1 —3 —4* 1 0 

• 

1 -1 4 —13 2 (2 

2 2 12-2 
Q(x) = 1 16-1 0 

It will be noted m these examples that Q($) has no varia- 
tions except such as occur in the corresponding or ‘earlier 
terms of f(x) and that since / ( x ) is exactly divisible by the 
jiven divisor, the sign of the last term of Q(x) is opposite to 
that in f(x). Let us now prove the statement in general. 

Proof : From the nature of synthetic division it follows that 
the coefficients in Q(x) must be positive at least until the first 
negative coefficient of f(x) is reached. Then, or perhaps not 
until later, does a coefficient of Q(x ) become negative or zero, 
and then they continue negative at least until a positive 
coefficient in f(x) is reached. Therefore Q(x) has no variations 
except si*ch as occur in the corresponding or earlier terms of 
f ( x ). But by hypothesis / (a?) is exactly divisible by a?— k and 
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hence the sign of the last term in Q(x) must be opposite to 
that m f(x). Therefore the number of variations of sign m 
Q(x ) must be at least one less than the number of variations 
ef sign in f(x). 

301. Descartes’s Rule of Signs. The equation /(&)= 0 with 
real coefficients can have no more positive roots chan there are 
variations of sign in f(x) and can have no more negative roots 
than there are variations of sign in f(—x). 

Proof : Let r i9 r 2 , •••, r p (p < n) denote the positive roots of 
f (x) = 0. If we divide / (x) by x — r h the quotient by x — r 2 , 
and so oil until the hnal quotient Q(x ) is obtained, then we 
know from the last theorem that Q(x) contains at least p fewer 
variations of sign than f(x). But the least number of varia- 
tions of sign that Q(x) caij have is zero. Therefore f(x) must 
have at least p variations, i.e. at lq^st as many variations as 
f(x) =0 has positive roots. 

Second, by § 299, we know that the negative roots of f(x) = 0 
are the positive roots of /( — a?) = 0 and, hence, by the first 
part of this proof, we know that their number cannot exceed 
the number of variations of sign m/(— x). 

It is important to notice that Descartes’s rule of signs does not tell us 
how many positive and how many negative roots an equation has It 
merely tells us that an equation cannot have more than a certain number 
of positive roots, and cannot have more than a ceitam number of nega- 
tive roots. 

Example. What conclusions regarding the roots of the equation 
x 7 — 4 x & -|- 3 x 2 — 2=0 can be drawn from Descartes’s rule ? 

The signs of / (x) are H H — , i e. there are 3 variations and hence 

the equation has no more than 3 positive roots 

The signs of /(— sc) are — f -K»— , f.e. there are two variations and 
hence the equation has no more than 2 negative roots. 

But the eauation is of degree 7 and has 7 roots. Therefore the equa- 
tion has at least two imaginary roots. Can there be more c than two 
imaginary roots ? 
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EXERCISES 

What conclusions regarding the roots of the following equations can 
be drawn from Descartes’s rule ? 

1 . x 7 — 2x° + x 4 — 1 = 0 4 . x 6 ~ 2 x 4 + x 8 — x 2 — x + 1 =9 

2 x 6 + x 4 — x 8 + 1 = 0. 5 . x n — 1 = 0 (n odd) 

3 x 28 - 34 x 12 + x - 45 = o. 6 x n — 1 = 0. (n even) 

7 Show that the equation x 6 — 5 x 2 — x + 10 = 0 has at least two 

imaginary roots. How many may it have ? 

8. Show that the equation x 4 + x a + x — 1=0 has two and only two 
imaginary roots 

9 Show that the equation x 8 + 4 x 8 -f 2 x — 10 = 0 has six and only 
six imaginary roots 

10 Can you tell the nature of the roots of the equation x 4 + ix 8 — 3 ix 
+ 4 = 0? 


302. Equations in />-form. If each term of the equation 
fix) = a n x n ■+ a n _ x x n ~ l H b a 0 = 0 

is divided by a n (by hypothesis a n =£ 0), we obtain the equation 

x n +p x x n - 1 + p 2 x n ~ 2 + ••• + p n = 0, 

in which the leading coefficient is unity and p x = [ , etc. An 

a n 

equation m this form is said to be m the p-form . For many 
purposes this is the most convenient form. 


303. Rational Roots. A rational root (=£ 0) of the equation 
f(x) =0 when the equation is in the p-form with integral coeffi- 
cients is an integer and an exact divisor of the constant term . 


Proof. Suppose that the equation f(x)=s 0 has a root a/b 
where a/b (b > 1) is a rational fraction in its lowest terms. 
Then we have 




+ -+P~$(f)+Pn=S 0 . 


( 11 ) 



468 


MATHEMATICAL ANALYSIS [XIX, § 363 


Multiplying. both members of (11) by b* 1 we have 

~ +f>i« n_1 +p i a"- i b H 1 -pnb "- 1 = 0 

0 

OS 

(12) + Pt an ~* b + - + Pnfe" -1 ). 

The right-hand member of (12) consists of terms each of 
which is an integer. The left-hand member of (12) is a 
fraction in its lowest terms. Therefore the assumption 
that the fraction a/b is a root of f (x) = 0 leads to an 
absurdity. 

Now suppose r (=£ 0) is an integral root. Then 
r" + -f p 2 r w ~ 2 + *• + p« = 0. 

If we transpose the constant term p n and divide by r, we 
obtain 

(13) r n ~ l + + ••• +P„-i=— £=• 

r 

Now each term of the left-hand member of (13) is an integer ; 
hence p n /r must be an integer,, i.e. p n must be exactly divisible 
by r. 

301 To Find the Rational Roots of an Equation with Ra- 
tional Coefficients. If the equation is not in the p-form with 
integral coefficients, reduce it to that form and then make use 
of the results m § 303. The following examples will explain 
the methods. 

Example 1. Solve the equation sc* + 3 z 2 — 4 x — 12 = 0. 

Cl 

By Descartes’s rule of signs we know that the equation has no more 
than one positive root and no more than two negative roots. From the 
last article we know that if the equation has rational roots they are 
factors of 12. Thus we neeG only try 1, — 1, 2, — 2, 3, - 3, 4,‘ — 4, 0, 
- 0 , 12 , — 12 . 



XIX, § 304] GENERAL POLYNOMIAL FUNCTION 469 


By synthetic division we have 

2 

15 6 0 

The depressed equation * is x 2 4 6 x + 6 = (x + 3) (x + 2) = 0. There- 
fore the roots of the original equation are 2, — 3, — 2. 

Example 2 Solve the equation 2x®4*x 2 42x4-1 = 0. 

Writing the equation in the p-form we have 
x 8 4ix 2 4x4i = 0. 

If we multiply the roots of this equation by k , we obtain 

x 8 -f 1 kx 2 4 k 2 x 4 — = 0 
2 2 

If we choose k equal to 2, this equation becomes 
(14) x^x 2 44x44 = 0, 

an equation whose roots are twice those of the original equation. 

By Descartes’s rule of signs equation (J.4) has no positive roots. Any 
rational roots are then negative, and are factors of 4, t.e. — 1, — 2, — 4. 


By synthetic division 



1 

1 4 

4 Lui 

— 

1 0 

-4 

1 

0 4 

0 

The depressed equation is x 2 

+ 4 = 

0. Therefore the roots of (14) are 


— 1, 2 i, — 2 i and the roots of the given equation are — J, i, — u 

EXERCISES 

Solve each of the following equations. 

1 . x 8 4 6x 2 4 16 x 4 18 = 0. 4 . 6 x 8 + 7 x 2 — 9x 4 2 = 0. 

2 . x 8 4 x 2 4 x 4 1 = 0. 3 . 0 x® ~ 2 x 2 + 3x —1=0. 

3. sc 8 -fa; 2 — 4x — 4 = 0. 6. 2 a^+3 x 8 — 10 a; 2 — 12 x48=0. 

Find the rational roots of each of the following equations. 

7. x 4 — 8 x 2 — 4 = 0. 10. 2x* — x 8 — 6x 2 47x — 0 = 0. 

8 . x 6 - 32 = 0. * 11 . 2x 4 42x 8 -x 2 4l = 0 

9. x 4 + x 8 + x 2 + x + 1 = 0. 12. 4 x 4 — 23 x 2 — 16 x 4 9 = 0. 

* If r i8 a root of a given equation /(x) = 0 anJ y(x)=*(x — rjQ(x ), then the 

equation Q(x)=» 0 is called the depressed equation . 
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306. The Solution of an Equation with Numerical Coeffi- 
cients. The preceding articles furnish a number of methods 
for attacking the problem of finding the roots of an algebraic 
equation /(#)= 0 with given numerical coefficients. 

(1) We may examine the equation for multiple roots (§ 297). 

(2) If the equation /(sc) = 0 has rational coefficients, we can 
find all the rational roots by a finite number of trials. 

(3) When any root a has been found, we may divide / (x) by 
x — a and thus make the finding of the remaining roots depend 
on an equation of lower degree (the depressed equation). 

306. Irrational Roots. Graphical Approximation. In order 
to compute approximately any one of the real irrational roots 
pf an equation /($)=() whose coefficients are real numbers, we 
require first a rough approximation to the root which is to be 
computed. The graph of y = f(x) i^a powerful tool for this 
purpose. An example will make the method clear. 

Example. Locate approximately the real roots of the equation 

/ (x) = x 5 — 13 x 2 -f 2 x -f 5 = 0. 

A table of corresponding values of x and 
f(x) is as follows. 


X 

-2 

- 1 

0 

1 

2 

3 

m 

— 83 

-ii 

5 

- 5 

- 11 

137 


Figure 252 exhibits a rough graph of this 
function constructed from this table. We 
conclude that a root of the equation lies 
between — 1 and 0, another between 0 and 1, 
and a third between 2 and 3. 

Moreover Descartes’s rule tells us that this 
equation can have no more than two positive 
roots and no more than one negative root, 
since there are only two changes of sign in 
f(x) and only one in /(— x). 
c We have therefore located all the ifeal roots 
of this Aquation. 
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A more accurate construction in the neighborhood of one of these points 
enables us to get a better approximation. For example, the values x = 2.2 
and 2.3 give us respectively y = — 1.97 and 6.21. By drawing a smooth 



Fig. 253 

curve through the three points corresponding to x = 2, 2.2, 2 3 (plotted 
on a large scale, Fig. 263) we may estimate the root of f(x) = 0 to be ap- 
proximately 2 28. 

307. Newton’s Method of Approximation. Having found a 
first approximation to a root of an equation /(&) = 0, we may 
secure a better approximation by a 
method first suggested by Sir Isaac 
Newton (1642-1727). In Fig. 254 let 
CC' represent the graph of y — f (x) in 
the neighborhood of a root x = a of the 
equation. Let OM x = x x represent the 
approximation to the root found; let 
M X P X = y x = / (^i). Let the tangent to the 
graph at P x (x u y x ) cut the a>axis in T. 

The abscissa OT will then, in general, be a much closer 
approximation to the desired root. The eauation of the 
tangent at P x is 

(15) y - /(as,) = /'(*,)(* - *0- 

Placing y a® 0 and solving for x we have 

m —o*-.,-' M, 
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where x 2 denotes our second approximation. We have then 
(17) *2 = + hi> 


Where the correction A x is given by 

/•ie\ *, /(*0 

(18) h -~m 


Example Find by Newton’s method a better approximation to the 
root x = 2.23 of the equation x 8 — 13 x a -f-2 z+ 6 = 0 discussed in § 300. 


Hence we have 


/(x) = x 6 — 13 x 2 + 2 x + 6. 
/' (x) = 5 x 4 — 20 x + 2. 
/(xi)=/(2.23)=- 0 039 * 
/'(xi) = /'(2.23)= 07.07.* 


/(xQ _ 0 039 
Al ~~/'(x i) 07.07 


0.00067, 


whence X 2 = 2.23067. 


308. The Accuracy of Newton’s Method. A question that nat- 
urally arises is How accurate is this root, i.e to how many decimal 
places is it correct ? Taylor’s theorem gives us information on this point. 
We have 

/"(* i). 


(19) 


f(xi + hi) = f(x{) + f'(xi)hi+ J 


2 ! 


^i 2 + 


If our firrt approximation to the root is x = xi and h\ is the correction, f 
Newton’s method gives to hi a value which makes* the sum of the first two 
terms of Taylor’s expression vanish. Since h\ is very small, the terms 
beyond the third (involving hi 9 and higher powers of Aj) are insignificant 

ftl(Xi) 

compared with the term ~ - hi 2 . Hence for our purpose we may write 

2 I 


(20) /(*i + hi) = i/"(*i)V. 


In the example considered above we have 

/"(*)= 20** 26. /"(*i) = /"(2.28) = 196.8. 

= (0 00067)“ = 0.00000032. 

Hence we have ' * 

i/"(*0Ai s =/(*i + AO = 0.0000313. 


Use synthetic division to get these values, 
in the example just consider" 1 *.j f= 0.00067. 
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Moreover 


/'(£ i 4- hi)=f f (xi)+f ,f (xi)hi 4* •• » 


and in this example /'(xi + hi) = 07.67 + 0.11 = 07.78 approximately. It 
follows that the new correction is about 


Therefore we may conclude that x = 2.28067 is the root sought, to five 
decimal places. 


EXERCISES 

Find to three places of decimals the irrational roots of the following 
equations. 

1. x 8 + 8x-f 20 =0. 2 . x 8 4 2x 2 -x + 3 = 0 3 . x<+x-l=0. 

4 . x 8 4 4 x 2 — 0 = 0. 5 x 8 4 3 x 2 — 3 x — 1 = 0. 

6. If x is the cosine of an angle and y is the cosine of one third of the 

angle, then 4 y 9 = 3 y 4 x. Find the value of cosine of 20° to three places 

of decimals. 

7 . An open box is to be made from a rectangular piece of tin 9 x 10 
inches, by cutting out equal squares from the corners and turning up the 
sides. How large should these squares be so that the box shall contain 69 
cu. in.? 

8 Find the cube root of 12 ; 46, — 37. 


309. The Relation between Roots and Coefficients. If 

> r 2 > •••> are the roots of the equation af* 4-2> 1 x n ‘" 1 4-j9 2 a? n '" 2 4- 
... +p n = 0, then 

x n 4- P\X n ~ l + P 2 ® n ~ % + - + 1>„= ( x — n)( x — r 2 ) ••• (x — r n ). 

If we carry out the indicated multiplication in the right-hand 
member and equate the coefficients of like powers of x> we 
have 

(21) Pi = -r 1 -r 2 r n , 

(22) p t = »y 2 + r,r 4 + - -y ry. + r 2 r 8 + - + r^r.. 

(23) p a = - Wi - »W« W,., r„. 


(24) 


Pn l)"^ - r n . 


4 
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That is, 

— p x = the sum of the roots. 

= the sum of the products of the roots taken two at a time. 

— p s = the sum of the products of the roots taken three at a time. 

(— 1 ) n p n = the product of all the roots. 

We have at once the following corollaries 

1 To transform an equation into another whose roots are those of the 
original equation each multiplied by m, multiply p\ by m, p 2 by m 2 , ps by 
m* , and so on (§ 299). 

2. To transform an equation into another whose roots are equal to 
those of the original equation with their signs changed, change the signs 
of the alternate terms , beginning with the second 

Example 1. Solve the equation 2a 8 — x 2 — 8x4-4 = 0 given that 
two of the roots are equal in absolute value but opposite in sign 
Let the roots be r, — r, and s. ± 

Then r — r + s = J, 

rs — rs — r 2 ~ — 4, 

— r 2 s = — 2 

Therefore s = J and r = 2 or — 2, 1 e. the roots are J, 2, — 2 


EXERCISES 

1. Solve x^x 2 — 4x — 4 = 0, given that the sum of two of the roots 
is zero. 

2 . Solve x 4 — 6 x 8 — 9 x 2 4- 54 x = 0, given that the roots are in arith- 
metic progression 

3. Solve x 4 — 16x 8 + 86 x 2 — 176 x -I- 105 = 0, given that the sum of two 

roots is 4. Ans 1, 3, 6, 7. 

4 . Solve 4 x 8 — 20 x 2 — 23 x — 6 = 0, two of the roots being equal. 

5. If n, r 2 , r 8 are the roots of x 8 — 5 x 2 4- 4 x ~ 3 = 0, find the value 
of each of the following expressions : t 

(a) r{ 2 4- r 2 2 4- n 2 . 

(b) r t 8 -f r 2 8 4 r 3 *. 

(c) ri 2 r 2 2 4- rjr 8 2 4- r 2 2 r 8 2 

( d ) ri 8 r 2 4- n 8 >’3 4- r^i 4- r 2 8 r 8 4- rg 8 r 1 4- r 3 8 r 2 . 
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310 . Determinants of the Second Order. Expressions of 
the form ayb 2 — a 2 bi , where a x , a 2y b x , b 2 are any numbers, arise 
often m mathematical analysis. Thus the area of a triangle 
With one vertex at the origin and the other two vertices at the 
points ( a x , b x ), (a 2 , & 2 ), is equal to \(a x b 2 — a 2 b x ) (§ 195). Again, 
the solution of a pair of simultaneous linear equations m two 
unknowns (§ 69) can be written as two fractions whose numer- 
ators and denominators are all of tfris form. (§ 311.) 

The expression a x b 2 — c^b x may be written m the form 


( 1 ) 


«i h 
<x 2 b 2 


and is then called a determinant of the second order . Such a 
determinant contains two rows and two columns. The numbers 
a x , a 2 , b x , b 2 , are called the elements of the determinant. The 
two elements a lf b 2 form .the so-called principal diagonal . 

To evaluate a determinant of the second order, i.e. to find 
what number it represents, one merely has to subtract from 
the product of the terms in tie principal diagonal the product 
of the other two terms. Thus we may write 


"i 

a 2 


W 


= a x b 2 — ctybi ; 


4 

3 



— (4) ( — 6) — »(3)(7) = — 46. 


It is important to notice that each term of the expansion 
contains, one and only one element from each row and one and 
only one element from each colunwi. 
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311. Simultaneous Equations in Two Unknowns. Let the 

equations be 

r «*+»*=«,, 

' I a& 4* % « 

If we solve these equations by the usual method of elimination 
(§ 69), we obtain 

fV\ ~ _ U1C2 — 

' ' ~~ a x b 2 — cijbi y a x b 2 — a 2 b x ’ 


provided —<hb\ ¥= 0. We at once recognize the fact that 
these results may be written in the form 

Ci b\ &i Ci 

C 2 b 2 ^2 

~a[ b{'’ y ~ a x bi 

cl 2 b 2 0*2 b 2 

provided a x b 2 — a 2 b x 0. The following points should be noted 
in the above solution. 

(1) The determinants in the denominators are identical and 
are formed from the coefficients of x and y in the original 
equations. 

(2) Each determinant in the numerator is formed from 
the determinant in the denominator by replacing by the 
constant terms the coefficients of the unknown whose value 
is sought. 

Example. Solve by determinants the simultaneous equations 
2 as — y = 1, 

8s + 2y = 3. 


1 

- 1 


2 

1 

3 

2 6| 


3 

3 

2 

_J1 ~T 

y — • 

2 

-1 

3 

2 


3 

2 



Solution ; 
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EXERCISES 

Evaluate each of the following determinants . 


1. 

2. 


4 61 


3 . 

I — sin a — 

3 l| 


cos a 

2a 

51 

4 . | 

1 tan 0 sec 0 

c 


1 sec 0 tan 0 


cos a 
sin a 


5. 


sin 0 cos 0 
sin a cos a 


6 Show that the normal form of the equation of a straight line 
(§ 205), may be written m the form 

I * y I = P . 

| — sin a cos a | 

Solve by the use of determinants the following pairs of equations : 

\x + y =7, 


7 . 



f 4 * — 8 y _ g 

|2*+y = 8, 8 


1 6* — y = 4 



3 V 3 


10 . 


x sin 0 + % cos 0 = sin 0, 
x cos 0 + y sin 0 = cos 0. 

= sec 2 0, 

ctn 0 = sec 2 0 + 1* 


f x + y tan 0 = 
\ x sec 2 0 + y c 


Ans. 1, tan 0. 


Prove the following identities and state in words what thev show.* 


12 . 


13 . 

14 

15 . 


16 . 


= 0 . 


a\ &i 

0,2 

a\ a\ 

0,2 0,2 

ai bi 

0,2 b -2 
max 

maz 5 2 
(«i + b\) b\ 
(02 + 5 2 ) 5 2 


ai a 2 


= m 


61 oi 

62 02 
ai bi 

02 5 2 

-r 

r«2 


61 

62 


* For ^xample, Ex. 12 shows that in a second-order determinant if the cor- 
responding rows and columns are interchanged, the value of {he determinant 
is not changed. 
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312 . Determinants of the Third Order. To the square 
array 

a i °i 

(5) 0.2 ^2 

Ug 63 C3 

we assign the value 

(6) 0\b 2Cg -f- Oyb^Ci -f“ 0/$b\C2 Oqb$p2 o^biCz — 0 ^) 2 ^ 

and the name determinant of the third order . 

The expression (6) is known as the development or expan- 
sion of the determinant, the numbers a h b u etc., as the elements , 
and the elements a u b 2 , c 3 as the principal diagonal . 

It is important to notice that in the development (6) each 
term consists of the product of three elements, one and only 
one from each row and one and only one from each column. 

An easy way of obtaining the expansion (6) of the deter- 
minant (5) is as follows : 

Form the product of each element of the first column by the 
second-order determinant formed by suppressing both the row 
and column to which the element belongs. Change the sign of 
the product which contains the element m the first column and 
the second row and take the algebraic sum of the three products. 

«i h ci 

b 2 

Example 1 a 2 h c 2 = a 1 

* b 8 

Q>Z o 3 C 3 

= «i&2Cs — a>ibsC2 — a 2 b\Cz *f cL 2 bzC\ -f a,zbic 2 — <xzb 2 c\ 


C 2 

bi 

Cl 


Cl 


— as 


+ Oz 


C 3 

bz 

C3 

b 2 

C 2 


Example 2 


7 =2 | 4 7 | + 5| 3 2 | + 4| 3 2 | 

' l-i il l-i il + *U 71 

= 2(4 + 7)+ 5(8 + 2) + 4(21 - 8)= 99. 


-14 

0-1 *4 =3 - Z = 3( — 2 — 20) = — 00. 

n 9 52 


Example 3. 
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EXERCISES 


Evaluate each of the following determinants. 


2 

1 

3 -1 

0 

1 6 

-2 

4 a 

b 

c 

1 . 1 

1 

-1 . 2 . -2 

2 

0 . 3. 6 

— 3 

6.4 b 

a 

c 

1 

1 

2 3 

5 

1 7 

-4 

8 c 

a 

b 


5 . In § 106 it was shown that the area of the triangle whose vertices 
are Pi(xi, y x ), P 2 (x 2 , y 2 ), P 3 (x 8 , Vs) is 

iOi 2 f 2 — x 2 yi + x 2 y z - x 3 y 2 + x 8 2/i — xiy 3 ] 

Prove that the area of this triangle is 

xi Vi 1 
\ x 2 y 2 1 
xa yz 1 

6 . Using the result of Ex. 6, find the area of the triangle whose 
vertices are 

(а) (2,1), (3,1), (-1,7); 

(б) (3,2), (3, 6), ( — 1, — 4) , 

(c) (0, a), (0, - a), (b, 0 )• 

7 Prove that the three points Pi(xi, 2 / 1 ) , P 2 (x 2 , 1 / 2 ), P*(x 3 , ys) are 

collmear if, and only if, „ .. 

x 1 yi 1 

x 2 y 2 1 = 0. 

x 3 2/3 1 

8. By means of determinants show that the three points (<^ b + c), 
(&, c + a), (c, a + b) are collmear. 

9. By use of determinants determine whether the three points (0, 0), 
(1, 1), (5, 6) are collmear 

10. Prove that the equation of the straight line through the points 

Pi(*i. Pi)* Pi(x 2y 2 / 2 ), is x y 1 

xi 2/i 1 = 0- 

x 2 y 2 1 

11 . By determinants find the equation of the straight* line through each 
of the following pairs of points 

(«) (2, 1), (3, 7) , ( b ) (6, 1), (2, - 1); (c) (7, 1), (9, 1). 

N 

12 . EiiTd by the use of determinants whethlr the three lfhes 3ce— y— 7 
= 0, 2x-fy + 2=0, x— y = 0 are coneurrent or not. 
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313 . Solution of Three Simultaneous Equations. Let the 

equations be ^ + % + ^ _ dl , 

7 ) OyX b$ "4“ ^ = ^2) 

. a 3 x + b z y + c 3 z = d 3 . 

If we solve these three simultaneous equations by the usual 
method of elimination, we obtain, 

“I" d 2 & 3 Cx 4" d 3 &xC 2 — d^b^Ci — d\b 3 C2 — d 2 &x c 3 

g* — — , 

dl^ 2^3 * 4 “ ^2^3^1 “ 4 " — Ct 3 6 2 Cx — Cti& 3 C 2 — ^2^1^3 

a 1 d 2 c 3 -J- ®2^i “ 4 " ci 3 d\C2 “ ^ 3 d 2 Cj cqdgCjj ~ ~ ^2^i^3 

^ UlboCs * 4 * df) 3 C\ " 4 “ 0 3 &iC2 — a 3 ^ 2 c l — Q\b 3 C 2 — ® 2 ^ 1^3 

^ CLybydi + ci^b^di -f" ^3^id 2 — a 3 6 2 c?i — a-\b 3 d 2 — af)\d 3 

“f” Chfo 3 Ci + tt 3 5 jCo — ^362^1 Cq& 3 C 2 — - 

provided the denominator of each fraction is not zero. These 
results may be written m the form 

dx 61 Cx ai d x c x a x &x dx 

d 2 6 2 c 2 CI2 d^ C2 ^2 ^2 d 2 

^ ^3 &3 c 3 ^ y = a 3 d 3 c 3 ^ ^ ___ a 3 bj d 3 

ax 6x «x &x Cx cq 61 Cx 

Ct 2 ^2 C 2 U 2 ^2 C 2 tt 2 ^2 ^2 

03 6 3 c 3 a 3 b 3 c 3 a 3 6 3 c 3 

Each denominator is the same determinant, which is called 
the determinant of the system . It is made up of the coefficients 
of x, y, z. Each determinant in the numerator is formed from 
the determinant in the denominator by replacing the coefficients 
of the unknown whose value is SQught by the constant terms. 
Compare this rule with that given in § 311 . 

Example. Solve the following equations by determinants : 
5z~2*=-2, 

— 3y — #3 = 7, 

2x-5y = — *19. 
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Solution. 



EXERCISES 


Expand each of the following determinants : 



CO 

<N 

3 


-7 1 

2 


X z z 

1 

4 -1 

2 

2 . 

2 -2 

> — 0 

3 . 

X y y 


-1 4 

1 

• 

4 2 

4 


y z x 


1 1 1 



a ^ g 



4 . 

a b c 


5 . 

\h b f 

. 



cp b* c 2 



9 f c 




Solve by determinants each of the following sets of equations • 
4x4-6y-f2s = 20 t f 8 x + y — 2 = 3 , 

6 . 3 x — 3 |/ 4 - 5 « = 12 , 7 . ■ x + y + «= 7 , 

5 x-f* 2 y — 42 = — 3 2x4-4y-f2=12. 

Ans. ( 1 , 2 , * 3 ). 

x + y + 2 = l, r ax + y — 2 = o a -f a— 1 , 

8. ax 4- by -f cz = d, 9 . — x -f ay + « = a 2 — a -f 1, 

a 2 x + 6 2 y + c 2 2 = d 3 . x — y -f az = a. 

Ans. (a, a, 1). 

10 . Solve the equation 

x 2 1 

3 x - 1 = 0 . 

2 4 5 

11 . Solve for x and y the simultaneous equations 


x+1 

2 

1 

X 

i, ' s 

3 

X 

-1 =0, 

-2 

1 -2 

y 

2 

1 

•y 

1 4 
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12 . Evaluate the determinant 

sin a cos /3 1 
cos a sin 0 1 
1 1 1 

rrove the following identities and express in words what they prove. 
See Ex. 12-10, pp. 477. 



01 

h 

Cl 


01 

02 

03 


a x 

bi 

Cl 


«i 

bi 

Cl 

13 . 

#2 

b 2 

C 2 

= 

bi 

bs 

b 2 

. 14 . 

a 2 

62 

c 2 

= - 

08 

h 

c 8 


a 8 

63 

C8 


Cl 

c 2 

c 3 


a 3 

b a 

c 3 


a 2 

b 2 

c 2 



01 

01 

bi 



mat 

bi 

Cl 


01 

61 

Cl 

15 

02 

tt 2 

b 2 

= 0 

16 . 

ma 2 

b 2 

c 2 

= m 

a 2 

b 2 

c 2 


08 

08 

&8 



ma 3 

h 

C 3 


a 3 

bz 

c 8 



(at 4 * &i) 

bi 

Cl 


0i 

bi 

Cl 

17 . 

(02 + b 2 ) 

b 2 

c 2 

= 

a 2 

62 

C 2 


(as 4 - b%) 

bz 

c 3 


,03 

bz 

C 3 


314. Inversions. Let us consider the permutations of a set of ob- 
jects, such as letters or numbers, and let us fix a certain particular order 
of the objects which we shall designate as the normal order. An inversion 
is said to occur in any permutation when an object is followed by one 
which in the normal order precedes it. Thus if abed is the normal order, 
then there are two inversions in bade. If 1234 is the normal order, then 
there are three inversions in 1432 

Theorem. If in a given permutation, two objects ' are interchanged , 
the number of inversions with respect to the normal order is increased or 
decreased by an odd number 

Let us consider the permutations Xrs Y and Xsr Y, where X and Y 
denote the groups of objects which precede and follow the interchanged 
objects r and s. Any inversion in X and Y and any inversion due to the 
fact that X, r , s precede Y are common to Xrs Y and Xsr Y. Therefore, the 
number of inversions m Xrs Y Is equal to the number in Xsr Y increased 
>r decreased by 1 ^ (according as rs is or is not in the normal order) . 

Now let us consider two objects such as r and s separated by i objects, 
[f the objects r and s are interchanged, the number of inversions is still 
jhanged by an odd number. For, by i -f 1 interchanges of adjacent pairs 
,he object r can be brought into the position immediately following s, and 
ny i further interchanges of adjacent pairs, s may be brought to occupy 
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the position formerly held by r. Each of these -f 1) + i = 2 i -f 1 
interchanges of adjacent pairs has increased or decreased the number of 
inversions by 1. Hence the net result of these 2 1 + 1 interchanges has 
increased or decreased the number of inversions by an odd number. 

316. Determinants of the nth Order. The square array 


ai 

h 

• • • Qi 

02 

b 2 

• . . q2 

a n 

K 

• • • Qn 


of n 2 elements, such as we have consideied for the cases n = 2, n = 3, is 
called a determinant of the nth order and will be denoted by the Greek letter 
A. This determinant will he understood to stand for the algebraic sum of 
all the different products of n factors each that can he formed hy taking 
one and only one element from each roV) and one and only one element 
from each column, and givirty to each such product a positive or negative 
sign according as the number of inversions of the subscripts ( normal 
order 1, 2, •, n) is even or odd, when the letters have the normal order 
ab ••• a. 

It snould be noted that from the remarks in § 314 it follows that if we 
arrange the elements in any product so that the subscripts are in normal 
order, we can determine the sign of each term, by making it ^positive or 
negative according as the number of inversions of the letters is even or odd. 

316. Properties of Determinants. Theorem 1. The expan- 
sion of a determinant of order n contains n 1 terms 

Proof. There are as many terms in the expansion of a determinant 
of the nth order as there are permutations of the subscripts 1, 2, 3, •*, n. 
But this number is n ! (§ 269) . 

Theorem 2. If each element of any row or column is multiplied by any 
constant m, the value of the determinant is multiplied by m 

Proof Since by the definition of a determinant, each term of the ex- 
pansion must contain one and onl/ one element from each row and each 
column, the factor m will appear once and ‘only once m each term of the 
expansion. If m is factored out of this expansion, the remaining factor 
is the expansion of the original determinant. 
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Illustration. 

moi &i Ci 

ma% &2 C2 
mat b 8 Cg | 


= maibtCt+mazbtCi+matbiCt— -maxhtCt — matbiCt 



ai 

bi 

Cl 

= m 

a 2 

bi 

c 2 


\az 

bs 

cs 


matbtpi 


Theorem 3. The value of a determinant is not changed if roios and 
columns are interchanged , so that the first row becomes the first column , 
the second row the second column , and so on. 

This follows at once from the definition of the determinant and the 
paragraph immediately following it (§ 315). 

Theorem 4. If two rows or two columns of a determinant are inter- 
changed, the sign of the determinant is changed. 

Illustration. See Ex 14, p. 477, and Ex. 14, p 482. 

Proof • Since by Theorem 8 rows and columns may be interchanged 
without affecting the value of the determinant, we need only consider the 
interchange of two rows. First, if two adjacent rows are interchanged, 
the order of the letters in the principal diagonal and in each term of the 
development is left unchanged However two adjacent subscripts in each 
term of the expansion are interchanged, and hence the sign of every term 
is changed. Why ? 

Next consider the effect of interchanging two rows separated by k inter- 
mediate rows. By k interchanges of adjacent rows, the lower row can be 
brought jifst below the upper one. Now the upper row can be brought 
into the original position of the lower row by k + 1 further interchanges 
of adjacent rows. Therefore interchanging tffe two rows is equivalent to 
2 k + 1 interchanges of adjacent rows. But 2 k + 1 is an odd number and 
therefore this process changes the sign of the determinant. 

Theorem 5. If two rows or two columns of a determinant are identical , 
the value of the determinant is zero . 

Proof : Let A be the value of the determinant and let the two identi- 
cal rows or columns be interchanged. Then, by Theorem 4, the value of 
the resulting determinant is — A. But since the rows or columns which 
were interchanged were identical, tke yalue of the determinant is left 
unchanged. That is to say, A = — A or 2 A = 0, or A =* 0. 

Corollary.® If all the dements in any row or column are foe same 
multiples of the corresponding elements in any other row or column , then 
the value of the determinant is zero. 
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317. Minors. If we suppress the row and the column in which any 
given element appears, the determinant formed by the remaining elements 
is called the minor of that element. 

Illustration. In the determinant 


the minor of a% is 
and the minor of Cg is 


ai 

hi 

Cl 

d 2 

b 2 

C 2 

Cl* 

bz 

c% 

|&1 

Cl 


k 

cs 

> 

cti 

bi 


<X 2 

b 2 



The minor of a\ is denoted by Ai, of b } by B n etc. 


EXERCISES 


1. Prove that 


2 

1 

4 


2 

1 

4 


: 0 . 


2 . Prove that 


3 5 8 

1 2 5 

2 4 10, 


= 0 . 


3 . i Prove that 


4 

2 

1 


5 
1 

6 


[4 2 1 
5 1 6 
0 6 3 


4 . Prove that 


3 

2 

8 


4 

4 

4 


6 

1 

6 


4 3 6 
4 2 1 
4 8 5 




4 

1 

6 

5 - 

3 




3 

-1 

6 

-1 

-3 


5. 

Prove that 

2 

2 

2 

-3 

6, 

= 0. 



1 

3 

3 

2 

9 




5 

4 

-1 

1 

12 1 




20 

9 

—6 


13 

3 -1 

6. 

Prove that 

28 

18 

10 

= 30 

14 

6 2 



30 

3 

-25 


15 

1 —6 


7 . How many inversions are tnere in the arrangement 4213766 if the 
normal order is 1234567 ? 

8. flow many inversions are there in tlie arrangement 45321 if the 
normal order is 42315 ? 



486 MATHEMATICAL AN> TV SIS [XX, § 317 

9. Find the value of the minor of 5, of 6, of 7, for the determinant 
4 5 1 
,3 6 2 . 

|2 7 8 

10. Write down the minor of a 3 , of c 2 , of b 4 , for the determinant 

a\ bi Ci di 
a 2 b 2 c 2 d 2 
ds bs c 3 d 3 
a± bi C4 d\ 

11 . Show that 


1 

2 

5 

-1 


1 

3 

4 

5 


1 

6 

4 

3 


2 

1 

2 

3 

3 

3 

6 

2 


2 

3 

2 

1 


2 

1 

2 

3 


1 

5 

4 

3 

4 

2 

7 

3 


5 

6 

7 

5 


6 

5 

7 

6 


-1 

4 

3 

2 

6 

1 

5 

4 


-1 

2 

3 

4 


-1 

4 

3 

2 


6 

6 

7 

0 


318. Additional Theorems. — The following theorems will be 
found useful m evaluating determinants. 

Theorem 6 Laplace’s Expansion. If the product of each element 
m any row or column by its corresponding minor be given a positive or 
negative sign according as the sum of the number of the row and the num- 
ber of the column containing the element is even or odd , then the algebraic 
sum of these products is the value of the determinant 

Proof First, it is evident that m the development of the determinant, 
At is the coefficient of a\. For A\ is a determinant of order n — 1 in the 
elements a 2l •••, a n , and its expansion contains a term for each permuta- 
tion of 2, 3, • ••, n. Moreover, the signs of the terms are correct; for, the 
number of inversions is not changed by prefixing «i. 

Second, let us consider the element e situated in the ith row and the ,/th 
column. We can bring this element to the leading position, 1 e. first row 
and first column, by % — 1 transpositions of rows and j — 1 transpositions 
of columns, i.e. by i + j — 2 transpositions in all. Therefore the sign of 
the determinant will have been changed 1 + j — 2 times. That is, if 1 + j 
is an even number, the sign of the determinant is left unchanged ; while if 
i+jis an odd number, the sign of the determinant is changed. Now 
that the element under consideration jp in the leading position, we know 
from the first step that its coefficient is its minor. Since the relative posi- 
tions of the elements not in the fth row or the jth column are not effected 
by these transpositions, the minor of the element in its original position 
is the same as the minor of the element when it *^e leading position. 
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Hence the coefficient of the element e, which is situated in the ith row 
and the.;th column, is (— 1 )*+> E , where E is the minor of the element e. 


Corollary. If in the development of a determinant by minors with 
respect to a certain column (row) the elements of this column (row) ate 
replaced by the corresponding elements of some other column (or row), 
the resulting expression vanishes 


Illustration. 

a i 0i Ci ui 

#2 b 2 C2 d 2 
a$ b% C3 ds 
<4 Z>4 c 4 di 


= aiAi — a 2 A 2 4 * U3A3 — U4A4. 


We wish to show that, for example, biAi — b 2 A 2 + 63^3 — &4A4 is 
zero This expression is zero, for we have replaced the column of a’s by 
the column of 7>’s and hence the determinant has two columns identical. 
The same proof applies to a determinant of order n 

Theorem 7 . If each of the elements of any row or column of a deter- 
minant consists of the sum of two numbers , the determinant may be 
expressed as the sum of two determinants. 


Proof : Let 


(ai+a'i) bi — 0i| 

(«2 4 - a 1 2) 62 ••• 02 

(Cln + a'n) b n " q n 


be the given determinant Expanding m terms of the first column we 

(ai 4- a f i)Ai — (a 2 4- <*'2)^2* 4- («s 4- a'sMs 4- 4 - (— 4- a' n )A n 

or [a\A\ — a 2 A 2 4- a 3 A 3 4* 4- (— 1 ) n -*a n A n ] 

4- [a'lAi - o' 2 A 2 4- a'sAs 4- • • 4- (— l) n_1 a' n A n ], 


ai 

h 

• 0i 


0! 1 

61 • 

• 01 

#2 

b 2 • 

•* 02 

4 - 

a' 2 

b . 

• 02 

a n 

K 

* 0» 


<*'n 

bn ’ 

•• 0» 


» ' 

Theorem 8. If to the elements in any row (or column) be added the 
corresponding elements of any other row (or column) each multiplied by 
a given % number to, the value of the determinant is uncharged. 

The proof of this theorem follow# easily from Theorems 7, 6, and 2. 
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319. The Evaluation of Determinants. We are now m a posi- 
tion to expand a determinant of any order. The following examples will 
illustrate the methods employed. 

Example 1. Expand „ _ 

25 26 27 

A = 26 27 28 

27 28 29 

- 1 and add it to the second and third 

25 1 2 

26 1 2 
27 1 2 

By the corollary of Theorem 5, the value of this determinant is 0. 

Example 2. Expand the determinant 

2 -1 6 i 

a 1 4 6 3 

A “ 4 2 7 4 

3 12 6 

We seek to transform this determinant fn such a way as to make all 
the elements but one in some row or column 0 The second column 
looks most promising. We accordingly add 4 times the first row to the 
second row (this replaces the 4 m the second row by 0) ; we then add 2 
times the first row to the third row (Why?) , and then add the first 
row to the fourth row (Why ?) These operations give 


Multiply the first column by 
columns It gives 



-1 5 

0 26 
0 17 

0 7 


9 

26 

7 2 

26 

7 

= 8 

17 

6 ,*= 2 

17 

6 

6 

7 

6 - 1 

7 

6 


The last determinant may be still further simplified as follows : 


2 26 7 


0 40 19 

2 17 6 

= 

0 31 18 

CD 

N 

r-4 


-17 6 

40 19 


9 2 I 

“31 18 - 


31 1*| 


= -(162-31) = - 181. 

c V % 

* This determinant is obtained from the preceding by subtracting the 
elements of the last column from those of the first. 
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EXERCISES 

Evaluate the following determinants. 


1 

14 

13 

- 12 


7 

a 

b c + d 




17 

10 

17 



a 

c b -f d 




25 

24 

-18 



a 

d b + c 



2 

34 

23 

12 



8 . 

1 

2 a 

0 




23 

34 

21 

. 



1 

a + 6 

06 

. 


14 

36 

20 




1 

26 

6 * 


3. 

18 

20 

24 



9. 

a 

6 c c 

!| 




29 

39 

49 

. 



b 

*00 




37 

35 

11 




c 

0 y 0 



4 

2 

-2 

1 

1 



d 

0 0 * 




1 - 

- 1 

4 

2 


10. 

1 

1 1 





2 - 

- 2 

1 - 

-1 

• 


a 

b c 

. 




0 

2 

1 - 

- 1 



a 2 

b 2 c 2 




5. 

3 

4 

-2 


5 

• 11. 

1 

1 1 


1 




4 - 

-3 

8 

— 

4i 


a 

6 c 


d 


. 


2 

8 

3 


0 

* 

a 2 

6 2 c 2 


d 2 



1 

0 

4 


1 


a 8 

6 8 c 8 


& 


6. 

\ 

23 

24 

25 

20 

12. 


a b 



c 

d 

12 

13 

14 

16 


— 

a b 



c 

d 


32 

33 

34 

35 


— 

a — 6 



c 

d 


2 

2 

2 


2 


- 

a — 6 


- 

Cji\ 


13. Prove that if a determinant whose elements are ratipnal integral 
functions of some variable* as y , vanishes when y = 6, then y — 6 is a 
factor of the determinant 

[Hint • Use the corollary of theorem 6 ] 

14. Solve by factoring Examples 10, 11, 12. 

15. Factor into two factors 

a b cl 
b c a 
cab | 

16. Factor 

a a 2 be 
b b* ca 
c c 2 * ab 
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320. Solution of a System of Linear Equations. Suppose we 
have n linear equations in n unknowns and we desire their solution Let 
the equations be 

aixi + b ix 2 + C\Xs + •• 4- P\x n = qi 
a 2 x i + b 2 x 2 + c 2 x a + •• + p 2 x n = g 2 


( 11 ) 


a n X X + b n X 2 + C n Z 8 + * + PnX n = Qn 


Let A be the determinant of the cofficients of the unknowns, i e. 


( 12 ) 


a\ b\ ••• pi 
a 2 b 2 • p 2 


a n b n • p n 


The determinant A is called the determinant of the system Multiply 
the equations by^i, — A 2 , A 3 , — A 4, etc , respectively, and add the re- 
sults Then we have 

(13) xi(a\A\ — a 2 A 2 •) + x 2 (biA\ — 62^2 •• # )-f • + « n (Pi^i —^2^2 •••) 

= (h-di— #2-^2 •*. 


From the corollary of Theorem 6 it follows that the coefficient of x\ is 
A and that the coefficients of the other unknowns are zero. Moreover, 
the right-hand member of (13) is the expansion of A if we replace the 
column of a’s by the column of constant terms. This determinant will 
be denote^ by A 0fl . Therefore we may write 

or 

provided A 0. 

Similarly 

provided A =£ 0. 

It will be noticed that this is a direct extension of the methods employed 
in §§ 311, 313. The result may be stat^i in words as follows The value of 
any unknown is equal to a fraction whose denominator is the determinant 
of the system and whose numerator is the determinant obtained fjom the 
former by replacing the coefficients of the unknown sought by the column 

nf ronstent terms 


A • Xi = A ag, 


x\- 




^P<2 

A ’ 
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321, The Case A = 0. The previous methods show that, even if 
A = 0, we can derive from the given equations the relations 

A X\ — Aaqi A • x 2 = A bq) • • • , A • x n = Apq 

Now if A = 0, these relations would imply that 

A aq == = 0, • Apq = 0. 

But it is easy to write down a system in which A = 0 and one or more of 
the A 0ff , A bq •• are not zero. Such a system is then clearly inconsistent 
and has no solution. For example, 2x 1 -fx 2 = l,2x 1 -fx 2 = 2 
If A aq = A bq = •• = A pq = 0, the system may be consistent but the un- 
knowns xi, x 2 , •• , x n are not then completely determined. For example, 
2 Xi + X 2 = 1, 4 X\ + 2 x 2 = 2. 

A complete discussion of this case is beyond the scope of this book.* 


322. Consistent Equations. Equations which have a common 
solution are called consistent. Consider the three equations in two un- 
knowns x and y • 

(14) aix + biy + ci ss= 0. 

(15) a 2 x*+ &2 y + C 2 = 0. 

(16) azx + b^y + c 8 = 0 

Two cases arise according as to whether a pair of the three equations 
has a single or an infinite number of solutions 

Case 1. A single solution. In order that these three equations be con- 


Cl 

6i 


ai 

Cl 

C 2 

&2 


ci2 

c 2 

<X\ 

bi 

» ( 2/ - 

ai 

61 

#2 

b 2 


&2 

62 


Cl 61 

, % «1 

Cl 

ai 

1 c 2 b 1 

— bs 


+ C3 

a 2 

c 2 

u 2 


satisfy equation (16), i.e that 


or its equivalent 

I &1 Ci ) 
a 2 b 2 c 2 = 0. 
d% &8 Cs 

* Those 1 interested in this problem will fiifd a complete* discussion in 
Bocheb, Higher Algebra , Chapter IV. 
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Case 2. An infinite number of solutions. In this case 


o>\ __ e a>2 __ d% 
b\ &2 bs 

•and hence, by the corollary of theorem 5, the above determinant must equal 
zero. Therefore, in order that three linear equations in two unknowns 
have a common solution , it is necessary that the determinant of the coeffi- 
cients of the unknowns and the known terms vanish 

Extending this result to n linear equations in n-— 1 unknowns, we 
have a necessary condition that n linear equations in n— 1 unknowns he 
consistent is that the determinant formed from the coefficients of the un- 
knowns and the known terms must vanish. 

It must be clearly understood that the vanishing of the above determi- 
nant is only a necessary and not a sufficient condition that the equations 
be consistent For example, the system 


gives 


2x+ y - 1 = 0, 
2x+ y + 6 = 0, 
4x + 2y + 3 = 0, 


2 1-1 
2 1 5 

4 2 3 


= 0, 


but the equations are inconsistent, for any pair are inconsistent. 


EXERCISES 


Solve the following systems of equations by means of determinants . 


2x — y — z = 0, 

3x-f y +z = 5, 

2 x — 3 y — v = — 2, 

. 2 05 -f Sv = 6. 

1 -x + y-M = 2ro, 
x-y + «=2n, 
x -f y — m = 2 p. 

' 8 y — 4 x — 2 z + to = — 21 f 
*-|-7y4‘«-“to = 13, 
y _ q x — Zz + 2io = 14, 
3x4-6y-5«4*3t0 = ll. 


x + y + w = 6, 
x + y + z = 7, 
y + « + w = 8, 
x + z -f w = 9. 
x-f-2y*-z-f3t0 = — 10, 
® + 3y — 2z — 4 is si, 

2 x — y — 3 z + 610 = 3 , 

3 x — y — z — 2 to = 18 . 
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Determine whether the following systems of equations are consistent : 


(2x + y 4-1 = 4, 
6 . jx + y—2 = 0, 
[ 8x-6y— 2=0. 


j' 2x+y — 1 =0, 
7. ^ 3x-2y + 7=0. 
1 4x -f y — 2 = 0 . 


I x— y - 2 = 0, 
*-y 4-7=0, 
3x4-y— 2 = 0 * 


9. Find fc so that the following equations are consistent : 

2x-h?/“3 = 0, 

3x-y = 2, 
x + y + k = 0. 


MISCELLANEOUS EXERCISES 

1. Prove that the equation of the circle that passes through the points 
(*l,l/l), (*2,1/2), (X 8 ,l/ 3 ) is 

(X 2 + y 2 ) x y 1 
(xi 2 + yi 2 ) £1 l/i 1 

(«2 2 + l/‘2 2 ) *2 1/2' 1 ~ 

(*3 2 +‘Va 2 ) *8 1/3 1 

2. Prove that ax 2 + by 2 + 1 hxy + 2 fx -f 2 yy 4* c is the product of 
two linear functions if 

a h g 
h b f = 0 . 

9 f c 

3. Prove that a necessary condition that the three lines <*ix o\y -t- ci 
= 0, a^x + &2l/ 4- C2 = 0, a 8 x 4- & 8 y 4- c 8 = 0, be concurrent is that 

#i 2>i Ci 

#2 &2 C 2 = 0 . 

CJ 8 Z>3 c 3 
Is this condition also sufficient ? 

4 . Prove that the locus of the equation ax-f&y + c = 0isa straight 
line. 

[Hint : Let (xi , yi), (X2 , t/2) be any two fixed points on the locus and 
(x, y) any other point on the locus. Then we have oxi 4* bj/i 4- c = 0, 
0 x 2 + by^ 4- c = 0, ax 4 - by + c = 0. Since tfysse equations, are consistent, 
the determinant of the coefficient is zero.] 



PART V. FUNCTIONS OF TWO VARIABLES 


SOLID ANALYTIC GEOMETRY 

CHAPTER XXI 
LINEAR FUNCTIONS 

THE PLANE AND STRAIGHT LINE 

323. Introduction. Thus far the only functions which we 
have represented geometrically are those of the form y = / ( x ), 
i.e. functions of a single independent variable x. Such func- 
tions, m general, were seen to represent a curve in the ( x } y ) 
plane. We shall now study functions of the form z = f(x , y), 
i.e. functions of two independent variables x and y. In order 
to carry out this investigation it is necessary to set up a coordi- 
nate system m three dimensions. 

324. Orthogonal Projections. The orthogonal projection of 
a point P upon a plane a (Fig. 255) is the foot P' of the per- 
pendicular drawn from P to a. The ortho- 
gonal projection of a segment PQ upon a is 
the segment PQ ’ joining the projections of 
P and Q upon a. 

The orthogonal projection of a point P 
upon a line l is the foot P of the perpen- 
dicular drawn from P to l. The orthogonal projection of a 
segment PQ upon the dine l is the segment P f Q' joining the 
projections of P and Q upon l 

494 



Fig 256 
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325. Rectangular Coordinates in Space. Consider three 
mutually perpendicular planes intersecting in the lines X'X, 
Y Y , Z'Z . These lines are themselves mutually perpendicular 
The three planes are known as the coordinate planes and theL 
three lines of intersection as the coordinate axes . The planes 
are known as the xy-plane , tjz-plane, xz-plane, and the axes 
as the x-axis, y-axis 9 z-axis. The point 0 which is common 
to the three planes and also to the three axes, is called the 
origin . The positive directions of these axes are usually taken 
as indicated by the arrows in ♦Fig. 256. 



Let P be any point m space, and let us consider tie seg- 
ment OP The numbers representing the projections of 
OP on the three axes we call the coordinates of P and 
denote them by x , y , and z . In Fig. 257, x = OA , y = OB , 

z = oa 

Conversely, any three real numbers x 9 y 9 z may be con- 
sidered as the coordinates of a point P. Why ? If M is the 
foot of the perpendicular dropped from P on the xy- plane, and 
A is the foot of the perpendicular, dropped from M on the x- axis, 
the coordinates of P are x = OA , y = AM 9 z = MP. 

The eight portions of space separated by the* coordinate 
planes are called octants . From the preceding definitions it 
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follows that the signs of the coordinates of a point P in any 
octant are as follows : 

(a) x is positive or negative according as P lies to the right 
or left of the yz- plane ; 

(b) y is positive or negative according as P lies in front or 
back of the xz-plane ; 

(c) z is positive or negative according as P lies above or 
below the #y-plane. 

EXERCISES 

1. What are the coordinates of the origin ? 

2. What is the z coordinate of any point in the xy - plane ? 

3. What are the x and y coordinates of any point on the 2 -axis ? 

4 What is the locus of points for which x = 0 ? for which y = 0 ? 
for which 2 = 0? 

5 What is the locus of points for which x = 0 and y = 0 ? 

6. What is the locus of points for whi*h y = 0 and 2 = 0? 

7. What is the locus of points for which 2 = 0 and x = 0 ? 

8. What is the locus of points for which x = 2 and y = 2 ? 

9. If P(x, y, 2 ) is any point in space, find 

(a) its distance from the xy-plane , (d) its distance from the x-axis ; 

( b ) its distance from the y 2 -plane , (e) its distance from the y - axis , 

(c) its distance from the x 2 -plane , (/) its distance from the 2 -axis. 

10 Describe the positions of each of the following points (2, — 8, 3) ; 
(- 2, 3, - 6) , (3, 3, - 3) , (- 4,-7, 1 0). 

11 Plot the following points (2, 1, 3) , (4, — 1, — 2) , (0, 0, — 3) 

(3, 1, 1) , (— 1, — 1, — 1) , (1, 0, 1); (- 1, 2, - 1) ; (1, - 1, 0) 

(4, -L-1) 

12. Find the distance from the origin to the point P ( x , y, z). 

13. A point P moves so that its distance from the origin is always 
equal to 4. Find, the equation of the locus of P. 

14. Show that the points (x, y, 2 ) and ( — x, y, 2 ) are symmetric with 
respect to the y 2 -plane. 

18. A rectangular parallelepiped has three of its faces in the codrdi 
nate planes. Find the coordinates of its vertices, assuming tliat the di 
mansions of the parallelepiped are a, 6, c. 
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326. Directed Segments. We shall define the angle be- 
tween two directed lines l and m which do not meet, to be the 
angle between two similarly directed 
lines V and m ' which do meet (Fig. 258). 

Theorem I. If AB is a directed seg- 
ment on a line l , which makes an angle 0 
with the directed line l\ then 

(1) Proji' AB = AB cos 6. 

Proof : Through A (Fig. 259) draw l x parallel to l and let 
B x be the projection of B on l x . Then, by definition, the angle 
between l and V is the same as the angle 
between l x and V. It follows from § 135 

that A'B' = A' By cos 6, 

Fia 259 or A'B'*=: AB COS 0, 

since A'B X = AB. 




Fig. 258 


Theorem II. The projection on a directed line s of a broken 
lme\ made up of the segments A x A 2y A 2 A S , A 3 A, v A n ^ x A n} is 
equal to the projection on s of the segment A x A n . 

The proof of this theorem is left as an exercise See» § 136. 


Corollary. 
points , then 

( 2 ) 


If P x (x lf y lf z x ) and P 2 (x 2 , y 2 > z 2 ) are any two 

x 2 - x x = Proja, P x P 2y 
1/2 - Vi = Projy P x P 2y 
z 2 — = Proj* P \P' 2 * 


EXERCISES 

1. Find the projections upon the coordinate axes, of the sides of the 
polygon ABODE F whose vertices arO A (0, 0, 0), B (1, — 6, 4), C (— 2, 
4, - 1), D (3; - 1, 2), E (2, 1, 4), F (1, 1, 1). 

2. Th^ projections of the segment MP updh the coordinate axes are 
4, 3, — 1 respectively. If M is (2, — ]*, 8), find the coordinates of P. 

2 K 
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327. Direction Cosines oi a Line. Let l be any directed 
line and V a line through the origin having the same direction. 
If V makes angles «, /?, and y with the x, y , and z axes respec- 
__ ely, then, by definition, l makes the same angles with these 
axes. These angles are known as the direction angles of the 
line l , while their cosines are called the direction cosines of l 

Reversing the direction of a line changes the signs of the direc- 
tion cosines of the line. For reversing the direction of a line 
changes a, ft, y into ir — a, 7r — /?, tt ~ y, respectively ; and by 
§ 122 cos (tt— 0)= — cos 0 . 

Theorem. The sum of the squares of the direction cosines of 
a line is equal to unity. 



Proof. 
we have 


(3) 


Let P(x , y, z) be any point on V (Fig. 260). 

x = OP cos a, 
y = OP cos p, 

Z = OP COS y. 


Therefore, 

x? + y 2 4* z 2 = OP 2 [cos 2 a + cos 2 p + cos 2 y]. 


Then, 


Since x 2 + y 2 + z 2 = OP 2 ,* it follows that 
(4) cos 2 a 4- cos 2 p + cos 2 -y = 1. 

z* + y* and OP? = OM 2 = z* + a 2 + y*. 
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Any three numbers l , ra, n, (not all zero) are proportional to 
the direction cosines of some line ; for, P(l, m, n) is a point 
and the direction cosines of OP are 

l 

cos a as . 

± VZ 2 + m 2 +n 2 

(5) cos p = — m . 

± Vl 2 + m 2 + n 2 

n 

COS y = 

± Vl 2 + ra 2 -fn 2 

The direction cosines of OP are evidently proportional to l y 
m, n, and they may be found by dividing l , m, and n, respec- 
tively, by ± V/ 2 + m 2 + n 2 . 

328. The Distance between Pi(x b y u z x ) and P 2 (x 2 , j/ 2 > **)• 
Let the direction angles of the segment PiP 2 be a, /?, y. Pro- 
jecting P \P 2 upon the axes, we have, from the corollary of § 326, 

PiA cos a = a? 2 — a?i, P X P 2 cos /? = 2/2 — 2/i> AA cos y = z 2 — aq. 

\ Squaring and adding we have, by the theorem of § 327, 

Pi Pt = (** - *l) 2 + ( 2/2 — 2 h )*+(*2 - *l)* 

Therefore, 

(6) f\/* 2 = V (* 2 - *0* + ( 1/2 - Jh) s + (h - *0*. 

EXERCISES 

1 Find the length and the direction cosines of the segment P 1 P 2 , when 

(a) Pi is (2, 3, 4) and P 2 is (— 1, 0, 5) ; 

( b ) Pi is (- 1, 2, - 7), and P 2 is (4, 1, 4) ; 

(c) Pi is (4, 7, 1), and P 2 is (1, — 2, — 7). 

2 Prove that the triangle whose vertices are A(w«i, n, p), P(n, p, m), 
C(p, tw, n) is equilateral. 

3 Find the direction cosines of a line which are proportional to 4, 7, 1. 

4. Fihd the length of a line-segment w^ose projections on the co- 
ordinate axes are 4, 7, 2 
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329. The Angle between Two Directed Lines. If a u ft, y x 

and <x 2 , ft, y 2 are the direction angles of two directed lines 
l v and l 2 the angle 6 between them may be determined as 
follows. 

Draw the lines l\ and V 2 through the origin, parallel to the 
given lines (Fig. 261). Then the angle between l\ and V 2 is 6 . 



If P(x , y , z) is any point on V l9 then, by Theorem II of § 326, 

we have Pro],, Oi* = Pro],» OMNP, 

* 2 • 

he ° OP cos 0 = OM cos a 2 + MN cos ft + NP cos y 2 . 


But, 

OM = OP cos a h MN = OP cos ft, NP = OP cos y 
Therefore, 

(7) qos 0 = cos a x cos 02 + cos p x cos p 2 + cos Yi cos y 2 - 


We shall assume that 0 is the smallest positive angle satis- 
fying equation (7). 


330. Parallel and Perpendicular Lines. If two lines are 
parallel and extend m the same direction, they are parallel to 
and agree in direction with the same line through the origin. 

Therefore, if a u ft, y 3 and a 2 , ft, y 2 are the direction angles 
of the two lines, v*i = a 2y ft = ft, y x = y 2 ; and we may write 

(8) cos o x = cos as, cos fa =£ cos p 2 , cos Yi = cos y 2 . 

Conversely, if relations (8) are satisfied, the given lines are 
parallel and extend in the saipe direction. Why? 
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If the two lines are parallel but extend in opposite direction , 
we have a x = ir — a^, ft = w — /3 2 , y x = v — y 2 , and therefore, 

(9) cos a : = —cos 02 , cos px= — cos p 2 , cos -yi = — cos y 2 . 

Conversely, if relations (9) * are satisfied, the given lines are 
parallel and extend in opposite directions. Why ? 

If the two lines are perpendicular , it follows from formula 
(7) that, 

(10) cos a x cos a 2 + cos p x cos p 2 + cos -yi cos y 2 = 0* 

Conversely, if (10) is true, the lines will be perpendicular. 

If Z, m, n and Z', m', n' are proportional to the direction 
cosines of two lines, the lines will be perpendicular if, and 
only if, 

(11) IV + mm' -f nn" = 0. 

$ 

They will be parallel if, and only if, the numbers Z, m, n are 
proportional to l\ m f , n\ If any of the numbers Z, m, n are 
zero, the corresponding numbers of the set Z', m', n ' must, of 
course, also be zero. 


331. Point of Division. Let Pi(x u « x ), P 2 (a^, y 2 , z 2 ) be 
two given points and P{x } y, z) any point on the segment PiP 2 
P P 

such that — = A. If «, /3, y are the direction angles of this 
PPi 

segment, it follows from § 326 that 

P X P cos a =s x — x ly PP 2 cos a = x 2 — x. 


Therefore, 


or 

( 12 ) 


P,P cos a _ x — Xi 
PP 2 cos a '\X 2 ~~ x 


*1 + X*2 
1 4-X 


x 
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Similarly, we have 


(13) 


Vi 4- Xy 2 
1 + X ' 


Z\ 4- 

1 + X 


It should be noticed that X is positive if P lies within the 
segment PiP 2 > and negative if it lies without. By varying X, 
the coordinates of any point (=£ P 2 ) on the line P X P 2 may be 
obtained. 

For the mid-point of P X P 2 we have X = 1 and, hence, the 
coordinates of the mid-pomt of P X P 2 are 


(14) 


X \ + X 2 V\ + Vi „ ^1 + 

y 2 ’ 2~ ' 


EXERCISES 

1. Find the cosine of the angle between the two lines whose direction 
cosines are proportional to 2, 3, JL and — 1, 4, 5 

2 . Find the coordinates of the points 4)f trisection of the segment 
Pi(4, -1,3), P 2 (-4,7,3). 

3. Prove that the medians of the triangle whose vertices are (1, 2, 8), 
(3, 2, 1), (2, 1, 3) meet in a point. 

4 Show that the following points are the vertices of a right triangle . 
(1,0,6), (7, 3, 4), (4, 5, -2). 

6 If %wo of the direction angles of a line are 45° and 60°, find the 
third direction angle. 

6. Prove that the values a = 30°, /3 = 30°*are impossible. 

7 . The direction cosines of a line are m, 2m, 3 m. Find m. 

8. Show that (x — l) 2 -f (y 4- 2) 2 -f (z — 3) 2 = 9 is the equation of a 
sphere whose center is at (1, — 2, 3) and whose radius is 3. 

9. Express by an equation the fact that the point (x, y, z) is equi- 
distant from (2, 1, 3) and ( — 1, 4, 3) 

10 . Show that the points (3, 7, 2), (4, 3, 1), (1, 0, 3), (2, 2, 2) are 
the vertices of a parallelogram . 

11 Prove by two methods thaf the points (3, 0, 4), (4, 13, 3), 
(2, — 1, 5) are collinear. 

12 Show that the point! (4, 3,-4), ( — 2, 3, 2), (— 2, 9, — 4) are 
the vertices of an equilateral triangle, 
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13 Find the coordinates of the point which divides the segment PiP* 
in the ratio X, given 

(a) P!(2,6,8), P 2 (-l, 3, 5), X = 3 , 

(b) Pi( - 2, - 6, 8), P 2 (8, 0, — 2), X = — 2 ; 

(c) Pi(3, - 7, - 9), P 9 (2, - 2, - 1), X = f 

14 . Prove that the medians of the triangle Pi(aci, j/i, «i), P 2 (a a, g 2 ), 

P 8 (a5 3 , 2/8, g 3 ) meet in the point 

( Xi ± x 2 4- x z V\ ± V2 4- Vs gi 4- g 2 -f gs \ 

V8’ 3 ’ 3 ) 

15 . Prove that the lines joining the mid-pdints of the opposite edges 
of a tetrahedron pass through a common point and are bisected by that 
point. 

16 Are the following points collinear (2, 1, 3), (—2, —5, 3), 
(1, 5, 7) ? 

17 Find the direction cosines of the line that is equally inclined to the 
three axes. 

18 . Prove that the lines joining successively the middle points of the 
sides of any quadrilateral form a parallelogram 

19 Find the projection of the segment Pi(l, 2, 3), P 2 ( 2, 1, 3) upon 
the line that passes through the points P 3 (— 3, 6, — 5), P 4 (8, — 9, 12). 

332. Locus of an Equation. We saw that in the jDlane the 
locus of the equation f(x, y) = 0 represents, m general, a curve. 
In an analogous way th® equation f(x , y , g)= 0, m general, re- 
presents a surface . For, if we solve for z , we have z = F(x } y) 
and from this equation, we see that we can find, corresponding 
to every point (x, y) in the a^/-plane, one or more values of z 
(real or imaginary). The locus of the real points (a?, y, z) is, 
in general, a surface, but may be a curve or a point. If there 
are no real values for x , y , z which satisfy the equation 
/(a?, y 9 g)=0, we say that the equation has no locus. 

The locus of points satisfying the two conditions f(x } y, «)=» 0 
and Ffo,y,z)=s 0 is, in general, a curie in space,* which is the 
intersection of the two surfaces Presented bv these eauations. 
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333. The Plane. A plane is defined as a surface such that 
every point collinear with two points of the surface is itself a 
point of the surface. 

Pe shall prove the following propositions : 

(a) Every equation of the first degree in x , y, and z represents 
a plane . 

(i b ) Every plane is represented by an equation of the first de- 
gree in x y y, z. 

To prove (a), let P x (x h y Xi z } ) } P 2 ( x 2 , V 2 > * 2 ) be any two points 
on the surface whose equation is Ax + By -f* Cz + D = 0. 
Then we have 

(15) Ax x + By x -f Cfei + D = 0, 

(16) Ax% -f By 2 + Cz 2 + D = 0. 


Now let P 8 (a? 8 , y 8 , z 8 ) be any point r on the line PiP 2 . Then 
(if P 8 =£ P 2 ), there exists a value of A(=£ — 1) such that 


Xi 4- \x 2 ^ ^1 + 

1 + A ’ 9 8 1 + A 


3 1 + A ’ 


(§ 331) 


We wish to show that the coordinates of this point also satisfy 
the equation Ax + By + Cz 4- D = 0. By substitution in this 
equation we have 

(17) By 1 +Cz l +D)+^- ) {Ax i +By t +Cz i +D)= 0. 

Relation (17) is true, since it follows from (15) and (16) that 
each parenthesis vanishes separately. Therefore the surface 
defined by the equation Ax + By + Cz + D = 0 satisfies the 
definition of a plane. 

To prove the statement (6), let w be any plane, and let OB 
be the perpendicular from O which meets tt in P x (Fig. 
262). The positive direction of OR will be taken ivdm O to 
the plane. The direction angles of OB will be called a, /?, y 
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and the length OP x will be denoted by p>* Now if P(x } y, z ) 
is any point m the plane, we have, by § 326, 



(18) Proj OE OP= Proj or OM -b Proj 0R MN + Proj 0Jt NP. 
Hence the equation 

(19) xcos a + 1/ cos p + zcos-y = p 

is the equation of the plane. Why ? It is seen to be an equa- 
tion of the first degree in x , y , z. This form of the equation 
is called the normal form . 

It follows from the above that, if Ax -f- By 4- Cz -f- D = 0 is 
the equation of a plane, the direction cosines of a lin$ perpen- 
dicular to the plane are proportional to A , B , C. 

It is left as an exercise to prove that to reduce Ax + By + 
Cz+ D = 0 to the normal form we must divide each term by 
± V A 2 -f ■5 2 +0 2 , the sign of the radical being chosen opposite 
to that of D if D =£ 0, the same as that of C if D = 0, the 
same as that of B if C = D = 0 or the same as that of A if 
1 3 = <7= D = 0 

* If the plane passes through the origin we shall suppose OR is directed 
upward, and hence cos y > 0 since 7 2* If the plane passes through the 

z-axis, then OR lies in the ay-plane and cos 7 ~ 0 ; in this case we shall sup- 
pose OiP so directed that 0<x/2 and hence cos £ >0. Finally if the plane 
coincides with the yz-plane, the positive direction on OR shall be taken as 
that on OX. 
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334. The Angle Between Two Planes. The angle between 
two planes is defined to be the angle between two normals (i.e. 
perpendiculars) to the planes. Let A* + B x y + CjZ + A = 0 
and A 2 x + B^y + C 2 z + A = 0 be the equations of the two 
planes. The direction cosines of their normals are then (§ 333), 


cos «! = 
cos /?! = 
cos y! = 


A 

±VA 2 + A 2 + A 2 ’ 
A 

±Vi! 2 + A 2 +C/ 
A 

±VA 2 + A 2 + A 2 ’ 


3 «2 = 

■ £± 2 

±VA 2 + A 2 + A 2 


A 

r*i 

±VA 2 + A 2 + A 2 

y2 = 

A 


If 6 is the angle between these normals, then, from § 329, 

(20) cos 6 = ± A A + A A + AA . 

V A 2 + A 2 + C/VA 2 + A 2 + A 2 


If the planes are perpendicular, cos 0 = 0, and we have 

(21) ^ 2 + J5i^ 2 + C 1 (7 2 = 0. 

If the planes are parallel their normals are parallel. Hence, 
by § 330,* their equations in normal form are 

x cos a+y cos 0+z cos y=p, x cos a’- f- y cos 0'+z cos */==p', 

where either cos a = cos a\ cos 0 = cos 0', cos y = cos y', or 
cos a = — cos a', cos 0 = — cos /?', cos y = — cos y'. Therefore, 
if the two equations be written in the form 

■A.\X + y + C x z 4* -Di = 0, A^x + B%y + G^z ■+• D 2 = 0, 
the planes will bd parallel if and only if 

(22) A = *A , A = JcBi , A = kCi. (k* 0) 

The equation*of any plahe parallel to Ax + By + Cz +*D = 0 
can therefore be written in the form Ax 4 - By 4 - Cz 4 - D' = 0. 
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EXERCISES 

1. Sketch the planes whose equations are (a) x = 2, (6) y = 4, 
(c) z = - 5, (d) 2x + y = 1, (e) y - z = 0. 

2. How many arbitrary constants are there m the equation of the 
plane Ax -f By + Cz + D = 0 ? 

3. What is the general equation of a plane that passes through the 
origin ? 

4 . What is the equation of the xy-plane ? yz- plane ? xz-plane ? 

5 . What are the intercepts on the axes of the planes whose equations 
are 

(a) 2x-3y-}-z = 12, ( b ) x— y+z = 8, (c) x + y = 0, (d) 5x-7=0? 

6. Give three numbers proportional to the direction cosines of the 
normal to the plane x + 2y — z = 9. What are the direction cosines ? 

7. What is the normal equation of the plane x — y + z = 9? 

8. What is the equation of the system of planes parallel to 

2x — y + z =^1 ? 

9. What is the equation ot the plane that passes through the origin 
and is parallel to 2 x — 3 y 4- 7z = 5 ? 

10 Show that the planes 2x + 4y — z = 2 and 4 x — y + 4 z = 7 are 
perpendicular. 

11 . What is the equation of the plane parallel to2x-f2y + z = 9 and 
6 units farther from the origin ? 2 units nearer ? 

12 . What is the distance between the parallel planes 2 x -f 2*y + z = 9 
and 2x + 2y4-z = 15? 

13 . Find the equation of the plane passing through the points 

(а) ( 1 , 2 , 1 ), (- 1 , 1 , 0 ), ( 0 , 0 , 1 ); 

(б) (2,1,3), (1,1,2), (-1,1,4); 

(c) (2,2,2), (1, 1, -2), (1, -1,0); 

(<*) ( 1 , 1 , - 1 ), ( 1 , - 1 , 2 ), (- 2 , - 2 , 2 ) 

[ Hint . Use the equation Ax + By + Cz + D = 0 and divide by any coeffi- 
cient that is not zero.] # 

14 If D 0 show that the equation Ax + By + Cz + D~0 can be 
written in the form x/a + y/b + z/c~ 1 where a, 6, c are the inter- 
cepts made by the plane on the x, y, z axes respectively. 

15 . Show that the four points (0, 0, 8), (4, —3, —9), (2, 1, 2), 
(4, 3, 3) are coplanar. i.e. thev lie in the same plane. 
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16 . Find the equation of the plane that passes through the point P 
and is parallel to the plane a, when 

(а) Pis (2, 1, 8 ) and a is 2x + By — hz = 5 ; 

( б ) P is (1, 0, 0) and ais2x-hj/-f« = l; 

(c) P is ( — 2 , — 1, 6 ) and ais3x— 6 y— 2 s = 8 . 

17 . Find the equation of the plane passing through the point P and 
perpendicular to the planes a and 0 when 

(a) P is (1, 1, 1 ), a is 2 x — y — z — 4, and 0 isx-fy +3 = l; 

(b) Pis (—1, 2, 1), a is x + y — Bz = 3, and /3 is 3x — 6 y + 22 = 1 ; 

(c) P is (0, 3, 4), a is 2 x -f 4 y + 2 = 7, and /3is2x — «-|-3« = 2. 

18 . Find the equation of the plane passing through the points Pj, P% 
and perpendicular to the plane a, when 

( а ) Pi is (1, 1, 1), P 2 is (— 1, 2 , 1), and a is 2x — By — s = 2; 

( б ) Pi is ( 0 , 0, 1) , P 2 is (2, 1,3), and a is x + t/ — 6 ^ = 0, 

(c) Pi is (2, 1, — 3), P 2 is (0, 4, 2), and a is 4x — y — 2 = 2. 

19. Prove that the distance from the plane Ax -f By -f Cz + D — 0 to 

the point (z u y u z x ) is ±^ 4 ^==^' 

VA* + + C* 

20 . Find the distance from the plane a to the point P when 

(а) P is (2, 1, 4) and ais2x — 4y + s = 2, 

( б ) Pis ( 2 , 8 , - 1 ) and a is 2 x + y + 26s — 2 = 0 ; 

(c) P is (0, 0, 3) and aisSx— 2y — 62 = 1 . 

21 . Pnove that the equation of the plane which passes through the 
point (xi, yu «i) and is parallel to the plane Ax + By - j- Cz *f D = 0 is 
A(x - xi) + B(y - yi) + C(z - zi) = 0 

22. Prove that the equation of a plane which passes through the 
point (xi, yu «i) and is perpendicular to the plane Ax+By + Cz+ D = 0 
is (Bzi—Cyi)x+(Cxi—Az l )y+ (Ayi — Bx{)z = 0. 

23 . Find the cosines of the angles between the following pairs of planes 

(а) 2x - 3y -f z = 1, 2x + s = 0; 

(б) x-y-z= 2, y-4z = 8; 

(c) x -f * = 3, 4x + y + 3« = 5. 

24 . Find the equation of the plane that passes through Pi, P a and 
makes an angle 0 with the plane a, where 

(а) Pi is (0* — 1, 0), P 2 is ( 0 , 0 , — 1 ), a is y-f 7 = 0, and 0 is 120°; 

( б ) Pi is (1, 0, 1), P 2 is (0, 1, 2 ), a is x + 2 y + Bz = 2, and 0 is 60°. 
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25. Find the equation of the locus of a point which moves so that its. 
distance from the xy-plane is twice its distance from the x-axis. 

26. Find the equation of the locus of a point whose distance from the 
plane x + 2y — 5 = 0is twice its distance from the s-axis 

27. A point moves so that its distance from the origin is equal to its 
distance from the zz-plane. Find the equation of its locus. 

335. Simultaneous Linear Equations. In § 70 we saw that 
three simultaneous linear equations in three unknowns have 
in general a single solution. We shall now show that three 
such simultaneous equations have either, (a) a single solu- 
tion, or (b) an infinite number of solutions, or (c) no solution. 

We shall prove this statement geometrically. Each equa- 
tion represents a plane ; the three planes may assume the fol- 
lowing relative positions. 

Case I. No two of the planes ai*e parallel or Coincident. 

(a) The three planes may intersect in a single point ; then 
there is a single solution of the three simultaneous equations. 

(b) The three planes may intersect in a line ; then there is 
an infinite number of solutions. 

(c) The three planes may intersect so that the three lines of 
intersection are parallel ; then there is no solution. 

Case II. Two of the planes are parallel but not coincident . 

In this case the three planes can have no point in common 
and the equations have no solution. 

Case III. Two of the planes are coincident. 

(a) The third plane may be parallel to the coincident planes, 
in which case there is no solution. 

(b) The third plane may intersect the coincident planes, in 
which case there is an infinite number of solutions. 

(c) The third plane may coincide with the coineident planes, 
in which case there is an infinite-number of solutions. 
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336. Pencil of Planes. All the planes that pass through a 
given line are said to form a pencil of planes . If 

a i x + B iV + °i z + A = 0, 

A 2 x -f- B^y 4“ CJ 2 z 4~ -A = 0, 

are the equations of any two planes passing through the given 
line, then the equation of any other plane of the pencil can be 
written m the form 

(24) A x x 4- Biy 4- C x z 4- A 4- A. (A 2 x 4- By 4- C 2 z 4- D 2 ) = 0, 

where A. is a constant whose value determines the particular 
plane of the pencil. (See § 68.) 


337. Bundle of Planes. All the planes that pass through a 
common point are said to form a bundle of planes , and this 
common point is called the center of the bundle. If 


(25) 


A x x 4- By 4- C x z 4 A = 0, 
A 2 x 4 B 2 y 4 C 2 z 4 A = 0, 
A 3 x 4 B z y 4 C 3 z 4 A = 0, 


are the equations of any three planes passing through the 
center apd not belonging to the same pencil, then the equation 
of any other plane of the bundle is 

(26) (^i®4 Ay 4 A 21 4 A) 4 \\{A 2 x 4 B 2 y 4 C 2 z 4 A) 

4 ^(-Aa® 4 B z y 4 O z z 4 A) == 

where \ lf \ 2 are constants whose values determine the position 
of the particular plane of the bundle. Why ? 


EXERCISES 

1. Find the equation of the plane that passes through the Intersection 
>f the planes a and 0 and the point when 

(d) ais2&43y— £ = 1, j8is&4y — 2s=s2, and P is ( 1, 0, 2) ; 

(b) a is x -£y 4 2 z = 0,*/3 is 4 a; — %y — s=l, and Pis (2, 1 , 1 ) , 

(c) «is3ac — 2y-« = 2, /Sisas — 2/4*£ = 8. and P is (1J 0. l). 



XXI, § 338] 


LINEAR FUNCTIONS 


511 


2 . Show that the planes whose equations are 3 x — 6 y + 2 = 0, 6 x + 
y = 2 z + 13, 11 y — 2z = 17, belong to the same pencil 

3 . What is the equation of the plane of the pencil whose axis is 
2 x — y + 62 -f -2 = 0, 4x — 3y4-2 = l> which is perpendicular to thq 
plane x = 0 ? y = 0? z = 0 ? 

4 . Find the equation of the plane that passes through the intersection 
of the planes 2x + y— 24*l, 3 x — y — z — 2 and is perpendicular to the 
plane x -f y — z = 1. 

5 Find the equation of the plane that passes through the point of in- 
tersection of the planes a , jS, 7 and the points Pi, P 2 , when 

(а) a is 2 x + y = 1, /3 is x — z = 1, 7 is 2 x — y+2» = 3, 

P x is (1, 0, 1), and P 2 is (2, 1, 1) , 

(б) ais3x — y~z = S, /3isx — 2 / 4 - 2 ^ = !, 7is3x — 2y + z = 3, 
Px is (2, 1, 3), and P 2 is (0, 8, 0) 


338. Equations of a Straight Line, (a) The two simul- 
taneous equations t 

(27) A® + #i2/ + O x z + A = 0, 

^ ^ ^ 2 ® + ## + -f A = 0, 

represent a line, the intersection of the two planes, provided 
the two planes are not parallel. 

( b ) A given point and a given direction determine* a line. 
Let the given point be P\(x h y ly z x ) and a, /?, y the given direc- 
tion angles. If P ( 1 x , y, 2 ) is any other point on the line at a 
distance d from P lf then by § 326, d cos a—x—Xi, d cos 
d cos y = z — #x* Hence we may write 


(28) 


x-x 1 _ y-y l ___ z Z\ 

cos a cos p cos y 9 


which are the equations of the^ required straignt line, xnese 
equations are known as the symmetric equations of a straight 
line. In these equations cos a, cos 0 ? cosy can evidently be 
replaced by any three numbers proportional to them. 
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(c) Two distinct points P x (x Xi y x , z x ) 9 P 2 (x 2 , y 29 z$) determine a 
line. Any line through the point P x is of the form 

x-xi = y-y x _ z-z x 
cos a cos /? cos y 

Now the direction cosines of P X P 2 are proportional to — a? b 
y 2 — 2 /j, z 2 — (§ 328.) Therefore the equations of the line 

through the points P l9 P 2 are 

(29) = MjzJh = 2 - Jl. 

x 2 — yz - yi *2 - 

We should note that in every case two equations are necessary 
to represent a line. 

Example 1. Reduce to the symmetric form the equations of the straight 
line, 2x + y— 2 = 3, x — y-f 2 2 = 7. Eliminating y between the two 
equations we have 3 x + z — 10. Similarly, eliminating 2 we have 
6 x -f- y = 13. Solving these two equations xor x and equating the values 
found, we have 

’ x^ y - 13 ^ 2 - 10 

1-6 -3 

The line is seen to pass through the point (0, 13, 10) and to have direction 
cosines proportional to 1, — 6, — 3. 

Example 2. Find the equations of the line that passes through the 
point (4, —1, 3) and is perpendicular to the plane 2x — 3y + iz =.7. 
The required line is parallel to any line perpendicular to the plane and hence 
its direction cosines are proportional to 2, —3, 4 (§333). Therefore, 
the equation of the required line is 

x — 4 _ y 4- 1 _ z — 3 
2 ” -3 ~ 4 

EXERCISES 

1. Write the equations of the line that passes through the point P 
and whose direction cosines are propbrtional to a, 6, c, where 

(а) P is (1, 2, 1) and a = 2, b = - 7, c = 2 ; 

(б) *P is (8, 0, — ( 1) and a = 2, 6 = 8, c = 9; 

(c) P is (3, — 2, — 6) and a = 2, 6 = — 9, c = 8. 
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8 Find the equations of the lines passing through the following pairs 
of points : 

(а) (2, 1, 4), (12, 2, 8) ; (c) (4, 3, 8), (8, - 2, 1) ; 

(б) (3, - 6, - 3), (- 3, 6, 7) ; (d) (5, 2, 1), (4, 7, - 9). 

8 . Write in symmetric form the equations of the lines 

(a) 2x-y + 8« = 8, 3x + 6y-h3 = 9, 

( b ) 3x — y — z = 8, 4x + 6y — 3s = 3, 

(c) 6x + 8y + z=3, 2x — y + z = 7 

4 Find the equations of the line that passes through the point P and 
is perpendicular to the plane «, when 

(a) P is (2, 1, 7 ) and aisSx — y + 4z = 9; 

(b) P is (4, 2, — 2), and a is 2a: — 6y -f 3z = 8 ; 

(c) Pis (— 1, 0, 3), and a is Sx + 4y — z = 5. 

5 Find the equations of the line that passes through the point 
(2,-1, 4) and is parallel to the line 

x - 3 __ y — 7 _ z — 7 

~ir 2 - 3 ’ 

• 

6. Find in symmetric form the equations of the line that passes 
through the pomt (2, — 1 , 4) and is parallel to the line 2 x + y — z = 6, 
z — y + 3z = 4. 

7. Find the equation of the plane that passes through the point P and 
is perpendicular to the line l, when 

(«) Pis (2,6, 1), and ns = 2-±J = ?_±i ; 

(6) Pis.C-M.’T), andns^±i = ^ 6 = ^. 

8 Find the equation of the plane that passes through P(l, 6, 2) and 
is perpendicular to the line 8 x — y +2 z = 8, x — y + 2 z = 6. 

9 If 0 is the angle between the two lines as — Lrr , 

and = 1L=JL* = find cos *. * 1 Cl 

ct2 b 2 c% , 

10. Prove that the lines - = JL. 5 = £ — f are perpendicular 
toeachother. 0 -2 -4’ 4 6 3 
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339. The Sphere. If a point P(x , y, z) moves so as to be 
always at a constant distance r (r > 0) from a fixed point (h, k , l ), 
bhe locus of P is called a sphere . The equation of this locus is 


(1) (X - ft) 2 +(y- ft)* + (z- /) 2 = r 2 . 

[f this equation is expanded, it has the form 


'2) x 2 -f- y 2 + * 2 -l- Ax -f By + Cz + D = 0, 

wrhere A , 22, C, J9 are constants depending upon the coordinates 
A the center and the length of the radius. 

Conversely, an equation of the form (2), in general, repre- 
sents a sphere, for it can be written in the form 


/ A\ 2 f B\ 2 f C \ 2 

' 3 > (*+f i+i'+fj+k+y- 


A 2 . B 2 . C 2 
T + T + T' 


A 


vhich is a sphere if 


A 2 & 
4^4 


C 2 

+ > u. 


The center of the sphere is at the nomt ( — A/2, — B/2, — C/2), 
md the radius is 

s/A 2 / 4 4- 252/4 + C 2 /4 - D. 

If the right-hand member of (3) is zero, the locus is the 
lingle point (—A/2, — j B/ 2, — C/2). If the right-hand member 
>f (3) is less than zero,*the equation has no locus. S&e § 206. 

« £14 
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EXERCISES 

1. Find the equation of the sphere whose center is at P and whose 
radius is r, when 

(а) P is (2, 1, 9) , and r = 6 , 

(б) P is (1, — 8, 0), and r = 2 , 

(c) Pis (4, - 9, - 2), and r = 7 

3 Find the equations of the eight spheres tangent to the three co- 
ordinate planes and having a radius of 4. 

3 Find the equation of the sphere which has the line joining P(2, 0, 8) 
and Q( 4, 8, 6) as a diameter 

4. Discuss the locus of each of the following equations 

(a) x 2 + y 2 4- z 2 — 2 x — 2 y — 2 z = 8 . 

(b) x 2 -f- y 2 *f z 2 4- 4 as -f 4 y — 6 z -f- 25 = 0 

(c) x 2 4- y 2 + z 2 — 2 x — 0 y + 8 z = 6. 

(d) * 2 + y 2 -f 2 2 — 2 2 - 4 y + 6 = 0. 

5. Find the locus of points the ratio of whose distances from (0, 1, 0) 
and (1, 2, 3) is 5. 

6 Show that the equation of the tangent plane to the sphere 
*x 2 -f y 2 + z 2 — r 2 

at the point (xi, y i, zi) is 

xxi -f yyi + zzi = r 2 . 

[Hint . The tangent plane is perpendicular to the radius ] 

7. Find the equation of the sphere passing through the following 
four points 

(а) (1, 2, 3), (3, 1, 0), (2, 1, 0), (3, 4, 1) 

(б) (2, 1, 0), (-1,-1, 0), (3, 0, 2), (0, 0, 0). 

[Hint • Use the equation x 2 -f y 2 + z 2 + Ax -f By + Cz + D = 0 and 
determine the values of A , P, <7, D ] 

340. Cylinders. The surface generated by a straight line 
which moves parallel to a given line and always intersects a 
given fixed curve, is called a cylindrical surface or a cylinder . 
The generating line in any of its positions is called an element 
of the cylinder. 

Any algebraic equation in two cartesian coordinates repre- 
sents in space a cylinder whose elements are parallel to the 
axis of the third variable. 
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For example, the equation 

x 2 + y 2 =4 

represents in the zy-plane a circle (Fig. 263) . But, the equation is satis- 
fied by the coordinates of any point P which lies on a line parallel to the 



3 -axis and passes through a point Q on the circle. Moreover, if QP moves 
parallel to the 3-axis and continues to cut the circle the coordinates of P 
still satisfy the equation x 2 -f y 2 = 4. Ther cylinder traced by the line 
QP is the locus of the equation x 2 -f y 2 = 4. 

It is clear that if a cylinder has its axis parallel to a coordinate axis, a 
section made by a plane perpendicular to that axis is a curve parallel 
and equal to the directing curve on the coordinate plane Thus the 
section cut by the plane 3 = 3 from the hyperbolic cylinder whose equa- 
tion is 

x 2 -y 2 = 4, 

is a hyperbola equal and parallel to the hyperbola in the icy-plane whose 
equation is x 2 — y 2 = 4. 

341. The Projecting Cylinders of a Curve. A cylinder 
whose elements are parallel to one of the coordinate axes and 
always intersect a fixed curve in space, is called a projecting 
cylinder of the curve. The equations of the projecting cylin- 
ders may be found by eliminating in turn each of the variables 
x f y, z, from the equations of the curve. Why ? The curve 
may often be constructed conveniently by means of two dis- 
tinct projecting cylinders. 
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EXERCISES 


1. Describe the locus of each of the following equations. 

(а) x = 2 . ( h ) yz = 6 . 

( б ) 2 x 2 + y 2 = 8 . (i) 

(c) 3 x — y = 9. 

(d) 2/ 2 = 4 px. 

(e) x 2 + s 2 = 9. 

(/) x 2 = *. 

(i g ) y 2 ~* 2 = h 


l 2 _i£ = o. 

a 2 &* 2 
(/) 8 s 2 + 2x2=0. 

( fc, ) V 2 - X*. 

(Z) x — x« = 7. 

(m) y 2 = x 2 


2 . Prove that x 2 -f 2 xy 4 - y 2 = 1 — z 2 is the equation of a cylinder, 
the direction cosines of any element being proportional to ( 1 , 1 , 0 ). 

3. Find the equations of the projecting cylinders of each of the following 
curves. Construct the curves as the intersection of two of these cylinders. 

(a) x 2 + y 2 + z 2 = 4, x 2 + y 2 - z 2 = 0. 

(i b ) x = 1, x 2 -f y 2 4 . z 2 = 4. 

(c) x 2 — y 2 = 4 z, x 2 -f y 2 = 3 . 

(d) y 2 = x + z,z = x + y\ 

(e) z 2 = xy, x 2 = yz . 


342. Symmetry, Intercepts, Traces, Sections. If a given 
equation is unaffected by replacing x by — x throughout, the 
locus is symmetric with respect to the yz-plane. $ 

If a given equation is unaffected by replacing y by — y } the 
locus is symmetric with* respect to the xz-plane. 

If a given equation is unaffected by replacing z by — z, (the 
locus is symmetric with respect to the xy-plane. 

What would be a test for symmetry with respect to the x-axis ? the 
y-axis ? the £-axis ? the origin ? 

The segments measured from the origin to where a surface 
cuts the axes are called the intercepts of the surface on the 
axes. To find the intercepts *place two of the variables equal 
to zer® and solve the resulting equation for the third variable. 
Why? 
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The sections of a surface made by the coordinate planes are 
called the traces of the surface (Fig. 264). To find the equa- 
tions of the traces put each variable in 
turn in the given equation equal to zero. 
Why? 

The equations f(x , y , z) = 0 and x~7c, 

a constant, are together the equations of 

_ the curve of intersection of the surface 

Fig. 264 

and a plane parallel to the yz-plane. 
Similarly sections parallel to the xy - and yz-planes may be 
found. If k = 0, the sections are the traces. 



343. The Ellipsoid. The surface represented by the equation 


( 4 ) 


x* y* 
a 2 jb 2 



is called an ellipsoid . It is symmetric 
with respect to the three coordinate 
planes, the three axes, and the origin. 
The intercepts on the a>-, y-, z-axes are 
respectively ± a, ±b , ± c (Fig. 265).* 
The traces on the three coordinate planes 
are, respectively, 



x 2 , y 2 i A x 2 . z 2 i A y 2 , z 2 i A 

f-£- = 1, z = 0 ; — — =1, 7 = 0; H — = 1, x — 0. 

a 2 b 2 ’ ’ a 2 c 2 ? 9 ’ b 2 c 2 ’ 


The sections of the ellipsoid by the plane x = k is an ellipse 
whose equations are 



* The figure exhibits only tfiat part of the surface lying in one octant, — 
that in which x , y, z are all positive. , 
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The semi-axes of this ellipse are hVl — W/a 2 , cVI k 2 /a 2 . 
As | fc| increases from 0 to a, the axes of this elliptical section 
decrease. When |fc| = a the ellipse reduces to a point, and 
when | fc| > a the sections are imaginary. The surface lies 
therefore entirely between the planes * = «,* = -«• Sim- 
ilarly it may be shown that the surface is also bounded by the 
planes y y = — b z~c,z~ — c. 



Fio. 266 


A general idea of the appearance of an ellipsoid is given 
by Fig. 266, which represents a plaster model of this sur- 

face. 

Special Cases. In general the semi-axes a, b, c are unequal, 
but it may happen that two or three of them are equal. If 
the three are equal, i.e. a = b = c, the surface is a sphere. If 
two are equal, for example, if b = c, the ellipsoid is called an 
ellipsoid of revolution, for it can be generated by revolving the 
ellipse xt/a* + y*/b* = 1, « = 0 about the a>axis. 
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344. Surfaces of Revolution. The surface generated by 
revolving a plane curve about a line in its plane is called a 
surface of revolution. The equation of the surface is readily 
found when the axis of revolution, i.e. the line about which 
the curve is revolved, is one of the coordinate axes. 

Let y = /( x) be the equation of the 
plane curve in the xy- plane and the 
#-axis the axis of revolution. As the 
♦x curve y = f(x) revolves about the cc-axis, 
any point P on this curve describes a 
circle, whose center is on the a^axis and 
whose radius is equal to f(x) (Fig. 267). 
Therefore for any position of P ( x , y , z) we have, 

2 / 2 +/ = [/(*)? 

which is the equation of the required* surface of revolution. 



If the ellipse x 2 /a 2 + y 2 /b 2 = 1, z = 0 is revolved about the z-axis, the 
equation of the surface of revolution is 




EXERCISES 

1. Sketch and discuss each of the following ellipsoids. 

(а) 9 * 2 + 4 y 2 + 16 * 2 = 144. 

(б) 25x 2 + y 2 + z 2 = 100. 

(c) * 2 + 82/2 + 2 * 2 = 16 . 

2 Show that the ellipsoid m Ex 1 (b) is an ellipsoid of revolution. 

3. Find the equations of the ellipsoids formed by revolving the follow- 
ing ellipses about the axes mentioned. 

(a) 9 x 2 + 4 y 2 = 36, * = 0, x-axia 

(b) 9 x 2 + 4 y 2 = 36, * = 0, y-axis. 

(c) 9 x 2 + z* = 9, y = 0, f *-axis. 

(d) 25 y 2 + 4 * 2 = 100, x = 0, y-»axis. 
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4 . When an ellipse is revolved about its major axis the ellipsoid gen- 
erated is called a prolate spheroid , when it is revolved about its minor 
axis, an oblate spheroid. Which of the ellipsoids in Ex. 3 are oblate and 
which are prolate ? 

5 . Describe the locus of each of the following equations. 


(a) £ + *: + £ = 0. (6) ^ + + = _ 1 . 

w a? b* c 2 ) a 2 b 2 c 2 


346. The Hyperboloid of One Sheet. 

sented by the equation 


( 5 ) 


a 2 b 2 c 2 


The surface repre- 


is called a hyperboloid of one sheet. It is symmetric with 


respect to each of the coordinate 
planes, each of the coordinate 
axes, and the origin. The inter- 
cepts on the x- and y-axes are 
± a and ± b respectively, while 
the surface does not meet the 
z-axis (Fig. 268). The traces on 
the coordinate planes are, respec- 



tively, 


Fig 268 


-+£ = 1, z = 0; £--=1, a; = 0; — -- = 1, y =0. 
a* ft* ft* c* ’ a* c* ’ * 


Of these, the trace on the a?y-plane is an ellipse, while the other 
two are hyperbolas. 

The section of the surface made by the plane z = ft, is an 
ellipse whose equations are 
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This ellipse is real for all real values of k. The semi-axes are 
the smallest when k = 0 and increase without limit as | A: | 
increases. 

c The plane y = A, | \ | ^ b, intersects the surface m the 
hyperbola 


x 2 z 2 


a 2 

i-l 

1 

1 

M 

i-f 


L &2 J L 

b 2 


= 1, y = A. 


If | A | < b the transverse axis is parallel to the sc-axis, while 
if | A | > b it is parallel to the z-axis. 



Fig 2o9 


A good idea of the ^appearance of this surface is given by 
Fig. 269, which represents a plaster model of a portion of the 
surface. 

If A = b, the section consists 'of the two straight lines 


X . Z a b i, X Z a„. t 

— |- - = 0 , y = o , = 9 , y = o. 

a c a c 
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If k = — by the section is the two lines 


X . Z , x 

- + - == 0, y = - o ; - 
a c a 



- 6. 


These four straight lines lie entirely upon the surface. 

Similar considerations apply to the sections made by planes 
parallel to the yz-plane. 

The form of one eighth of the surface is given in Fig. 268. 
The broken lines in that figure indicate three sections by the 
three planes 

y = A, for | \ | < ft, = ft, and > 5. 

Some of the straight lines on the surface are shown on the 
model represented by Fig. 269. 

If a aa b the hyperboloid becomes a surface of revolution 
obtained by revolving the hyperbola x 2 /a 2 — z 2 /c 2 = 1 , y = 0 
about its conjugate axis. f 


EXERCISES 


1 Sketch and discuss each of the following surfaces. 

(a) *2+4 y 2 -z 2 = 16. (ft) 9x 2 +y 2 -z 2 =36. ( c ) 4 x 2 +16y 2 -z 2 =64. 

2 . Are any of the surfaces in Ex 1 surfaces of revolution ? 

3. Show that 


(x — 2) 2 fo-1) 2 Q- 3) 2 

9 4 1 

is the equation of a hyperboloid of one sheet whose center is at the point 
(2, 1, 3) 

/y 2 )/2 *2 ry 2 4/2 «2 

4 Show that ~ — y ~ + = 1 and - * ^ ~ = 1 are equations of 

a 2 ft 2 c 2 a 2 ft 2 c 2 

hyperboloids of one sheet. 


5. Find the equation of the hyperboloid of revolution formed By 
revolving each of the following hyperbolas about the axis specified. 

(a) 9 x 2 — 4 y 2 = 36, z = 0, transverse axis. 

(ft) 9 x 2 — 4 y 2 = 86, z = 0, conjugate axis. 

(c) 4 y 2 — z 2 = 16, x = 0, transverse axis. 1 

(d) 4 y 2 — z 2 = 10, x = 0, conjugate ,axis. 
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346. Hyperboloid of Two Sheets. 

by th“ “""ation 

16) £*_K!_L 8 = 1 

a 2 b 2 c 2 


The surface represented 


is called a hyperboloid of two sheets . It is symmetric with 



respect to each of the coordinate planes, the coordinate axes 
and the origin. The intercepts on the a>axis are ± a, while 




Fig. 271 


the surface doep not meet the y- or «-axis (Fig. 270). 
traces on the coordinate planes are, respectively, 
x 2 A x 2 z 2 

r>* '^5' 


The 


f o* , a 2 

There is no trace on the yz-plane. 


- = 1, y = 0. 
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The plane x = Jc intersects the surface in the curve whose 
equations, if k =£ ± a, are 



[*-ii 

4-- 

c 2 

"A; 2 1 ” 


[a 2 j 


_a 2 


= 1, x = k. 


If | A; | > a this curve is an ellipse ; if | k | = a it is a point. 
If | k | < a the equations have no locus. All sections parallel 
to the xy - and az-planes are hyperbolas. 

A good idea of the appearance of this surface is given by Fig. 
271, which represents a model of a portion of the surface. 

If b = c the hyperboloid becomes a surface of revolution 
formed by revolving the hyperbola 


x 2 y 2 _ 1 
a? % b*~~ 9 

t 


about its transverse axi? 


z =0, 


EXERCISES 

1 Construct and discuss each of the following surfaces. 

(а) 4 x 2 — 9 1 / 2 — 80 £ 2 = 144. 

( б ) X 2-y2„ z 2 = h 

(c) 9 x 2 — 4 y 2 — « 2 = 30. ' 

2 . Are any of the surfaces m Ex. 1 surfaces of revolution ? 

/y2 4,2 7*2 4,2 «j2 

3 Show that — - + £- — - = 1 and — - — o + ~ = 1 are equations 

a 2 6 2 c 2 a 2 & 2 c 2 H 

of hyperboloids of two sheets. 

4 Find the equation of the hyperboloid of revolution formed by 
revolving each of the following hyperbolas about the axis specified. 

(а) ~ - — = 1, z = 0, conjugate *axis. 

4 9 

(б) 4 fy* — z*z= 4, x = 0, transverse axis 
(c) 2 x 2 — 4 z 2 = 1, y sb 0,' conjugate axis. 
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347. The Elliptic Paraboloid. The surface represented by 
the equation 


f 7 ) 


*? , £ 2 = 
fl 2 b 2 


Z 


is called an elliptic paraboloid. It is symmetric with respect 
to the x z- and yz-planes, and the z-axis. The 
intercepts on all three axes are zero. The trace 
on the a^/-plane is a point, namely the origin ; 
the traces on the xz- and yz-planes are, respec- 
tively, the parabolas x 2 = a 2 z, y = 0 ; y 2 = b% 
a? = 0 (Fig. 272). 

Sections made by the planes z = k (k> 0) 
Why ? Those made by the planes x = k and 
Why ? 



Fig. 272 


are ellipses 
y = k, respectively, are parabolas. 



Fig. 273 


Figure 273 represents a model of a portion of the surface. 
If a s= b, th§ surface ia a figure of revolution formed by re- 
volving the parabola x 2 = a 2 z, y = 0, about the z-axis. 
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348. The Hyperbolic Paraboloid. The surface represented 
by the equation 



is called a hyperbolic paraboloid. (See Fig. 274.) It is sym- 
metric with respect to the xz - and 2/z-planes. All three inter- 
cepts are zero. The trace on the ajy-plane is the pair of lines 

-±l = 0,z=0; 
a o 

the traces on the xz - and^ yz-planes are, respectively, the 
parabolas 


& = a% y = 0 ; y 2 = — b% x — 0. 



Fig. 274 Fig. 2J5 


Sections parallel to the xy- plane are hyperbolas, while those 
parallel# to the xz- and yz-planes are parabolas, The form of 
the surface is shown in Fig. ''75., 
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EXERCISES 

1. Sketch and discuss each of the following surfaces. 

(а) x 2 + 4 y 2 = 36 z. ( c ) y 2 — « 2 = x. 

(б) 2x 2 -f s 2 = 10y. (d) 2x 2 — z 2 = — y. 

2. Sketch the surface x 2 — 2 x + y 2 — 4 y = « — 6. 


349. The Cone. The surface represented by the equation 


( 9 ) 


*2 

< Z 2 ^& 2 


£_*=o 


>x 


is called a cone. It is symmetric with respect to the three 
coordinate planes, the three axes, and the origin. All three 
intercepts are zero. The trace on the ay- 
plane is a point, namely the origin. The 
traces on the xz- and yz-planes are respec- 
tively the pairs of lines cx ± az = 0, y = 0 ; 
cy ± bz = 0, x as 0 (Fig. 276). Sections paral- 
lel to the ay-plane are ellipses, while those 
parallel to the xz- and yz-planes are hyper- 
bolas. If any point P (x h y u on the sur- 
face is connected with the origin, then the line OP lies entirely 
on the ^surface. For, (\x ly Xa 2 , Xa 3 ) are the coordinates of any 
point on this line (see § 331), and they are seen to satisfy the 
given equation (9), for all values of 
If a = b the cone is a cone of revolution. 



FiO. 276 


EXERCISES 

1. Construct and discuss each of the following surfaces. 

(a) x 2 -f y 2 — z 2 = 0. (6) 9 x 2 + 4 y 2 — 30 z 2 = 0. (c) x 2 — y 2 + 4 z 2 = 0. 

2 . A point P moves so as to be equidistant from a plane and a line 
perpendicular to the plane. Find tbe equation of the locus of P. 

3. A point P moves so that the sum of its distances from the three 
coordinate planes is equal to its distance from the origin. ' Find the 
equation of the locus of P. 



XXII, $ 350] QUADRIC SURFACES 529 

350. Summary. The surfaces discussed are here enumer- 
ated for reference. 

Ellipsoid : 

- i +i + ~2 = 1 - (Fig 8 - 266, 266, § 343)* 

ar o 2 c 2 

Hyperboloid of one sheet: 

t + t £ = (Figs. 268, 269, § 346) 

cr o 2 c z 

Hyperboloid of two sheets: 

- t - § - : i - L 270 > m > § 346 ) 

a b l c/ 

Elliptic Pababoloid : 

- + £ = *. (Figs. 272, 273, § 347) 
a 2 b 2 

Hyperbolic Paraboloid : 

~ 2 -t= z - (Pigs. 274, 276, § 348) 

a 1 o l 

Quadric Cone: 

$ + = (Fig.276 ; S349) 

Quadric Cylinders:, 

% ± $ =1 > (s 340 ) 

It is beyond the scope of this book to prove that the general 
equation of the second degree in three variables x, y, %> can, in 
general, be reduced to one of the above types. Those inter- 
ested in this problem will find it fully discussed in any stand- 
ard textbook on solid analytic gfcometr j f 

♦See, for example, Snyder and Sisam, Analytic Oeomstry of <3poce, 
Chanter 7 
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351. Other Systems of Coordinates. 

Numerous systems of coordinates for deter- 
mining the position of a point P in space .have 
been devised. The most common of these sys- 
tems are the rectangular, polar, spherical, and 
A brief account of the last three systems follows. 

352. Polar Coordinates. Consider the line OP drawn from 
the origin 0 to any point P (Fig. 277). Let a, ft, y be the 
direction angles of OP, called the radius vector , and let p be the 
length of the radius vector. The four quantities a, ft, y, p are 
called the polar coordinates of P. 

Conversely, any four quantities a, ft, y, p, with the restric- 
tion that cos 2 a-b cos 2 ft + cos 2 y = 1, determine a point whose 
polar coordinates are a, ft, y, p. 

Prove that the equations of transformation from rectangular to polar 
coordinates are, 

(10) x = p cos a, y = p cos z = p cos 7, p 2 = x 2 + y 2 + z 2 . 



353. Spherical Coordinates. Any point P in space de- 
termines (Fig. 278) the radius vector OP(=p), the angle <£ 
between the radius vector and the z-axis, and > 

the angle 0 between the avaxis and the pro- /? 

jection of the radius vector on the xy-plane. y 

The quantities p, 0, <f> are called the spherical /\fd / >x 
coordinates of the point P. The angle <j> is Y * \[/ 
known as the colatitude , and the angle 0 as F ICK 278 
the longitude . 

Conversely, qny three quantities p, 6, <f> determine in space a 
point P whose spherical coordinates are p, 0, <£. 

Prove that the equations of transformation from rectangular to spheri- 
cal codrdinatgs are, 

(11) x = p sin 6 cos <p, y = p sin 6 sin <f>, z = p cos0. 
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354. Cylindrical Coordinates. Any point P in space de- 
termines (Fig. 279) its distance z from the 
ay-plane and the polar coordinates r, 0 of 
the point P' which is the prelection of P on 
the ay-plane. These three quantities r, 0, z 
are called the cylindrical coordinates of P. 

Conversely, any three quantities r, 0, z deter- 
mine a point whose cylindrical coordinates they are. 

Prove that the equations of transformations from rectangular to cylin- 
drical coordinates are, 

(12) x — r cos0, y — r sin z = z. 

EXERCISES 

1 . Express each of the following loci in spherical coordinates. 

(a) x 2 + y 2 + z 2 = 9. (6) x 2 -f y 2 — 4 z 2 = 0. (c) 4 x 2 + 9 y 2 — z 2 = 36. 

2 Express each of the following loci in polar coordinates 

(a) x 2 4- y 2 -h z 2 = 16. (6) sc + y = 0 (c) 2 « 2 - y 2 — = 0. 

3 Express each of the following loci in cylindrical coordinates. 

(a) x 2 + y 2 = 9. (&) a 2 + y 2 + z 2 = 9. (c) z 2 — a 2 + y 2 — 6. 

4 Express the distance between two points in polar coordinates. 

5 Find the polar, spherical, and cylindrical coordinates of the points 
whose rectangular coordinates are (2, 1,4), (3, 3, 3). 

6 What is the locus of points for which 

(а) 6 = a constant, 0 = a constant (spherical coordinates) ? 

(б) r = a constant, 0 = a constant (cylindrical coordinates) ? 

7 . Find the general equation of a plane in polar coordinates. 

8 Find the general equation of a plane in spherical cobrdmates; 
in cylindrical coordinates. 

9. Show that in polar coordinates a point may be regarded as the 
intersection of a sphere and three cones of revolution which have an 
element in common. 

10 . Show that in spherical coordinates a point may be regarded as 

the intersection of a sphere, a plan 3, and a cone of revolution which are 

mutually perpendicular. 

11 . The spherical coordinates of a point are 6, tt/4, w /6 , find its 
rectangular coordinates , its polar coordinates; its cylindrical coordinates. 
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Powers and Roots 


Squares and Cubes Square Roots and Cube Roots 


No 

Squabs 

Cube 

Square 

Root 

Cube 

Root 

No 

Squabs 

Cubs 

Squabs 

Root 

Cube 

Root 

f i 

1 

1 

1.000 

1000 

51 

2,601 

132,651 

7141 

3 708 

2 

4 

8 

1414 

1 260 

52 

2,704 

140,608 

7 211 

3 733 

3 

9 

27 

1 732 

1442 

53 

2,809 

148,877 

7.280 

3 756 

4 

16 

64 

2.000 

1.587 

54 

2,916 

157,464 

7 348 

3 780 

5 

25 

125 

2 236 

1710 

55 

3,025 

166,375 

7 416 

3 803 

6 

36 

216 

2 449 

1 817 

56 

3,136 

175,616 

7 483 

3 826 

7 

49 

343 

2 646 

1 913 

57 

3,249 

185,193 

7 550 

3 849 

8 

64 

512 

2 828 

2 000 

58 

3,364 

195,112 

7 616 

3 871 

9 

81 

729 

3 000 

2 080 

59 

3,481 

205,379 

7 681 

3 893 

10 

100 

1,000 

3 162 

2 154 

60 

3,600 

216,000 

7 746 

3 915 

11 

121 

1,331 

3 317 

2 224 

61 

3,721 

226,981 

7 810 

3 936 

12 

144 

1,728 

3 464 

2 289 

62 

3,844 

238,328 

7.874 

3 958 

13 

169 

2,197 

3 606 

2 351 

63 

3,969 

250,047 

7 937 

3.979 

14 

196 

2,744 

3 742 

2 410 

64 

4,096 

262,144 

8.000 

4 000 

15 

225 

3,375 

3 873 

2 466 

65 

4,225 

274,625 

8 062 

4 021 

16 

256 

4,096 

4000 

2 520 

66 

4,356 

287,496 

8 124 

4 041 

17 

289 

4,913 

4 123 

2 571 

67 

4,489 

300,763 

8 185 

4 062 

18 

324 

5,832 

4 243 

2 621 

68 

4,624 

314,432 

8 246 

4.082 

19 

361 

6,859 

4 359 

2 668 

69 

4,761 

328,509 

8 307 

4 102 

20 

400 

8,000 

4 472 

2 714 

70 

4,900 

343,000 

8 367 

4 121 

21 

441 

9,261 

4 583 

2 759 

71 

5,041 

357,911 

8 426 

4 141 

22 

484 

10,648 

4 690 

2 802 

72 

5, <*84 

373,248 

8 485 

4 160 

23 

529 

12,167 

4.796 

2.844 

73 

5,329 

389,017 

8 544 

4 179 

24 

576 

13,824 

4 899 

2 884 

74 

5,476 

405,224 

8 602 

4 198 

25 

625 

15,625 

5.000 

2 924 

75 

5,625 

421,875 

8660 

4 217 

26 

676 

17,576 

5099 

2 962 

76 

5,776 

438,976 

8 718 

4 236 

27 

729 

19,683 

5 196 

3.000 

77 

5,929 

456,533 

8.775 

4 254 

28 

784 

21,952 

5 292 

3 037 

78 

6,084 

474,552 

8 832 

4 273 

29 

841 

24,389 

5385 

3 072 

79 

0,241 

493,039 

8 888 

4 291 

30 

900 

27,000 

5 477 

3 107 

80 

6,400 

512,000 

8 944 

4 309 

31 

I ^1 

29,791 

5 568 

3 141 

81 

6,561 

531,441 

9000 

4 327 

32 

1,024 

32,768 

5 657 

3 175 

82 

6,724 

551,368 

9 055 

4 344 

33 

1 1,089 

35,937 

5 745 

3 208 

83 

6,889 

571,787 

9.110 

4 362 

34 

1,156 

39,304 

! 5 831 

3 240 

84 

7,056 

592,704 

9.165 

4 380 

35 

1,225 

42,875 

5 916 

3 271 

85 

7,225 

614,125 

9 220 

4 397 

36 

1,296 

' 46,656 

6000 

3 302 

86 

7,396 

636,056 

9 274 

! 4 414 

37 

1,369 

50,653 

6 083 

3.332 

87 

7,569 

658,503 

9 327 

4 431 

38 

1,444 

54,872 

6 164 

3 362 

88 

7,744 

681,472 

9 381 

4 448 

39 

1,521 

59,319 

6 245 

3 391 

89 

7,921 

704,969 

9.434 

4 465 

40 

1,600 

64,000 

6 325 

3 420 

90 

8,100 

729,000 

9 487 

4 481 

41 

1,681 

68,921 

6 403 

3 448 

91 

8,281 

753,571 

9.539 

4 498 

42 

1,764 

74,088 

6 481 

3.476 

92 

8,464 

778,688 

9.592 

4 514 

48 

1,849 

79,507 

6 557 

3 503 

93 

8,649 

804,357 

9644 

4 531 

44 

1,936 

85,184 

6 633 

3 530 

94 

8,836 

830,584 

9 695 

4 547 

45 

2,025 

91 , 125 « 

6 708 

3 557 

95 

9,025 

857,375 

9 747 

4 563 

46 

2,116 

97,336 

6 782 

3 583 

96 

9,216 

884,736 

9 798 

4 579 

47 

2,209 

103,823 

6.856 

3.609 

97 

9,409 

912,673 

9 849 

4 595 

48 

2,304 

110,592 

6928 

3.634 

98 

9,604 

941,192 

9 899 

4 610 

fg 

2,401 

117,649 

7.000 

3 659 

99 

9,801 

970,299 

9 950 

4 626 

50 

2,500 

12^,000 

7 071 

6.684 

100 

10,000 

1 , 000,000 

10 000 ( 

4 642 


For a more complete table, see The«Macmillan Tables, pp. 94-111. 
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Certain Convenient Values for n = 1 to n — 10 


n 

1 ./» 

vT 

S4T 

n ' 

1/m ! 

Lo Gw n 

1 

1.000000 

100000 

1.00000 

1 

10000000 

0 000000000 

2 

0600000 

1.41421 

1 25992 

2 

0 5000000 

0.301029996 

3 

0.333333 

1.73205 

144225 

6 

0.1666667 

0 477121255 

4 

0 250000 

2 00000 

1 58740 

24 

0.0416667 

0.602059991 

5 

0 200000 

2.23607 

1 70998 

120 

0 0083333 

0 698970004 

6 

0166667 

2.44949 

1 81712 

720 

0.0013889 

0 778151250 

7 

0 142867 

2 64575 

1 91293 

5040 

0 0001984 

0.845098040 

8 

0 125000 

2 82843 

2 00000 

40320 

0 0000248 

0 903089987 

9 

0 111111 

3 00000 

2.08008 

362880 

0.0000028 

0 954242509 

10 

0 100000 

3 16228 

2 15443 

3628800 

0 0000003 

1000000000 


Logarithms of Important Constants 


H = NUMBER 

Value op n 

Logio m 

9 

7 r 

3 14159265 

0 49714987 

1 - J - TT 

0 31830989 

9 50285013 

i r 2 

9 86960440 

0.99429975 

Vtt 

1 77245385 

0 24857494 

e — Napierian Base 

2 71828183 

0 43429448 

M — logio e 

0 43429448 

9 63778431 

1 — M — loge 10 

2.30258509 

0.36221569 

180 -*• tt = degrees in 1 radian 

57 2957795 

175812262 

it 180 — radians in 1° 

0 01745329 

8 24187738 

7 r — 10800 = radians in 1' 

0 0002908882 

6.46372613 

nr — 648000 = radians in 1* 

0.000004848136811095 

4 68557487 

sin 1 " 

0 000004848136811076 

4 68557487 

tan 1" 

0 000004848136811152 

4.68557487 

centimeters in 1 ft. 

30 480 

1.4840158 

feet m 1 cm 

0 032808 

8.5159842 

inches m 1 m 

39.37 (exact legal value) 

1 5951654 

pounds in 1 kg. 

2 20462 

0 3433340 

kilograms m 1 lb. 

0 45:3593 

9 6560660 

g (average value) 

32 16 ft /sec. /sec 
= 981 cm /sec. /sec • 

1.5073 

2.9916690 

weight of 1 cu. ft. of water 

62 425 lb. (max. density) 

1.7953586 

weight of 1 cu. ft. of air 

0 0807 lb. (at 32° F ) . 

8.907 

cu m m 1 (U. S ) gallon 

231 (exact legal value) 

2 3636120 

ft. 1J. per sec. in 1 H. P 

550. (exact legal valne) 

2.7403627 

kg. m. per sec. m 1 H. P. 

76 0404 * • 

1.8810445 

watts mlH P. • 

745 957 

• 

2.8727135 
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The proportional parts are stated in full for every tenth at the right-hand side. 
The logarithm of any number of four significant figures can be read directly by add- 




















Four Place Logarithms 


wmm 

3 4 5 

12 2 

3 4 5 

112 

3 4 5 

1 1 2 

3 4 4 

112 

■3 4 4 

1 1 2 

3 4 4 



5 6 7 *9 



112 334 5 6 6 

112 334 556 

112 334 556 

112 334 556 

112 334 556 

112 334 556 

112 334 556 

112 334 456 

112 334 456 


112 334 456 


1 1 2 334 456 

1 * 1 2 334 456 

112 234 455 

112 234 455 

112 2 3 3 455 

112 233 445 

112 233 445 

112 233 445 

112 233 445 


2 2 3 3 3 4 


24 456 7*9 


fug the proportional part corresponding to the fourth figure to the tabular number 
corresponding to the first three figures. There may be an error of 1 in the last place. 


























538 Four Flace Trigonometric f unctions 


[Characteristics of Logarithms olaitted — determine by the usual rule from the value] 


RADIAN8 

Degrees 

» 

Sine 

Value Log J0 

Tangent 
Value Log 10 

Cotangent 
Value Logio 

Cosine 

Value Log 10 



0000 

0029 

0 ° 00 ' 

10 

0000 

0029 

4637 

0000 

0029 

4637 

343 77 

5363 

1 0000 

1 0000 

0000 

0000 

90 ° 00 ' 

50 

1 5708 
15679 

0058 


20 

0058 

.7648 

0058 

7648 

171 89 

2352 

10000 

0000 

40 

1 5650 

0087 


30 

0087 

9408 

0087 

.9409 

114 59 

0591 

1 0000 

0000 

30 

1 5621 

0hl6 


40 

0116 

0658 

0116 

0658 

85 940 

9342 

9999 

0000 

20 

1 5592 

0145 


50 

0145 

1627 

0145 

1627 

68 750 

8373 

9999 

.0000 

10 

15563 

0175 

1 ° 

00 ' 

0175 

2419 

0175 

2419 

57 290 

.7581 

9998 

9990 

89 ° 00 ' 

1 5533 

0204 


10 

0204 

3088 

0204 

3089 

49 104 

6911 

9998 

0909 

50 

1 5504 

0233 


20 

0233 

3668 

0233 

3669 

42 964 

0331 

9997 

9990 

40 

1 5475 

0202 


30 

0262 

4179 

0262 

4181 

38 188 

5819 

9997 

9999 

30 

1 5446 

0291 


40 

0291 

4637 

0291 

.4638 

34 368 

5362 

9996 

9098 

20 

1 5417 

0320 


50 

0320 

5050 

0320 

5053 

31 242 

4947 

9995 

9998 

10 

1 5388 

0349 

2 ° 00 

0349 

5428 

0349 

5431 

28 636 

4569 

9994 

9907 

88 ° 00 ' 

1 5359 

0378 


10 

0178 

5776 

0378 

5779 

26 432 

4221 

9993 

9907 

50 

1 5330 

0407 


20 

0407 

0097 

0407 

6101 

24 542 

3899 

9992 

9096 

40 

1 5301 

0436 


30 

0436 

6397 

0437 

6401 

22 904 

3599 

9990 

9996 

30 

1 5272 

0465 


40 

0465 

.6677 

0466 

6082 

21 470 

3318 

9989 

9905 

20 

15243 

0495 


50 

04‘>4 

6940 

0495 

6945 

20 206 

.3055 

9988 

9995 

10 

1 5213 

.0524 

3 ° 

00 ' 

0523 

7*188 

0524 

7194 

19.081 

.2806 

9986 

9904 

87 ° 00 ' 

15184 

0553 


10 

0352 

7423 

0553 

.7429 

18 075 

2571 

9985 

‘1993 

50 

1 5155 

0582 


20 

0581 

7645 

0582 

7652 

17 169 

2348 

9983 

9993 

40 

1 5126 

0611 


30 

0610 

7857 

0612 

7865 

16 350 

2135 

9981 

9992 

30 

1 5097 

0640 


40 

0640 

8059 

0641 

8067 

15 605 

1933 

9980 

9001 

20 

1 5068 

0669 


50 

0669 

8251 

0G70 

8261 

14 924 

1739 

9978 

9990 

10 

1 5039 

0698 

4 ° 

00 ' 

0698 

8436 

0699 

8446 

14 301 

115,54 

9976 

9989 

86 ° 00 

1 5010 

0727 


10 

0727 

8613 

0729 

8624 

13 727 

1376 

9974 

9989 

50 

1 4981 

0756 


20 

0756 

8783 

0758 

8795 

13 197 

1205 

9971 

9088 

40 

1 4952 

0785 


30 

0783 

8946 

0787 

8960 

12 706 

1040 

9969 

9987 

30 

1 4923 

0814 


40 

0814 

9104 

0816 

9118 

12 251 

0882 

9967 

9986 

20 

1 4893 

0844 


50 

0843 

9256 

0846 

9272 

11 826 

0728 

9964 

9985 

10 

1 4864 

0873 

5 ° 

00 ' 

0872 

9403 

0875 

.9420 

11 430 

0580 

9962 

9083 

85 ° 00 ' 

1 4835 

0902 


10 

0901 

9543 

0‘X)4 

9563 

11 059 

0437 

9959 

9982 

50 

1 4806 

0931 


20 

0929 

9682 

0934 

9701 

10 712 

0299 

9957 

9981 

40 

1 4777 

0960 


30 

0958 

9816 

0963 

9836 

10 385 

0164 

9964 

9980 

30 

1 4748 

0989 


40 

0987 

9945 

09<)2 

9966 

10 078 

0034 

9951 

9979 

20 

14719 

1018 


50 

1016 

.0070 

1022 

.0093 

9 7882 

9907 

9948 

.9977 

10 

1 4690 

1047 

6 ° 

00 ' 

1045 

0192 

1051 

0216 

9 5144 

9781 

9945 

9976 

84 ° 00 ' 

1 4661 

1076 


10 

1074 

0311 

1080 

0330 

9 2553 

9664 

.9942 

9975 

50 

1 4632 

1105 


20 

1103 

0426 

mo 

.0453 

9 0098 

9547 

9939 

0973 

40 

1 4603 

1134 


30 

1132 

0539 

1139 

0567 

8 7769 

9433 

9936 

9972 

30 

1 4573 

1164 


40 

1161 

0648 

1109 

0678 

8 5555 

9322 

.9932 

.9971 

20 

1 4544 

1193 


50 

1190 

0755 

1198 

.0786 

8 3450 

9214 

9929 

.9969 

10 

14515 

.1222 

7 ° 00 ' 

1219 

0859 

1228 

0891 

8 1443 

.9109 

9925 

.9968 

88 ° 00 ' 

14486 

1251 


10 

1248 

0%1 

1257 

0995 

7.9530 

.9005 

9922 

9966 

50 

14457 

1280 


20 

1276 

1060 

1287 

1096 

7 7704 

8904 

9918 

9964 

40 

14428 

1309 


30 

1305 

1157 

1317 

1194 

7 5958 

8806 

9914 

9963 

30 

1 4399 

1338 


40 

1334 

f252 

1346 

.1291 

7 4287 

8709 

9911 

9961 

20 

1 4370 

1367 


50 

1363 

1345 

1376 

1385 

7 2687 

8615 

.9907 

.9959 

10 

14341 

1396 

8 ° 

00 ' 

1392 

.1436 

1405 

1478 

7*1154 

8522 

9903 

.9958 

82 ° 00 ' 

14312 

1425 


10 

1421 

.1525 

| 1435 

1569 

6.9682 

8431 

.9899 

9956 

50 

14283 

1454 


20 

.1449 

.1612 

1465 

1495 

1658 

6 8269 

8342 

.9894 

9054 

«40 

1 4254 

.1484 


30 

1478 

1697 

.1745 

6 6912 

8255 

.9890 

9952 

30 

14224 

.1513 


40 

1507 

1781 

1524 

.1831 

6TW06 

8189 

.9886 

9950 

20 

1 4195 

1542 


50 

.1536 

1863 

1554 

.1915 

6 4348 

8085 

t .9881 

9948 

10 

1 4166 

.1571 

0 ° 00 ' 

1564 

194^ 

1584 

1997 

6 3138 

§003 

* 9877 

0946 

81 ° 00 ' 

1.4137 




Value Log 10 
Cosine 

Value Log 10 
Cotangent 

Value Log 10 
Tangent 

Value Log 10 
Sine 

Degrees 

Radians 



Four Flace Trigonometric Functions 

[Characteristics of Logarithms omitted — determine fty the nsnal rule from the value] 


















540 Four Place Trigonometric Functions 

[Characteristics of Logarithms oiiitted — determine by the usual rule from the value] 















Fonr Place Trigonometric Functions 541 

[Characteristics of Logarithms omitted — determine Jjy the usual rule from the value] 


Radians 

Degbbbs 

Sine 

Value Log 10 

Tangent 
Value Log 10 

Cotangent 
Value Log 10 

Cosine 
Value Log 10 



.4712 

27 ° 00 ' 

4540 

6570 

.6095 

7072 

1.9626 

2928 

8910 

.9499 

68 ° 00 ' 

1.0996 

4741 

10 

4566 

6595 

5132 

7103 

1 9486 

2897 

8897 

.9492 

50 

1 0966 

4771 

20 

4592 

.6620 

.5169 

.7134 

1 9347 

.2866 

8884 

9486 

40 

10937 

4800 

30 

.4617 

.6644 

5206 

7165 

1.9210 

.2835 

8870 

.9479 

30 

10908 

4829 

40 

4643 

.6668 

.5243 

7196 

1 9074 

2804 

8857 

.9473 

20 

10879 

4858 

50 

4669 

.6602 

5280 

7226 

18940 

.2774 

.8843 

9466 

10 

1.0850 

4887 

28 ° 00 ' 

.4695 

.6716 

.5317 

7257 

1 8807 

.2743 

8829 

9459 

02 ° 00 ' 

10821 

4016 

10 

4720 

.6740 

5354 

.7287 

1 8676 

2713 

8816 

9453 

50 

10792 

.4945 

20 

.4746 

67C3 

.5392 

.7317 

1 8546 

2683 

8802 

.9446 

40 

1 0763 

4974 

30 

4772 

6787 

5430 

7348 

1 8418 

2652 

8788 

9439 

30 

1 0734 

.6003 

40 

4797 

6810 

5467 

.7378 

1 8291 

.2622 

8774 

9432 

20 

10705 

.5032 

50 

4823 

6833 

5505 

7408 

1 8165 

.2592 

8760 

.9425 

10 

10676 

5061 

29 ° 00 ' 

4848 

.6856 

5543 

.7438 

18040 

2562 

8746 

9418 

01 ° 00 ' 

1.0647 

.5091 

10 

4874 

6878 

5581 

7467 

1 7917 

2533 

.8732 

.9411 

50 

1 0617 

6120 

20 

4899 

6901 

5619 

7497 

1 7796 

.2503 

8718 

9404 

40 

10588 

5149 

30 

4924 

6923 

5658 

.7526 

1 7675 

2474 

8704 

.9397 

30 

10559 

5178 

40 

4950 

6946 

.5696 

7556 

1 7556 

.2444 

8089 

.9390 

20 

1 0530 

5207 

50 

4975 

6968 

5735 

.7585 

17437 

.2415 

.8675 

.9383 

10 

10501 

5236 

30 ° 00 ' 

5000 

6990 

5774 

7614 

1 7321 

.2386 

.8660 

9375 

00 ° 00 ' 

1.0472 

.6265 

10 

5025 

.7012 

5812 

7644 

1 7205 

2356 

.8646 

9368 

(50 

10443 

.5294 

20 

5050 

7033 

5851 

7673 

1 7090 

.2327 

8631 

.9361 

40 

10414 

5323 

30 

5075 

7055 

5890 

7701 

10977 

.2299 

.8616 

.9353 

30 

10385 

.6352 

40 

5100 

7076 

5930 

7730 

1 6864 

.2270 

.8601 

9346 

20 

1 0356 

5381 

50 

5125 

7097 

5969 

.7759 

16753 

2241 

8587 

.9338 

10 

10327 

5411 

31 ° 00 ' 

5150 

7118 

60<fe 

7788 

1 6643 

.2212 

.8572 

.9331 

59 ° 00 ' 

10297 

5440 

10 

5175 

.7139 

.0048 

7816 

16534 

2184 

8557 

9323 

50 

1 0268 

.5469 

20 

.5200 

.7160 

6088 

.7845 

1 6426 

2155 

8542 

.9315 

40 

1 0239 

.6498 

30 

5225 

.7181 

6128 

7873 

1.6319 

.2127 

8526 

9308 

30 

10210 

.5527 

40 

5250 

.7201 

6168 

7902 

1 6212 

.2098 

8511 

.9300 

20 

1.0181 

.5556 

50 

5275 

.7222 

6208 

7930 

16107 

2070 

8496 

.9292 

10 

1.0152 

.5585 

82 ° 00 ' 

5299 

7242 

6249 

7958 

1 6003 

.2042 

8480 

.9284 

58 ° 00 ' 

1 0123 

.5614 

10 

5324 

.7262 

6289 

7986 

1 5900 

.2014 

.8465 

.9276 

50 

10094 

5643 

20 

5348 

.7282 j 

6330 

.8014 

1 5798 

1986 

.8450 

9268 

40 

10065 

.5672 

30 

5373 

.7302 

6371 

8042 

1 5697 

.19.58 

8434 

9260 

5 30 

1 0036 

.5701 

40 

5398 

.7322 

6412 

.8070 

1 5597 

.1930 

.8418 

9252 

a 20 

10007 

.6730 

50 

5422 

.7342 

1*453 

8097 

15497 

.1903 

8403 

.9244 

10 

.9977 

5760 

33 ° 00 ' 

5446 

7361 

6494 

8125 

1 5399 

.1875 ! 

8387 

.9236 

57 ° 00 ' 

.9948 

.5789 

10 

5471 

7380 

6536 

.8153 

1 5301 

1847 

8371 

.9228 

50 

.9910 

.5818 

20 

5495 

7400 

6577 

.8180 

1 5204 

.1820 

8355 

.9219 

40 

.9890 

.5847 

30 

5519 

.7419 

6019 

.8208 

1.5108 

1792 

8339 

9211 

30 

.9861 

.5876 

40 

5544 

.7438 

6661 

.8235 

15013 

.1765 

8323 

.9203 

20 

.9832 

.5905 

50 

.5568 

.7457 

6703 

8263 

14919 

.1737 

.8307 

.9194 

10 

9803 

.5934 

34 ° 00 ' 

5592 

7476 

6745 

.8290 

14826 

.1710 

.8290 

.9186 

56 ° 00 ' 

.9774 

.6963 

10 

.6616 

.7494 

6787 

.8317 

1.4733 

.1683 

.8274 

9177 

60 

.9745 

5992 

20 

5640 

.7513 

6830 

8344 

14641 

1656 

.8258 

.9169 

40 

.97J6 

.6021 

30 

.5664 

.7531 

6873 

.8371 

14550 

.1629 

8241 

.9160 

30 

9687 

.6050 

40 

.5688 

.7550 

6916 

8398 

1 4460 

1602 

8225 

.9151 

20 

9657 

.6080 

50 

.5712 

.7568 

6959 

8425 

14370 

.1575 

.8208 

.9142 

10 

.9628 

.6109 

35 ° 00 ' 

5736 

7586 

7002 

.8452 

14281 

.1548 

.8192 

.9134 

55 ° 00 ' 

.9599 

.6138 

10 

.6760 

.7604 

7046 

.8479 

1 4193 

.1521 

.8175 

.9125 

50 

9570 

.6167 

o 20 

5783 

7622 

.7089 

.8506 

1 4106 

ol491 

.8158 

.9116 

40 

.9541 

,6196 

30 

.5807 

7640 

,7133 

.8533 

14019 

.1467 

.8141 

.9107 

30 

9512 

.6225 

40 

.5831 

7657 

7f77 

.8559 

1.3934 

.1441 

.8124 

.9098 

20 

9483 

.6254 

50 

.5854 

.7675 

.7221 

.8586 

1 3848' 

.1414 

.8107 

9089 

10 

.9454 

6283 

86 ° 00 ' 

.5878 

.7692 

.726b 

.8613 

13764 

.1387 

>.8090 

9080 

54 ° 00 ' 

9425 














Degrees! Radians 
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[Characteristics of Logarithms otaitted — determine by the usual rule from the value] 














INDEX 


39 

error, 236 

Absolute value, of a directed quan- 
tity, 5 , of a number, 36, 438. 
Addition, 41 , graphic, 50 , laws 
of, 52 , of angles, 145 , formulas, 
in trigonometry, 201 , with 
rounded numbers, 238 , of vectors, 
435 

Algebra, fundamental theorem of, 
456 

Algebraic functions, 143 
Algebraic scale, 3, 5 
Analytic geometry, 84 
Analytic representation of a function, 
21 

Angle, definitions of, 143 , directed 
— s, 143, 306 , measurement of, 
144, 188, 190 , addition and 

subtraction of, 145 , functions of, 
147, 168 , between lines, 146, 

306, 500 , between planes, 506 , 
of elevation and depression, 150, 
use of, in artillery service, 190 , 
vectorial, 163 , — s of triangle, 

210, trisection of, 388$ of a 
complex number, 438 
Approximation, Newton’s method of, 
471 

Arbitrary functions, 18, 19 
Arc of a circle, 189 
Archimedes, 386 

Area, of a triangle, 186, 298 ff , of 
any polygon, 301 
Arithmetic mean, 214 
Arithmetic progression, 216 
Arithmetic scale, 3, 5 
Artillery service, use of angles in, 
190. 

Asymptotes, 278, 280, 350. 

Axes, of reference, 38, 495 , of ellipse, 
273, 340, of hyperbola, 280, 349 


Axioms, 53. 

Axis, of parabola, 109, 354; polar, 
163 , major and minor, 340, trans- 
verse, 280, 349 , conjugate, 349. 

Binomial theorem, 428 
Bnggian logarithms, 227 
Bundle of planes, 510 

Cardioid, 383. 

Center, of pencil of lines, 91 , of 
ellipse, 273, 282, 340 , of circle, 
283, 320, of hyperbola, 280, 349, 
of projection, 370, of bundle of 
planes, 510 
Change, rate of, 68 
Change ratio, 69 

Characteristic of a logarithm, 227 
ff 

Circle, 320 ff. , center and radius 
of, 320 , cartesian equation of, 270, 
320 ff ; parametric equations of, 
392 >. polar equation of,' 381 , as 
special case of an ellipse, 342 , 
intersection of two — s, 330 , or- 
thogonal — s, 331, 334, pencil of 
— s, 332 , radical axis of, 332 , radi- 
cal center of, 334 , tangent to, point 
form, 324 , slope form, 325 , tan- 
gents from an external point to, 
327, polar of point with respect 
to, 328 , inversion with respect 
to, 336 
Cissoid, 384. 

Cofunction, 177 
, Colatitude, 530. 

Colhnearity, condition for, 301 
Combinations, 420 ff 
Comme&urable segments, 33 
Common logarithms, 227. 

Completing the square, 113, 283 ff. 


543 



544 


INDEX 


Complex numbers, 432 ff. ; defini- 
tion of, 432 , geometric inter- 
pretation of, 433, 436 ff , absolute 
value, angle, argument of, 438 , 
polar form of, 438 , multiplication 
and division of, 440, powers and 
roots of, 444 

Complex roots of an equation, 462 
Components of a vector, 436 
Composite number, 414 
Computation, numerical, 231, 236 ff , 
242 ff 

Conchoid, 385 
Cone, 528 

Conic or Conic section, 337 ff , as 
sections of a cone, 370 (See 
circle, ellipse, parabola, hyperbola ) 
Conjugate axis, 349 
Conjugate complex numbers, 432 
Conjugate diameters, 376 
Conjugate hyperbolas, 353 
Consistent equations, 94, 491 
Constant function, 18 
Continuous functions, 18, 102, 449 
Codrdmates, on a line, 37; rectan- 
gular, in a plane, 38 , rectangular, 
in space, 495, polar, in a plane, 
163, 377 ff , polar, m space, 530 , 
spherical, 530, cylindrical, 531 
Cosecant, 168, graph of, 173. 

Cosine, definition of, 147, variation 
of, 15ft, graph of, 159, graph 
of, in polar coordinates, 166 ; line 
representation of, 169 ; law of — s, 
180 , direction — s of a line, 498 
Cotangent, definition of, 168 , graph 
of, 173 , line representation of, 
169. 

Coversed sine, 168. 

Cube, duplication of, 388; table of 
— s, and — roots, 534 
Cubic function, 129 ff 
Cycloid, 399 
Cylinders, 515 
Cylindrical coordinates, 531. 

« 

Decreasing function, 24 
De Moivre’s theorem, 443. 

Dependent variable, 12. 

Depressed equation, 469. 


Derivative, of a function, 451, 458 ff. , 
successive — s, 458 
Derived function, 451. 

Descartes’s rule of signs, 466. 
Detached coefficients, 402 ff 
Determinants, 475 ff , definition of, 

475, 478, 483 ; evaluation of, 488 ; 
properties of, 483 ff , minor of, 
485 , Laplace’s expansion of, 486 ; 
solution of equations by means of, 

476, 480, 490 

Diameter, of a conic, 373 , conjugate 
— s, 376 
Diodes, 384 

Directed angles, 143, 306. 

Directed lines, 306, 500 
Directed quantities, 4 
Directed segments, 5, 48, 497. 
Direction angles and cosines, 498 
Directrix, of come, 337, of ellipse, 
340 , of hyperbola, 350 , of parab- 
ola, 355 

Discontinuous functions, 18. 
Discriminant of a quadratic, 124 
Distance, between two points m a 
plane, 294, in space, 499, of a 
point from a line, 311 , of a point 
from a plane, 508 

Division, by zero, 46, with rounded 
numbers, 241 , of complex 
numbers, 440 , point of, 295, 
501 , — transformation, 404. 
Duplication of cube, 388 

Eccentricity, 337 

Element of a determinant, 475, 478. 
Ellipse, definition of, 272, 338, 

axes and center of; 273, 340 , 
equations of, 272, 282, 338 ff. ; 
slope of, 273 ; construction of, 
346; focal radii of, 345; latus 
rectum of, 343; parametric equa- 
tions of, 347, 393; properties of, 
340, 342, 365, 373 ; vertices, 

343 

Ellipsoid, 518 ff. 

Elliptic paraboloid, 526. 

Empirical function, 18 
Equality, 51 , conditional and un- 
conditional, 61. 



INDEX 


645 


Equation, definition of, 61 , linear 
— s, 64, 83, 93 ff , 609 , quadratic, 
120 ff. , trigonometric — s, 174 , 
exponential — s, 234 , solution by 
determinants, 476, 480, 490, in 
p-form, 467 , depressed, 469 , 
parametric, 392 ff. 

Error, absolute and relative, 236. 

Explicit function, 81. 

Exponential equations, 234. 

Exponential function, 217 ff. 

Exponents, 53, 218 

External secant, 168. 

Factor, 51 , of a polynomial, 404, 
407 ; — theorem, 411. 

Factoring, solution of quadratic 
equation by, 121 

Fire, indirect, m artillery service, 
190. 

Focal radii, of ellipse, 345 ; of hyper- 
bola, 353 

Focus, of conic, 337 , of ellipse, 340 , 
of hyperbola, 350, of parabola, 
355. 

Forces, parallelogram of, 184, 435 

Fractions, 33, 58 , partial, 416 ff 

Function, idea of, 1 , definition of, 
28, arbitrary, constant, empirical, 
18, continuous, 18, 102, 449, 

representation of, 10, 13, 21, 22, 
increasing and decreasing, 24 , 
linear, 64 ff , 494 ff , quadratic, 
98 ff., 265 ff , 514 ff , cubic, 129 ff , 
power, 140 , trigonometric? 147 ff , 
168 ff. , logarithmic, 212 ff , ex- 
ponential, 217 ff , polynomial, 
449 ff. , explicit, and implicit, 81 ; 
inverse trigonometric, 192 ff. ; sum 
of linear — s, 79, tables of — s, 
534 ff. , two- valued, 20, 265 ff. 

Functional notation, 409 

Fundamental theorem of algebra, 
456. 

Geometric mean, 214 

Geometric progression, 216. 

Geometric representation, see graphic 
representation 

Graphic addition, 7, 50 

2n 


Graphic interpolation, 13. 

Graphic representation, 3, 10, 37, 64, 
433, 436 ff 

Graphic solution of problems, 78, 
123, 470. 

Graphs, statistical, 26 , of linear 
functions, 72, of quadratic func- 
tions, 99 ff., 265 ff. , of cubic 
functions, 129 ff. , of polynomials, 
452 , of trigonometric functions, 
158, 159, 161, 166, 173, of the 
exponential function, 221 , of the 
logarithmic function, 224 ; in 
polar coordinates, 164, 378 ff. ; of 
parametric equations, 395. (See 
entnes under various classes of 
functions for further details.) 

Hesse’s normal form of the equation 
of a straight line, 316 

Highest common factor, 407. 

Hooke’s law, 71 

Hyperbola, definition of, 280, 338; 
axes and center, 280, 349 , vertices 
of, 349 , asymptotes of, 278, 
280, 355 , construction of, 354 , 
equations of, 279, 283, 348 ff. ; 
parametric equations of, 393 , 
latus rectum of, 350 , geometric 
properties of, 349, 350, 368 ; 

tangents and normals to, 359 ; 
conjugate — s, 353 

Hyperbolic curves, 140 

Hyperbolic paraboloid, 527. 

Hyperbolic spiral, 386. 

Hyperboloid, of one sheet, 521 ; 
of two sheets, 524. 

Hypocycloid, 400. 

Identities, definition of, 61 , trigono- 
metric, 171. 

Imaginary number, 432 ff. 

Implicit functions, 81 , quadratic 
functions, 265 ff. 

Incommensurable quantities, 34. 

Increasing function, 24 

Independent variable, 12. 

Infinity, 48. 

Initial lffte, 163. 

Inscribed circle, 18V. 
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Integer, 33 , properties of, 414 
Intercept, 74, 517 , — form of equa- 
tion of straight line, 315 
Interpolation, 13, 77, 230, 
Intersection, of two lines, 93 , of 
f two circles, 330, of a line and a 
conic, 357 

Inverse trigonometric functions, 
192 ff 

Inversion, with respect to a circle, 
336 , of order, 482 
Inversor of Peaucellier, 336 
Irrational numbers, 34, as roots of 
an equation, 470 

Laplace’s expansion «, determi- 
nant, 486 

Latus rectum, of an ellipse, 343 , of a 
hyperbola, 350 , of a parabola, 355, 
Law, of signs, 49, 466, — s of ex- 
ponents, 53, 220, of sines, 180/ 
of cosines, 180, of tangents, 209. 
Less than, 39 
Limagon, 383 

Line representation of trigonometric 
functions, 169 

Linear equations, 64, 83, 93, 476, 
480, 490, 509 

Linear functions, 64 ff , 494 ff. 

Linear interpolation, 77. 

Locus, of equation in rectangular 
coordinates, 67, 83, 509 ; in polar 
coordinates, 377 

Logarithm, definition of, 223 , in- 
vention of, 212 , laws of, 225 , 
systems of (natural and common), 
226, 227 , characteristic and man- 
tissa of, 227 ff , use of tables of, 
229; — s m computation, 231, 
242 ff , tables -of, 536 ff . 
Logarithmic paper, 260 ff 
Logarithmic scale, 252 
Logarithmic spiral, 387. 

Longitude, 530 

Magnitude, 4 , 

Major axis of ellipse, 340. 
Mathematical analysis, 30. 

Maxima and Minima, 109, 137, 453, 
455. 


Measure, unit of, 2, 33, 34, 144, 188. 
Menelaus, theorem of, 319 
Midpoint of a segment, 295, 502. 
MU, 190. 

Minor of a determinant, 485. 

Minor axis of ellipse, 340 
Multiple roots, 460 
Multiple-valued function, 20, 265 ff. 
Multiplication, 44, 50, 52, 239, 440. 

Napier, J , 212 
Natural logarithms, 226. 

Newton’s method of approximation, 
471 ff 

Nicomedes, 385 

Normal, to a curve, 359 , — form of 
the equation of a straight line, 316 , 
of a plane, 505 

Number, 2, 33 , real, 3, 36 , rational 
and irrational, 34 , positive and neg- 
ative, 3, complex (imaginary), 432 ff. 

Octant, 495 

One -^lued function, 20 
Ordinate, 39 
Origin, 38, 163, 495 
Orthogonal circles, 331, 334. 
Orthogonal projection m space, 494. 

Parabola, 354 ff , definition of, 109, 
268, 338, equations of, 109, 282, 
354 ff , properties of, 355, 362 ; 
slope of, 268 , tangents and 
normals to, 359, 362 , latus rectum 
of, 356 

Parabolic curves, 140 
Parabolic reflector, 364 
Parabolic spiral, 389 
Paraboloid, of revolution, 364 ; 

elliptic, 526 , hyperbolic, 527. 
Parallel lines, in plane, 85 , in space, 
500 

Parameter, definition of, 90, 392 ; 

of system of lines, 90 
Parametric equations, 392 ff. 

Partial fractions, 416 ff 
Pascal, B , 383,431 , — ’s triangle, 431. 
Peaucellier, inversor of, 336 
Pencil, of lines, 91 , of curies, 332 ; 
of planes, 510. 
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Period of trigonometric functions, 
157, 159, 162. 

Permutations, 420 ff 
Perpendicular lines, in a plane, 86, 
m space, 500. 

Plane, 504 ff ; vectors in a, 435. 

Point of division, in a plane, 295 ; 
m space, 501. 

Polar and Pole, with respect to a 
circle, 328, with respect to a 
conic, 364, 373 
Polar axis, 163 

Polar coordinates, in a pla^h, 163 if , 
377 ff ; in space, 530 
Polar form of complex number, 
438 

Polygon, area of, 301 
Polynomials, 402, 449 ff 
Power function, 140 
Powers, 53, 218, 444 , table of, 534 
Prime number, 414 
Principal diagonal of a determinant, 
475, 478. 

Principal value of inverse trigono- 
metric function, 193 ff. 

Probability, 426 ff 

Product formulas in trigonometry, 
207. | 

Progression, arithmetic and geomet- 
ric, 216. 

Projectile, 397 ff 

Projecting cylinder of a curve, 516. 
Projection, 196 ff , central, 370 , 
orthogonal m space, 494, 497. 

Pure imaginary number, 432 

Quadrant, 39 , angles in a, 145. 
Quadratic equation, 120 ff 
Quadratic function, 98 ff , applica- 
tions of, 115 ff ; slope of, 274, 
287; implicit, 265 ff , 514 ff. 
Quantity, 2, 4 , directed, 4. 

Radian, 188. 

Radical axis and center of two circles, 
332, 334 

Radius vector, 163, 530. 

Range, of variable, 23; of a pro- 
jectile, 397. 

Ratio, 33 , simple, 294, 319^ 


Rational numbers, 33 ; as roots of an 
equation, 467. 

Reciprocal spiral, 386. 

Rectangular coordinates, in a plane, 
38 ff. , in space, 495 
Reference, axes of, 38 
Reflector, parabolic, 364. 

Relative error, 236 
Remainder theorem, 411 
Revolution, surfaces of, 364, 519, 
520 

Roots, of numbers, 444, table of, 
534 , of an equation, 120, 455 ff , 
equal, of a quadratic, 124, rela- 
tion of, to coefficients, 125, 473; 
complex, 462 , rational, 467 , 

irrational, 470, multiple, 460, 

Newton’s method of approximation 
to, 470 ff 

Rotation in a plane, 200. 

Rounded numbers, 236 ff. 


Scale, arithmetic and algebraic, 
3,5, rectilinear, uniform and non- 
uniform, 5 , logarithmic, 252 
Secant, definition of, 168 , graph of, 
173 ; line representation of, 169. 
Section of a surface, 517. 

Segment, directed in a plane, 5, 48 , 
in space, 497, — s to represent 
statistical data, 6. 

Shear, 132, 288 
Significant figures, 236. 

Signs, law of, 49 
Simple ratio, 294, 319 
Simultaneous equations, 94 ff., 476 
480, 490 

Sine, definition of, 147 , variation of, 
157 ; graph of, 158. 

Single-valued function, 20. 

Slide rule, 252 ff 

Slope, 73, 135, 268, 273, 285, 287 
290, 449. 

Solution, of quadratic equations 
120 ff. , of algebraic equations 
468 ff . , of trigonometric equations 
174 ; of exponential equations 
23 of triangles, 181 ff., 244 ff 
Sphere, 514. 
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Spherical coordinates, 530. 

Spirals, 386 ff. 

Statistical data and graphs, 6, 26 

Straight line, 64 ff , 500 ff. , slope 
of, 73 , equations of, 83, 307 ff , 
♦511 ; intercept form of, 89, 315 ; 
normal form of, 315, parallel and 
perpendicular — s, 85, 500 , system 
of — s, 90 , intersection of — s, 93 , 
polar equation of, 380, pencil of 
— s, 91 , direction cosines and angles 
of, 498 

Subnormal, 364 

Successive derivatives, 458 

Sum of linear functions, 79 

Surd, 35 

Surface, 504 ff., 514 ff. , of revolu- 
tion, 364, 519 ff 

Symmetric equations of straight 
line, 511. 

Synthetic division, 412. 

Table, of squares, etc, 118, 534, of 
logarithms, 536 ff . , of trigono- 
metric functions, 538 ff 

Tabular representation of a function, 
13. 

Tangent (to a curve), definition of, 
103 , to a circle, 324 ff , to a 
come, 360 ff ; slope of, 73, 107, 
135, 268, 273, 285, 287, 290, 449 , 
slope forms of equation, 359 , 
point forms of equation, 361 

Tangent (trigonometry) , definition 
of, 147, variation of, 160, graph 


of, 161 , line representation of, 
172, law of — s, 209 

Taylor’s theorem, 458. 

Term, 51 

Trace of a surface, 517. 

Transverse axis of a hyperbola, 280, 

4 349 

Triangle, area of, 186 , angles of, 210 , 
solution of, 181 ff , 244 ff. 

Trigonometric equations, 174. 

Trigonometric functions, definitions 
of, 147, 168 , graphs of, 158, 159, 
161, 167, 173, 193, 194, variation 
of, 157 ff , computation of, 148 ff , 
152 ff , periods of, 157, 159, 162, 
inverse, 192 ff , formulas, 179, 180, 
181, 201, 202, 204, 205, 207, 446; 
application of De Moivre’s 
theorem, to expansion of, 446 , 
logarithms of, 242, 538 ff , tables 
of, 538 ff 

Trisection of an angle, 388 

Two-valued function, 20, 265 ff. 

Variable 1 , definition of, 12 ; independ- 
ent and dependent, 12, range of, 
23 

Vector, definition of, 5, 434 , addition 
of — s, 435 , components of, 
436 

Vectorial angle, 163. 

Versed sine, 168 

Vertex of a come, 109, 343, 349. 

Zero of a function. 455. 
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Professor of Mathematics, Purdue University 

And LOUIS INGOLD 

Assistant Professor of Mathematics, the University of 
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Edited by Earle Raymond Hedrick 
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FROM THE PREFACE 

The book contains a minimum of purely theoretical matter. Its entire 
organization is intended to giire a clear view of the meaning and the imme- 
diate usefulness of Trigonometry. The proofs, however, are in a form that 
will not require essential revision in the courses that follow. . . 

The number of exercises is very large, and the traditional monotony is 
broken by illustrations from a variety of topics Here, as well as in the text, 
the attempt is often made to lead the student to think for himself by giving 
suggestions rather than completed solutions or demonstrations. 

The text proper is short, what is there gamed in space is used to make the 
tables very complete and usable. Attention is called particularly to the com- 
plete and handily arranged* table of squares, square roots, cubes, etc ; by its 
use the Pythagorean theorem and the Cosine Law become practicable for 
actual computation. The use of the slide rule and of four-place tables is 
encouraged for problems that do not demand extreme accuracy. 

Only a few fundamental definitions and relations in Trigonometry need be 
memorized; these are here emphasized. The great body of principles and 
processes depends upon these fundamentals; these are presented in this book, 
as they should be retained, rather by emphasizing aivd dwelling upon that 
dependence. Otherwise, the subject can have no real educational value, nor 
indeed any permanent practical valufc. 
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Dook presents as many and as varied applications of the Calculus 
as it is possible to do without venturing into technical fields whose subject 
matter is itself unknown and incomprehensible to the student, and without 
abandoning an orderly presentation of fundamental principles. 

The same general tendency has led to the ti^atment of topics with a view 
toward bringing out their essential usefulness. Rigorous forms of demonstra- 
tion are not insisted upon, especially where the precisely rigorous proofs 
would be beyond the present grasp of the student Rather the stress is laid 
upon the student’s certain comprehension of that which is done, and his con- 
viction that the results obtained are both reasonable and useful At the 
same time, j.n effort has been made to avoid those grosser errors and actual 
misstatements of fact which have often offended the teacher in texts otherwise 
attractive and teachable 

Purely destructive criticism and abandonment of coherent arrangement 
are just as dangerous as ultra-conservatism This book attempts to preserve 
the essential features of the Calculus, to give the student a thorough training 
in mathematical reasoning, to create m him a sure mathematical imagination, 
and to meet fairly the reasonable demand for enlivening and enriching the 
•subject through applications at the expense of purely formal work that con- 
tains no essential principle. 
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STRONG POINTS 

I. The authors and the editor are well qualified by training and experi- 
ence to prepare a textbook on Geometry. 

II. As treated in this book, geometry functions in the thought of th 
pupil It means something because its practical applications are shown. 

III. The logical as well as the practical side of the subject is emphasized. 

IV. The arrangement of material is pedagogical. 

V. Basal theorems are printed in black-face type. 

VI. The book conforms to the recommendations of the National Com- 
mittee on the Teaching of Geometry. 

VII. Typography and binding are excellent The latter is the reenforced 
tape binding that is characteristic of Macmillan textbooks. 

“ Geometry is likely to remain primarily a cultural, rather than ai^i informa- 
tion subject,” say the authors in the preface. “ But the intimate connection 
of geometry with human activities is evident upon every hand, and constitutes 
fully as much an integral part of the subiect as does its older logical and 
scholastic aspect.” This connection with human activities, this application 
of geometry to real human needs, is emphasized m a great variety of problems 
and constructions, so that theory and application are inseparably connected 
throughout the book. 

These illustrations and the many others contained in the book will be seen 
to cover a wider range than is usual, even in books that emphasize practical 
applications to a questionable extent. This results m a better appreciation 
of the significance of the subject on the part of the student, in that he gains a 
truer conception of the wide scope of its application. 

The logical as well as the practical side of the subject is emphasized. 

Definitions, arrangement, and method of treatment ire logical. The defi- 
nitions are particularly simple, clear, and accurate. The traditional manner 
of presentation in a logical system is*preserved, with due .regard fox practical 
applications. Proofs, both foimal and informal, are strictly logical. 
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This work combines with analytic geometry a number of topics traditionally 
treated in college algebra that depend upon or are closely associated with 
geometric sensation. Through this combination it becomes possible to show 
the student more directly the meaning and the usefulness of these subjects. 

The idea of coordinates is so simple that it might (and perhaps should) be 
explained at the very beginning of the study of algebra and geometry. Real 
analytic geometry, however, begins only when the equation in two variables 
is interpreted as defining a locus This idea mi^t be introduced very gradu- 
ally, as it is difficult for the beginner to grasp The familiar loci, straight 
line and circle, are therefore treated at great length. 

In the chapters on the conic sections only the most essential properties of 
these curves are given m the text , thus, poles and polars are discussed only 
in connection with the circle. 

The treatment of solid analytic geometry follows the more usual lines. But, 
in view of tfce application to mechanics, the idea of the vector is given some 
prominence; and the representation of a function of two variables by contour 
lines as well as by a surface in space is explained and illustrated by practical 
examples. 

The exercises have been selected with great care in order not only to fur- 
nish sufficient material for practice in algebraic work but also to stimulate 
independent thinking and to point out the applications of the theory to con- 
crete problems The number of exercises is sufficient to allow the instructor 
to make a choice. 

To reduce the course presented in this book to about half its extent, the 
parts of the text in small type, the chapters on solid analytic geometry, and 
the more difficult problems throughout may be omitted. 
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BY 
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Edited by EARLE RAYMOND HEDRICK 

As in most colleges the course in analytic geometry is preceded by a course 
in advanced algebra, it appeared desirable to publish separately those parts 
of the authors* “ Analytic Geometry and Principles of Algebra ” which deal 
with analytic geometry, omitting the sections on algebra. This is done m the 
present work. 

In plane analytic geometry, the idea of function is introduced as early as 
possible; and curves of the form y =/(■*), where f(x) is a simple polynomial, 
are discussed even before thejConic sections are treated systematically. This 
makes it possible to introduce the idea of the derivative ; but the sections 
dealing with the derivative may be omitted. 

In the chapters on the conic sections only the most essential properties of 
these curves are given m the text ; thus, poles and polars are discussed only 
in connection with the circle. 

The treatment of solid analytic geometry follows more the usual lines. 
But, m view of the application to mechanics, the idea of the vetftor is given 
some prominence ; and the representation of a function of two variables by 
contour lines as well as by a surface m space is explained and illustrated by 
practical examples. 

The exercises have been selected with great care in order not only to fur- 
nish sufficient material for practice m algebraic work, but also to stimulate 
independent thinking and to point out the applications of the theory to con- 
crete problems. The number of exercises is sufficient to allow the instructor 
to make a choice. 
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SLIDE-RULE 



Directions 

A reasonably accurate slide-rule 
may be made by the student, for 
temporary practice, hs follows. 
Take three strips of heavy stiff 
cardboard 1".B wide by 6" long; 
these are shown in cross-section in 

(1) , (2), (3) above. On (3) 
paste or glue the adjoining cut 
of the slide rule. Then cut strips 

(2) and (3) accurately along the 
lines marked. Paste or glue the 
pieces together as shown in (4) 
and (5). Then (5) forms the 
slide of the slide-rule, and it will 
fit in the groove in (4) if the work 
has tjjeen carefully done. Trim 
off the ends as shown in the large 
cut. 




















